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Overview

In this Supplementary Material, we prove all the mathe-
matical results from the main body of the paper. For con-
venience of the reader, we start in Appendix A by explain-
ing the elementary notions of algebraic geometry, that are
helpful to understand the rest of the Supplementary Mate-
rial. Results that appear in the main body of the paper are
restated and given the same numbering. Additional results
not stated in the main body are numbered independently.

Appendix B deals with Section 1 apart from the Eu-
clidean distance degree. In Appendix C we provide helpful
background for the EDD calculations that are carried out in
Appendix D. In Appendix E we provide pseudocode for the
different reconstruction approaches from Section 2.

A. Algebraic Geometry Preliminaries

The complex projective space of dimension n is the set
of one-dimensional linear subspaces of C"*!, equivalently
P" ;= (C"*1\ {0})/ ~, where ~ denotes the equivalence
relation defined by

r~y<szrz=JXy forsome 0#MXeC. (1)

The ring of polynomials in n + 1 variables is denoted
by R = Clxg,...,2z,]. A subset X C P" is called
a projective algebraic variety, when there exists a collec-
tion {fi,..., fx} of homogeneous polynomials such that
X ={zeP| fi(z) = - fr(x) = 0}. In other words,
X is the vanishing set of the polynomials f; fori = 1,... k
such that each term of the polynomial has degree d and

fiAzo, ..., Azy) = Mefi(wg, ..., x,). Similarly, a subset
X CP™ x...xP" is an algebraic variety, if X is the van-
ishing set of multi-homogeneous polynomials { f1, ..., fi}.

The Zariski topology on P™ (or P"* x --- x P™m) is the
topology whose closed sets are algebraic varieties. There-
fore, given a set U, its Zariski closure, denoted U, is the
smallest variety containing U'.

Let X CP"and Y C IP™ be projective varieties. A map
¢ : X — Y isregular if it can be written as

p(a) = [po(2) s - om ()] 2)

for some polynomials g, . . . , @, that do not vanish simul-
taneously. If there is a regular map 9 : ¥ — X such that
po1 = Idy and ¥ o ¢ = Idx, we say that X and Y are
isomorphic, and we denote itby X =Y. If U C X isa
Zariski dense open set and ¢ : U — Y is a regular map,
we say that ¢ is a rational map from X to Y, and denote
itby ¢ : X --» Y. See [I, Section 1] for background on
the basic properties of rational maps that are used in this
section.
Given a variety X, we define its ideal as the set

I(X)={feR]| f(x)=0foreveryz € X} (3)

of homogeneous polynomials that vanish in every element
of X. For every ideal [, it is possible to find a (not neces-
sarily unique) finite set of polynomials {f1,..., fx} C I,
such that every element f € I can be written as

f(@)=agi1(@)fi(z) + - + gr(@) fi(2), 4)



for some polynomials g;(z) € R. In this scenario, we say
that [ is generated by {f1,..., fr}, and this is denoted as
I'=(fi,..., fr).

Given a variety X and its ideal I(X) = (f1,..., fx), we
say that a point @ € X is smooth if the rank of the Jaco-

bian matrix J(a) = {gi (a)} is equal to the codimension
of X. This definition is independent of the choice of gener-
ators of I(X). For a broader description and results on the
smoothness of algebraic varieties, we refer the reader to [5].

We use the notation V to denote the join of two vectors
spaces, meaning U V V' = span{U, V'}. Similarly, A de-
notes the intersection of linear spaces.

B. Anchored Multiview Varieties

For a camera matrix C' : P3 — P2, the back-projected
line of = € IP? is the line in P? that contains all points that
are by C projected onto x. Similarly, for an image line
¢ € Gr(1,P?), its back-projected plane is the plane in P3
containing all lines that are by C' projected onto ¢. Under
the identification Gr(1,P?) = (P2?)V = P? we describe
the back-projected plane of ¢ by its defining linear equation
CT¢. We may parameterize lines in Gr(1,P?) by two points
spanning it.

Throughout this work, we assume that any camera ar-
rangement has at least one camera and all centers are pair-
wise disjoint.

B.1. The linear isomorphisms

Consider an arrangement C of full-rank 2 x 2 matrices,
and an arrangement C of full-rank 2 x 3 matrices. We define
./\/%1, and M?l, respectively as the Zariski closure of the
image of the joint maps

ds: Pt — (P, )
X — (C1X,...,CnX)

and

Q)

_ (6)
X — (C1X,...ConX).

