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1. SURE-based losses

We derive the SURE loss presented in the main paper
for the Gaussian, Poisson and Poisson-Gaussian noise mod-
els. We follow the derivation in [2]. In all cases, the goal
is to obtain an unbiased estimator of the supervised mean
squared error (MSE) of the clean measurement u from the
noisy measurement y:
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with denoiser hg : R™ — R™ defined as
hg = Ao fq (2)

where A : R™ — R™ denotes the forward operator and
fo : R™ +— R™ is the (trainable) reconstruction network.
The expectation of (1) with respect to the pairs (y,u) can
be decomposed as
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The inner expectation can be further decomposed as

Eyjullus — ho(yi)lI?
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where we used that E|,,{y;} = u; for all noise models. An
unbiased estimator of the second term is simply ||hq(y;)]|?
which does not require clean measurements u. The terms

Ey\u{uz—'rh9 (i)} “)

“The first two authors have contributed equally to this paper.

‘uz - hﬁ yz)H }
3)
y\u ‘ul - (yz)HQ

Julidn Tachella*
School of Engineering
University of Edinburgh

julian.tachella@ed.ac.uk

Mike E. Davies
School of Engineering
University of Edinburgh

mike.davies@ed.ac.uk

and
Eyu{ui v} (5)

depend on v and require a noise-dependent analysis, which
is presented in the following subsections.

1.1. Gaussian

We begin with the Gaussian noise model. In this case, we
have y ~ N (u,0?I) where I is an m x m identity matrix.
The terms (4) and (5) can be computed in an unsupervised
way (without clean ) using the following lemma:

Lemma 1 (Lemma2in[5]) Let y € R™ such that
y ~ N(u,02I) be a random variable and let ¢
R™ +— R™ be a weakly differentiable function such that
Eyu{[06;(y)/dy;|} < oo for all j and input y. Then,

Eyufu"¢(y)} = Eyu{y o(y) —0*V - 6(y)}  (6)
where V - ¢(y) = Zj M#&w denotes the divergence of ¢.

Applying Lemma 1 to (4) with ¢ = hy and to (5) with
¢ = identity, we get the following unbiased estimator of the
MSE:
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where dhy(y) = [6}32(1”) b %@)]T is the gradient of hy
with respect to ¥. ’



Using a Monte Carlo approximation of the last term (c.f.,
Theorem 2 of the main paper), and decomposing hy = A o
fo, we obtain the unsupervised loss used in the main paper:
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Lsure(0) =
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where b; ~ N(0,1) and 7 is a small positive number.
1.2. Poisson

In the Poisson noise case, the noisy measurements are
modeled as y = vz with z ~ Poisson(). The following
lemma provides unsupervised expressions for (4) and (5).

Lemma 2 (Lemma 1.2 in [2]) Let z € R™ such that z ~
Poisson(u) be a random variable and let ¢ : R™ — R™ be
a function such that &, {|¢;(2)|} < oo forall j.

E.pfu’ ¢(2)} = E {2 o7 (2)} (8)

where the jth entry of the vector ¢[= () is given by ¢ (y—
ae;) and e; is the jth canonical vector.

Let ¢(2) = ho(y)
Eyuf{u ho(yi)} = vEZW{(%)Taw} ©)
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and an unbiased estimator is simply

= hg(7y2), then term (4) is given by

yi b () (12)

Now let ¢(z) = y = vz be the identity function, term (5) is
given by
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where 1 denotes a vector of m ones. An unbiased estimator
is given by

y\u{u yl}* y\u{yz (

yi (g — 17)- (14)
Thus, an unbiased estimator of the MSE is given by
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where we used a Taylor expansion to approximate
h[e_ﬂ (y) =~ he(y) — v0he(y) [2]. Using a Monte Carlo
estimate of the last term [2] (similar to Theorem 2 in the
main paper) and decomposing hy = A o fy, we get the un-
supervised loss of the main paper
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where b is an i.i.d. random vector following a Bernoulli
distribution.