Theorem 1.3.

1. Let ¢y, : L — P! and Yc; : Ci - L — P! be any
choices of linear isomorphisms. Let C denote the ar-
rangement of matrices C; := ¢ ; 0 C; o qﬁgl. Then

e, = (bes s tem) : ME - MEH (D)
is a linear isomorphism.

2. Let ¢x : A(X) — P? and ¢, : A(C;X) — P! be
any choices of linear isomorphisms. Let C denote the

arrangement of matrices C; := ¢ ; o C; o gb;(l. Then

vex = (dets - em) L2 — M?l ®)
is a linear isomorphism.

We interpret C; 0" : P2 ——» P2 as a matrix as follows.
Let H be a plane in P? disjoint from X. Then the following
map ¢y : P2 — A(X) is defined by a linear mapping
fx :P? — H such that 3 (V) = span{X, fx(Y)}. Asa
matrix, C; o (b;(l is equal to [C; X ]« C; fx, where

0 —as as
[a]x := | a3 0 —ai|. 9)
—a9 aq 0

We often work with Zariski closures of images of ra-
tional maps. By Chevalley’s theorem [14, Theorem 4.19],
we may equivalently take Euclidean closures. With this in
mind, we can use the following lemma.

Lemma B.1. Let v : X — Y be an isomorphism and
U C X,V C Y sets whose Euclidean closures equals their

Zariski closures. If (U) =V, then (U) = V.

Proof. Take a point v € V \ V. Then there is a se-
quence V 3 v(™ — v in Euclidean topology such that
u(™ =4~ (v(™) € U converges in Euclidean topology by
continuity of 1 to a point u € U for which 1)(u) = v. We
have shown V' C ¢(U). Similarly we show U C ¢~ 1(V)
from which it follows that )(U) C V. O

Proof of Theorem 1.3.

1. Tt is worth noting that ®¢|;, is well-defined every-
where, as L does not contain any center. Additionally, <I>C~ is
defined everywhere. In particular, the images of both maps
are Zariski closed.

By construction, 1 . (®c|L(X)) = ®5(¢1 (X)), which
shows that )¢ 1, is a well-defined map.

Take a point x € M(l?’l, then there is a point X € P!

such that z; = CN'iX for each 7. Consider 2/ € MZ, the
image of X’ = ¢;'(X) such that 2/ = C;X’. By con-
struction, x is the image of =’ under e, 1, which shows
surjectivity.

For injectivity, assume that ¢¢ 1, (X) = ¢¢,(X’). Then
for each i, C; X = C;X’. However, since the line L does
not meet any of the centers, the back-projected lines must
meet in exactly one point inside L, meaning that X = X",

2. As we wish to use Lemma B.1, we let

X =AC1X)x - xANCpX), Y=PH™. (10

Note that ¥¢ x : X — )Y is an isomorphism by con-
struction. Further, let U be the image of T¢| ACX)>» and
V = Im ®5 One can show v¢ x(U) = V via similar
calculations to 1. O



B.2. Irreducibility, dimension, and equations

In the main body of the paper it was claimed that the an-
chored multiview varieties under natural conditions equal,

Xp ={(z1,...,2m) EMc:x; € Ci- L}, (11)
Ve ={(tr, ..., bm) € Lc: CiX €4} (12)

This provides an alternative characterization to the clo-
sure of the images of restrictions of ®¢ and T¢, which is a
useful fact that we formalize in the following lemma.

Proposition 1.2. Consider an arrangement of m cameras
C = (Cy,...,Cn), a point X € P and a line L in P3
satisfying the conditions of Definition 1.1.

1. If there are two different camera centers c; and c; such
that the span of {c;, cj, L} is P3, then
L
MC = {(xl,...,a:m) eEMec:xz; €C; L} (13)
2. Iffor each camera center c;, the line spanned by c; and
X does not contain any other camera center, then

LE={(tr,....ly) ELc:CiX €4;}.  (14)
Proof.

1. We recall the assumption that L contains no center.
Then ®c |, is defined everywhere and the image of this map
is closed. Let x+ € Im®c|r. There is an X € L such
that z = ®¢(X). Therefore x € M¢ and z; € C; - L.
Conversely, if © € M¢ and z; € C; - L, then since the
back-projected line of z; meet L in unique points X; € L,
we just have to argue that X; are all the same. This is trivial
if there is only one camera. If there are two centers c;, ¢;
that together with L span P3, then the planes ¢; V L and
¢j V L meet in exactly the line L. Then the back-projected
lines of x;, x; must meet inside L, implying X; = X. For
any other center ci, we either have that ¢;, ¢, and L span
P3 or ¢j, ¢ and L span IP3. This either implies X; = X}, or
X; = X}, by the above. Either way, repeating this process
shows that all X; are equal and x = ®¢(X) for X = Xj.

2. For any line L € A(X) that does not meet any center,
it is clear that £ = Y (L) satisfies £ € L¢ and C; X € 4;.
Therefore £& C Y. For the other inclusion, we take an
element ¢ € YX. If the intersection of the back-projected
planes H; of ¢; contain a line L through X meeting no cen-
ter, then £ = Ye¢|a(x)(L). This especially happens when
H; intersect in a plane. Note that if the intersection contains
a line L that doesn’t meet X, then the intersection contains
the plane X V L. We are left to check what happens if H;
intersect in exactly a line L that meets a center, say c;. By
assumption, no other center is contained in this line. There-
fore H;,j # iis equal to ¢; V L. Let L(™ € A(X) be any

sequence of lines in H; meeting no centers and such that
L™ — L. Ttis clear that ¢; vV L(™ — H; for j # in — oo
and ¢; vV L") = H; for eachn Then TC(L(" ) — £, show-
ing ¢ € £LF and we are done. O

If the assumptions of Proposition 1.2 do not hold, then
the result doesn’t either. In the first statement, let ¢, ¢ be
centers that together with L span a plane P. Given any point
X € P\ {c1,ca}, the element x = (C1 X, CoX) satisfies
that € M and z; € C;- L. However, generally for a point
X € P\L,wehave x ¢ Im®¢| . For the second statement,
consider two centers c1, co that together with X span a line
L. Consider two distinct planes H;, H, both containing
the line L. They meet therefore exactly in L and the pair of
corresponding image lines (¢1, £5) lies in yCX for the camera
arrangement given by these two cameras. However, in the
image of Y¢|a(x). the back-projected planes H; and Ho
are always the same.

Proposition 1.4. ME and L are irreducible. Further,
1. Mk is isomorphic to P . In particular, diim ME = 1.

2. If the span of the centers c; and the point X are not
collinear, then dim L& = 2.

Proof. Both varieties are irreducible since the image of any
rational map from an irreducible variety is irreducible.

1. Since we assume no center lies in L, ®, restricted
to L is defined everywhere, and therefore the image of this
restriction equals M%. This map is further injective since if
xr € ME, then the back-projected line of x; € P? meets L
in exactly a point X, which implies that X is the only point
on L for which z = ®¢(X).

2. Note that since dim A(X) = 2, we have dim £F <
2. Let U C A(X) be the subset of lines that meets no
center. Without restriction, assume c;,cg, and X span a
plane. Each line L € U uniquely defines two planes via
c1V L,caV L. Since dim A(X) = 2, projection of £ onto
the factors of ¢y, co is at least two dimensional, showing the
other inequality dim £ > 2. O

For the result below, let F'/ denote the fundamental ma-
trix of C; and C}, see [8, 16].

Proposition 1.5. For a point X € P3 and line L in P3, let C
be a generic (random) camera arrangement of m cameras.

1.z e ./\/lé if and only zfz:lTFljxj = 0 for every j =
2,....,mand zF'C;- L =0foreveryi=1,...,m

2. L€ £¥ ifand only if

det [Cngl EQ CTE ]
(15)
det [O,lrél €3 CTE ]
fori = 3,...,m and (FC;, X = 0 for every i =
1,....,m.



Proof. Note that in the generic case, the conditions of
Proposition 1.2 hold.

1. Recall that z7'C; - L = 0 is equivalent to z;; € C; - L.
As in the proof of Proposition 1.4, z € /\/lé is uniquely
determined by the intersection X € L of its back-projected
lines. The back-projected lines L; of x; intersect if and only
if the pairs (L1, Li) intersect for ¢ > 2, which in turn is
equivalent to 7 F''iz; = 0 for the fundamental matrix F'*.