Lsure(9) =

1.3. Poisson-Gaussian

Noisy measurements under a Poisson-Gaussian noise
model are defined by

u=A(x)
z ~ Poisson (%) (16)
e ~ N(0,021)

where v > 0 controls the Poisson noise contribution and
o > 0 controls the Gaussian noise contribution. An un-
supervised equivalent of (4) and (5) can be obtained using
Lemmas 1 and 2. Let ¢.(z) = hgo(y) = hg(yz + €), then
(4) is given by
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where we used Lemma 2 in (18) and Lemma 1 in (21).
Thus,

y=r1vz+¢€ with
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is an unbiased estimator of (4). Similarly, setting ¢.(z) =
y =7z +¢, (5)is equal to

Eypdu) vit = Eypdyd (i — 17) —o’m}  (23)

and
Y (yi — 1v) — o®m (24)

is an unbiased estimator of (5). Thus, an unbiased estimator
of the MSE is given by
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where 62hg(y) = [5225%(1’) e 62;;72:”) ]T is a vector of sec-
ond derivatives of hy with respect to y. Using a Monte Carlo
approximation of the last two terms [2] (similar to Theorem
2 in the main paper) and decomposing hy = A o fy, we
obtain the unsupervised loss in the main paper:
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where b; ~ N(0, 1), c; are i.i.d. random variables that fol-
low a Bernoulli distribution.

2. Training Details

We first provide the details of the network architectures
and hyperparameters used in simulations for Figures 1, 4-7
and Tables 1-3 of the main paper. We implemented the algo-
rithms and operators (e.g., radon and i radon) in Python
with PyTorch 1.6 and trained the models on NVIDIA 1080ti
and 2080ti GPUs. We used the network architecture in [1]
for defining G. Figure 1 illustrates the architecture of the
residual U-Net [4] used in our paper. The training details
for each task are as follows:

Accelerated MRI. For the 4x accelerated MRI task, we
used Adam with a batch size of 2 and an initial learning rate
of 5 x 107%. The weight decay is 1078, We trained the
networks for 500 epochs, keeping the learning rate constant
for the first 300 epochs and then shrinking it by a factor of
0.1. Weseta = 1 and 7 = 0.01.

Inpainting. For the inpainting task, we also used Adam
but with a batch size of 1 and an initial learning rate of 10~%.
The weight decay is 10~8. We trained the networks for 500
epochs, shrinking the learning rate by a factor of 0.1 every
100 epochs. We set &« = 1 and 7 = 0.01.

Sparse-view CT. For the 50-views CT task, we used the
Adam optimizer with a batch size of 2 and an initial learning
rate of 5 x 10~%. The weight decay is 10~8. We trained the
networks for 3000 epochs, shrinking the learning rate by a
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Figure 1. The residual U-Net [4] used in the paper. The number of
input and output channels is denoted as C', with C' = 1,2, 3 in the
CT, MRI and inpainting task, respectively.
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Figure 2. Reconstruction performance (PSNR) as a function of
noise level o for different training losses on the MRI image recon-
struction task with 4x compression and noisy k-space measure-
ments.

factor of 0.1 every 1000 epochs. In particular, because the
CT model is nonlinear and involves an exponential mapping
such that the consistency loss for y is very large, we scale
the Lsure (in Equation (14) of main paper) accordingly by
a factor of 1075, We set a = 1000 and 7 = 10.

3. More results
3.1. Ablation study on training loss

We first compared different variants of loss function for
training the REI models. In particular, we consider the fol-
lowing 9 training loss variants:

* MC: ﬁMc(e)
e SURE: ESURE(H)
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Figure 3. Low-dose CT image reconstruction (50 views) on the test observations with mixed Poisson-Gaussian noise, o = 10%, o = 50,

v = 1. PSNR values are shown in the top right corner of the images.

* EI: EMc(e) + OZ,CEQ(Q)
* EI;: Lyc(0) + aLreg(6)

e El,: »CSURE(Q) + aﬁEQ(Q)
* Elgrace: 00y = [lui — Afa(yi)||® + aLrq(6)

* REL; ak: vazl %”ul - Af9(yl)||2 + a‘CREQ(e)

* REI: »CSURE(G) + OZ,CREQ(Q)
» Sup: ., Ll — folyi)lI?

Figure 2 shows the reconstruction performance (PSNR)
as a function of noise level o for different variants of train-
ing loss on the 4x accelerated MRI image reconstruction
task. Recall the oracle losses include additional oracle ac-
cess to the clean measurements u;. This provides us with a
way to study the contributions of the equivariant and SURE
losses.