2. Recall that /7' C; X = 0 is equivalent to C; X € ¢;. By
[1, Theorem 2.5], ¢ € L if and only if the back-projected
planes meet in a line (assuming generic centers), and

det [CTt; CTe; CTey] =0, (16)

is equivalent to the back-projected planes of ¢;, ¢;, £}, meet-
ing in at least a line. By Proposition 1.2, we are left to
show direction <. Let H; denote the back-projected plane
of ¢;. For m = 2, the two back-projected planes always
meet. For m > 3 we have that ¢, co,c3 with X span
P3 by genericity. Especially, the back-projected planes of
01,05, 3 meet in a line by setting ¢ = 1,5 = 2,k = 3 in
Equation (16). Also, since c1, ¢z, c3, X span IP3, they meet
exactly in a line. If m > 4, it suffices to show that H; for
l > 4 meets Hy, Ho, Hs in a line. Note that either H1, Ho
or Hy, Hs meet exactly in a line. Let ¢, j € {1,2, 3} denote
indices for which this happens. Then for ¢, j and k = 4,
Equation (16) guarantees that H;, H;, H, meet in exactly a
line, which suffices. O

B.3. Smoothness and multidegrees

First, similar to what is done in the proof of the smooth-
ness properties of the multiview variety M in [16], we use
that multiview varieties are isomorphic to corresponding va-
rieties of back-projected lines or planes.

Proposition 1.6.

1. M& smooth.

2. If there are exactly two cameras, or the centers to-
gether with the point X span P3, then Eé( is smooth.

Proof.

1. Since M is isomorphic to P* by Proposition 1.4, it
is smooth.

2. Assume that the line ¢; V X contains ¢; for j # 4. In
the image we always have H; = H for the back-projected
planes of ¢;, ¢;. Therefore £ is isomorphic to £3,, where
C' is equal to C after having removed the smallest amount of
cameras from C such that each line ¢; V X contains exactly
one center, namely ¢; itself. We, therefore, assume now that
C has this property: ¢; V X contains only the center ¢; for
each 1.

If m = 1, then one can check that E()f is isomorphic to
P! and if m = 2, that £ is isomorphic to P! x P!, The

latter is for instance because any choice of 1, /s, where
C; X € {; guarantees that the back-projected planes H;
meet in a line containing X . Therefore we now assume that
there are at least three cameras.

First, we note that A(X) is a smooth variety and the lines
¢; V X are smooth subvarieties. Up to linear transformation,
we may assume that X = (1 : 0 : 0 : 0) without loss of
generality. Let a = (ap : a; : as : ag) be distinct from X.
Then (0 : 0 : ap : 0: ay : ag) are the Pliicker coordinates
of a V X. In particular,

AX) ={w e P’ :wy = w; = wsg = 0}. a7

In Pliicker coordinates, the line L = a V X in coordinates
w and the fixed point b = (bg : by : by : b3) € P? spann the
plane:

(0 : w2b1 - ’(U4b0 : w2b2 - U)5b0 : ’LU4b2 — w5b1). (18)

The three linear non-zero functions in w in Equation (18)
vanishes if and only if b lies in the line L. Denote them by
fo1s fo.2, fozand fo(L) = (02 fo1(L) : fo2(L) ¢ fo3(L))
foraline L € A(X). Let ¢ # X. Since the blow-up of a
linear space at a linear space is smooth, then

lo={(L fe(L)) : eV X # L € A(X)}, (19)

is a smooth variety in A(X) x Gr(1,P3?). Keep in mind
that f.(L) = ¢ V L. Next we consider the joint blow-up ¢
defined as

{(L, fer (L), ...

in A(X) x Gr(1,P3)™. Take an element / € L&. By
the assumption that there are at least three cameras, and the
centers together with the point X span IP3, we have that the
back-projected planes meet in exactly a line L containing
X. We have also assumed that I contains at most one cen-
ter. If ¢; € L, then fix the index ¢, otherwise choose any
index ¢. Consider the natural projection,

Jem(L)) :ci VX #LeAX)} (20)

mi:Te = e 1)

Restricting to the set where L meets none of the other cen-
ters cj,j # 1, this map is an isomorphism. Since I, is
smooth, that means that any element of I'¢, where L does
not meet c;,j # 4 is smooth. But since ¢ was arbitrary, all
of I'¢ is smooth. Finally, since the back-projected planes
always meet in exactly a line, the projection onto the last m
coordinates

7:Te — LY, (22)

is an isomorphism and therefore Eé( is smooth, but this
is the variety of the back-projected planes of £X. In
particular, they are isomorphic, and therefore £ is also
smooth. O



We denote by Ly C P a general linear subspace of codi-
mension d, meaning dimension h — d. The multidegree of a
variety X C Pt x ... x Phm is the function

D(dy,... dm) = #X N (LY x - x LT, (@3)
for (dy,...,dny) € N such that dy + - - + d,;, = dim X.

First note that for any multiview variety, the function D is
symmetric under generic camera conditions. This implies
that for any permutation o € S,,, D(dy, ..., d,,) is equal to

D(dg(l), RN dc,(m)).

Proposition B.2. Ler C be a generic arrangement of cam-
eras.

1. The multidegree of /\/lg is given by the single number
D(1,0,...,0) =1

2. The multidegree of Lg is given by the two numbers
D(2,0,...,0) =0and D(1,1,0,...,0) = 1.

Proof.
1. Since M 5 is of dimension 1 and due to symmetry, we
only need to consider one number, namely D(1,0,...,0).

A generic linear form intersecting the line Cy - L leaves one
point, say x;. Its back-projected line meets L in a unique
point X. Recall that any point outside the back-projected
line is not projected onto z1 by Cy. Since ME equals the
image of ®¢|r, X is therefore the unique point on L such
that x = @, (X).

2. By symmetry and the fact that diim £F = 2, we only
need to determine D(2,0,...,0) and D(1,1,0,...,0).
Two generic linear forms intersecting A(C1X) C P2
leaves an empty set, why D(2,0,...,0) = 0. Intersect-
ing A(C1X) and A(C2X) each with generic linear forms
leaves one point in each copy of P2, say /; and /5 that in-
tersect C1 X and C5 X respectively. Since they are generic
such that C; X € /¢; their back-projected planes H; both
contain X. By genericity, H; meet in a unique line through
X that meets no center, showing D(1,1,0,...,0) =1. O

B.4. The Euclidean distance problem

This section will be used for the proof of Theorem 1.8.
It also explains in more detail the reduction of parameters
mentioned in Section 2.1.1, via Theorem B.4.

It is not always true that linearly isomorphic varieties
have the same Euclidean distance degree. Take for instance
the circle and ellipse in R2. The circle has EDD 2 and the
ellipse has EDD 4. However, under additional assumptions,
the EDD is the same:

Proposition B.3. Ler X C C™")Y C C™ (withn > m)
and let ¢ : X — Y sending x to Ax 4+ b be an affine
isomorphism given by a real full-rank matrix A such that

AAT = 1. Fix a generic u € C". Then, EDD(X) =
EDD(Y).

In particular, if y7, ..., y;, are the solutions to the criti-
cal equations of the ED problem on'Y given Au + b, then
zy = AT (y; —b),..., 25 = AT (y} — b) are the solutions
to the critical equations of the ED problem on X given u.

We work with the critical equations, as defined in [2].
Before the proof, we recall some linear algebra: We use
that AT A is a projection matrix onto ImA” A, and that
C" = ImATA @ ker AT A, by which we mean that any
x € C” can be written as a unique sum x; + xo with
x1 € ImAT A, x5 € ker AT A. Over the real numbers, this
is an orthogonal decomposition, i.e. for 1, zo as above we
have z; - x5 = 0 with respect to the standard inner product.
Moreover, the rank of A7 A is the rank of A. This implies
that A7 is injective on ImA and X C ImAT A.

Proof. 1t is not hard to see that shifting a variety by a con-
stant does not change the EDD. Therefore, we put b = 0
and continue.

Let Ix = (f1,..., fr) be the defining ideal of X. Let
gi = fio AT. We claim that Iy = {g1,...,g,) is the
defining ideal of Y. Indeed, y € Y if and only if ATy €
X if and only if f;(ATy) = 0 for each i. Further, a full-
rank linear change of coordinates preserves the radicality of
ideals.