From the figure we can observe that: (i) MC fails to
learn anything except to converge to the linear reconstruc-
tion ATy, while SURE achieves a stable estimation to the
clean measurement consistency. (ii) REI outperforms Ely
and El, which demonstrates the effectiveness of the pro-
posed training loss (Equation (14) in the main paper). (iii)

REI performs better than Ely,.e demonstrating the bene-
fits of using a noisy input in our proposed robust Equiv-
ariance loss. (iv) Both Sup and RElee outperform REI
due to having access to the ground truth clean images and
measurements, respectively. However, as noted in the main
paper the REI performance lies close to that for REL e,
suggesting that the SURE loss is doing a reasonable job of
estimating the (oracle) clean measurement consistency loss.

3.2. Effect of the equivariance hyperparameter «

We consider the optimal value and sensitivity of the hy-
perparameter « on the inpainting task. Table 1 shows the
REI reconstruction performance for different equivariance
strength values (« in Equation (14) of the main paper) and
different Poisson noise levels yv. We see that an optimal
value here is around o = 1, although the performance is
generally good over the range 0.1 < o < 1 indicating that
REI is not sensitive to the precise value of o. However,
when « is either too small or too large we do observe dete-
rioration in performance. Consistent observations were also
found in the MRI task. Therefore, we set v = 1 for inpaint-
ing and MRI tasks.

In the nonlinear CT task, since the measurement values
are substantially larger than those in the MRI and inpainting
experiments we scaled the SURE loss by 10~° and set o =
1000. We leave further optimization of « in this task for



future research.

o a =0.01 a=0.1 a=1 a =10 a =100
0.01 195+ 1.1 19.66 £1.7 21.0£13 162+16 106+ 14
0.05 170 £ 1.0 18.1£1.0 182+12 135417 74+£20
0.1 112+ 1.1 16.0 £ 1.0 16.6 + 1.3 123 £15 8.0+ 1.6

Table 1. Effect of the equivariance strength o on the reconstruction
performance (PSNR) in the inpainting reconstruction (Urban 100
dataset) task with different noise level .

3.3. Effect of the small positive number 7

We follow the suggestion of [3] and select the value of
7 to be around max(y)/1000. Table 2 presents REI recon-
struction performance (PSNR) on the MRI task with differ-
ent magnitudes of 7 where the Gaussian noise level is fixed
as 0 = 0.1. It shows that REI works best when 7 = 1072,
In the MRI and inpainting experiments, we set 7 = 1072
and set 7 = 10 to the CT task to account for the larger val-
ues of y.

r=10"%
253 +24

r=10"%
269 +23

T=10"2
27.74+2.0

o ‘ =101

0.1 ‘ 246 +£22

Table 2. Sensitivity of the small positive number 7 on the re-
construction performance (PSNR) in the 4x accelerated MRI
(fastMRI dataset) task with a fixed noise level o = 0.1.

‘ FBP EI REI RELyace Sup
CT ‘ 129411 206407 305410 305+1.1 307410

Table 3. Reconstruction performance (PSNR) of low-dose 50-
views CT (CT100 dataset) task for different methods on the test
noisy measurements. Ip = 10* and ¢ = 50.

3.4. Low-dose Sparse-view MPG CT

We have shown in the main paper an initial demonstra-
tion that REI can learn a competitive CT reconstruction with
MPG noisy measurements in the nonlinear CT task. Here
we are interested in further testing whether REI can handle
the more challenging low-dose (i.e., higher Poisson noise)
case. To do that, we set I = 10* and ¢ = 50, Table 3
and Figure 3 show some preliminary results. We have the
following observations: (i) both FBP and EI fail to learn the
reconstruction due to the high MPG noise in the measure-
ments. (ii) In some examples (e.g., the first row in Figure 3),
REI enjoy a slightly higher PSNR than that of Sup, but vi-
sually the reconstruction result of Sup is sharper. This may

indicate that the Sup network is overfitting and that REI en-
joys better generalization on the test measurements due to
the equivariance constraint, c.f El in [1]. (iii) As shown in
Table 3, REI achieved comparable performance (PSNR) to
both Sup and REI,ce. Moreover, our model outperforms
FBP by more than 17 dB and enjoys a 9 dB gain against
EI. Both these results and those in our main paper here sug-
gest that robust equivariant imaging is a powerful learning
paradigm. We plan to explore the nonlinear CT further in
future research, e.g., a wider range of noise levels, hyperpa-
rameter optimisation, etc.
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