Since 1 is an isomorphism, x € X is smooth if and
only if Az € Y is smooth. Now for a generic u € C", let
2* = (z1,...,2m) € Y be smooth and a solution to the

critical equations given Au. Write ¢y = codimgm Y. Then

(z* — Au)T
. Vgi(z7)
gi(z") = 0 for all i & rank . =cy. (24)

ng.(z ")

We define w* = AT z* and prove that its a solution to the
critical equations of X given w. First, note that f;(w*) =0
for each 7 by construction, and A(w* — AT Au) = z* — Au.
By the chain rule, Vg;(2*) = Vf;(AT2*)AT. Thus we
also have

(w* — AT Au)T

v *
rank filw) AT Cy. (25)

V fr(w*)

Note that the submatrix of the last &k rows of the matrix in
Equation (25) has rank cy. Now we argue that for cx =



codimgn X,

(w* — AT Au)T

V fi(w*)
rank =cCx. (26)

V fr(w*)

Because w* is smooth in X, last &k rows of the matrix in
Equation (26) are of rank cx. The (w* — AT Au)T lies in
the row span of those k rows, and observe that w* — AT Au
lies in ImA” A. This is because z* lies in the image of A.
Therefore,

A(w* — AT Au) € span{AV fi(w*)*} 27
implies
w* — AT Au € span{AT AV f;(w*)T}. (28)

Since X C ImATA, it follows that Vf;(w*)T span
ker ATA. This is because f; generate the (real) lin-
ear forms [; that vanish on this linear space ImATA
and their gradients span the (real) orthogonal complement
ker ATA. So let \; be such that w* — AT Au equals
the sum of \;AT AV f;(w*)T. Then w* — AT Au equals
S AV fi(w*)T — v, for some v € ker AT A, spanned by
V f;(w*)T. This proves Equation (26).

Finally, we motivate why we can change AT Au to u
in Equation (26). Showing that AT Au — w is linearly
dependent on Vf;(w*)T is suffcient due to the fact that
(w*—AT Au)+(AT Au—u) = w*—u. However, AT Au—u
lies in ker AT A, and therefore this follows from the above.

For the other direction, let w* be a smooth point satisfy-
ing

(w* —u)T

. Vfi(w®)
fi(w™) =0 for all ¢ & rank . =cx. (29)

V fie(w*)

Then (w* — u)? is a linear combination of the rows
Vfi(w*). Then (w* — u)T AT is a linear combination of
Vfi(w*)AT. Writing 2* = Aw* and recalling that this is
a smooth point of Y, we have that (z* — Au)7 is a linear
combination of Vg;(z*). Therefore,

(z* — Au)T
. Vg1 (z")
9:(z*) =0 for all ¢ & rank . =cy, (30)
ng(z*)
are all satisfied. O]

_In t}}\e theorem below we use the relation between C and
C and C from Theorem 1.3.

Theorem B.4. Let U; C P2 be affine patches and write
U="U; X---x U, Fix real matrices A; : C3 — C?
such that A;AT = I. Let A : (C3)™ — (C*)™ be the map
that sends (z1,...,7m) € (P)™ to (A1x1, ..., Apm) €
(PHY™, Letu € Uy X - -+ x Uy, be generic.

1. Assume U; N (C; - L) # 0 for each i. Write V; =
A (U;N(C;-L)) CR2, andletV = Vi x -+ X Vy. If
y* is a critical point of the ED problem for Méil nv
given Au, then x* = ATy* is a critical point of the
ED problem for ME N U given u.

2. Assume U; N A(C;X) # O for each i. Write V; =
A;(U; N AC; X)), and let V = Vi X -« X Vi If
y* is a critical point of the ED problem for M?l nv
given Au, then x* = ATy* is a critical point of the
ED problem for LE NU given u.

In both cases, this is a bijection of critical points.

Proof. Tt is a consequence of Theorem 1.3 that A is an iso-
morphism of affine varieties in both /. and 2 (we set ¢¢ ; =
A;). Then we can directly apply Proposition B.3. O

C. Euclidean Distance Degree Preliminaries
The main theorem of this article is:

Theorem 1.7. Let C be a generic arrangement of m cam-
eras.

1. EDD(ME) =3m —2.
2. Ifm > 3, then EDD(LE) = §m? — Y2m + 3.

In order to compute these two Euclidean distance de-
grees we make use of the following theorem:

Theorem C.1 (Theorem 3.8 of [12]). Let X C C™ be a
smooth variety and let Ug denote the complement of the hy-
persurface >, o, -, (z;—B;)*+Bo = 0in C" where z € C™
and 3 € C"*L. Then,

EDD(X) = (—1)¥ ™ Xy (X N Up). @31

Here y is the topological Euler characteristic. In the next
section, we closely follow [12], by specializing their tech-
niques to our setting. First, we provide the reader with help-
ful preliminaries. We often take this section for granted and
do not always refer to specific results from it.

We have verified with numerical evidence that these for-
mulas hold for m < 10. The code is attached.

C.1. The Euler characteristic

There are different approaches to defining the Euler char-
acteristic of a topological space. References to the broader
topic of algebraic topology include [9, 13]. For instance,



given a triangulation of a topological space, the Euler char-
acteristic is the alternating sum

ko—ki+ky—..., (32)

where k; is the number of simplices of dimension . An n-
simplex is a polytope of dimension n with n+1 vertices, and
a triangulation is essentially a way of writing a space as a
union of simplices that intersect in a good way. Importantly,
all real and complex algebraic varieties can be triangulated
[10] with respect to Euclidean topology.

The Euler characteristic can more generally be defined
for CW complexes and any topological space through sin-
gular homology. For spaces where all definitions apply, they
are the same.

The following is used in [ 2].

Lemma C.2. Let N, M be subvarieties of a complex vari-
ety.

1. x(IMUN) =x(M)+x(N)—x(MnNN).
2. x(M\N) =x(M) — x(N).

The above does not hold over the real numbers. For in-
stance, x(R) = 1, while x({z}) = 1 and x(R \ {z}) = 2.

Lemma C.3 ([9, Section 2.1]). Let f : X — Y be a home-
omorphism, such as an isomorphism between varieties, then

X(X) = x(Y). (33)

Lemma C.4 ([ 13, Chapter 10, Section 1]). The Euler Char-
acteristic of P" is n + 1.

C.2. Chow rings

We refer to [3,4] for a thorough treatment of intersection
theory, and [6] for a friendly introduction. Here we recall
the basic definitions and results that are needed to under-
stand this material.

Let X be a variety. We denote by Z(X) the free abelian
group of formal integral linear combinations of irreducible
subvarieties of X. An effective cycle is a formal sum
> n;Y; of irreducible subvarieties Y; with n; > 0. A
zero-cycle is a formal sum of zero-dimensional varieties Y.
The degree of a zero-cycle is the sum of the associated in-
tegers n; as in [4, Definition 1.4]. We say that two irre-
ducible subvarieties Yy, Yo € Z(X) are rationally equiv-
alent, and write Yy ~ Y, or Yy = Y, if there exists an
irreducible variety W C X x P!, whose projection onto
P! is dense, such that W N (X x {(1 : 0)}) = Y and
WNn(Xx{0:1)}) =Y.

The Chow group of X is

CH(X) = Z(X)/ ~ . (34)

For a subvariety, Y C X, write [Y] for the class in CH(X)
of its associated effective cycle. We now aim to turn this
group into a ring, by giving it a multiplicative structure.

Let X be an irreducible variety and let Y7, Y5 be subva-
rieties. Y7 and Y5 intersect transversely at p € Y1 N Yy if
Y1,Ys and X are smooth at pand 7, Y1 +7,Y> = T, X. Fur-
ther, Y7 and Y5 are generically transverse if they intersect
transversely at generic points of every irreducible compo-
nent of the intersection Y7 N Ys.

Theorem C.5. Let X be a smooth variety. Then there
is a unique product structure on CH(X) such that when-
ever A, B are generically transverse subvarieties of X, then
[A][B] = [A N B]. This product makes CH(X) into a
graded ring, where the grading is given by codimension.

A natural example of Chow rings are those of products
of projective space,

CH((P™)*) = Z[[Hy), ..., [HL]]/((HL]™, . [HL]™Y).

(35)

In the above ring isomorphism, [H;] represent the class of a
hyperplane in CH(P"™) in factor i.

To a morphism of smooth varieties f : X — Y, we can
associate, the pushforward f, : CH(X) — CH(Y) and the
pullback f* : CH(Y) — CH(X), two Chow ring maps.

We define the pushforward on irreducible subvarieties
A C X by setting

0 if the generic fiber of f|
is infinite,
fe(A) = . : (36)
d[f(A)] if the generic fiber of f|4

has cardinality d.

By generic fiber we mean f| ' (y) for generic y € f(A).

We say that A C Y is generically transverse to f
if f=1(A) is generically reduced and the codimension of
f71(A) in X equals the codimension of A in Y. The pull-
back f, is defined as the unique map CH(Y) — CH(X)
such that, if A C Y is generically transverse to f, then
*[A] :== [f1(A)]; see [3, Theorem 1.23].

C.3. Chern classes

In intersection theory, Chern classes are algebraic invari-
ants of a variety that lie in its Chow ring. General references
again include [3,4]. Here we only state the properties of
them that we use.

Chern classes ¢(E) are in general defined for vector bun-
dles E, but when the vector bundle is the tangent bundle of
a smooth variety X, then we write ¢(X) for the total Chern
class.

Lemma C.6 (Whitney Sum Formula [4, Theorem 3.2]). For
a short exact sequence 0 — E' — E — E” — 0 of vector



bundles on a variety X, we have for the total Chern classes
that

c(E) = c(E")e(E"). 37

By a divisor of X we mean a subvariety of codimension
one. Leti : A — X be the inclusion map for a subva-
riety A C X. For an element [V] € CH(X), the restric-
tion [V]| 4 denotes the pullback i*[V]. If V is generically
transverse to 4, then [V]|4 = [V N A]. We observe that
[V]|a[U]| a equals ¢*[V]i*[U] and since ¢* is a ring homor-
phism, this equals i*([V][U]) = ([V][U]) 4.

Lemma C.7 (Adjunction Formula [4, Example 3.2.11], [3,
Theorem 5.3]). If X is smooth variety and D a smooth di-
visor on X, then

«(X)lp

OV =T oDl

(38)

Lemma C.8 (Functoriality [3, Theorem 5.3]). Let f : X —
Y be morphism of smooth varieties, then

[ e(E)=c(f*E), 39
forvector bundles E on'Y .

By putting E to be the tangent bundle of Y, its pullback
equals X if f is an isomorphism, which we make precise
below.

Lemma C.9. Let f : X — Y be an isomorphism, then
o(X) = fre(Y). (40)

Lemma C.10 ([4, Example 3.2.11]). Let [H]| be the class
of a hyperplane of P". Then we have

¢(P") = (1+ [H])"H. (41)

An important property we use is the next result. The top
Chern class cop(X) of X is the zero-cycle part written of
c¢(X) € CH(X).

Theorem C.11 (Chern-Gauss-Bonnet [ 7, Section 3.3]). For
a smooth variety X, we have

X(X) = deg(ctop(X))- (42)

It happens that authors use the integration symbol for the
degree of a zero-cycle [Z] in X the follows sense,

/ [Z] := deg(2). (43)
X

More generally, let [Z] be a formal sum of irreducible sub-
varieties of X of codimension k. Consider the inclusion

i : A — X for a k-dimensional variety A. We get the

following,
[121= [ #12= [ @ e

where we assume that i~ (Z) is a 0-dimensional.

Next, we consider Chern classes of blow-ups. First some
notation. Let X C Y be an inclusion of smooth varieties.
Let Y be the blow-up of Y at X. Let X be the exceptional
locus. Let 7, p be the projection maps and j, ¢ the inclusion
maps. The following diagram commutes:

X 1,y
pl lﬂ. (45)
X 5y

Porteus’ formula [4, Theorem 15.4] gives an expression for
the Chern class of Y in terms of the Chern classes of X
and Y. For our purposes, we only need the following spe-
cial case of this theorem, which follows from [4, Example
15.4.2] as stated in [12].

Theorem C.12. In Equation (45), let X be a set of m dis-
tinct points X;. Then

o) =7 e(V)+ > (T +m)(1=m)? = 1), @6)

i=1
where d = dimY and n; = j.(p*[X;i]).
C.4. Linear systems

In the proof of Theorem 1.7, we use the language of lin-
ear systems. We don’t go through many details here, in-
stead, we recall basic definitions. An introduction to line
bundles and other relevant concepts are given in the lecture
notes of Vakil [18]. For a rational function s on a projective
variety X, we define (s) = > ordz(s)Z € CH(X), where
ordz(s) is the order of s at the point Z. Two divisors D, D’
are linearly equivalent if D' = D + (s) for some rational
function s.

Definition C.13. Ler X be a smooth variety. A complete
linear system |Dy| of an effective divisor Dy (> n;D; so
that n; > 0) is the set of all effective divisors linearly equiv-
alent to it. A linear system is a linear subspace of a com-
plete linear system.

Definition C.14. Let Dy be an effective divisor.
I'(X,0(Dy)) is the of global sections s on X with

I'(X, O(Dy)) is interpreted as a complete linear system
via the map f — (f) + Dy € CH(X). Since (f) = (g) if
and only if they differ by a non-zero scalar (zeros and poles



determine a rational function), I'( X, O(Dy)) can be viewed
as a projective space. Subspaces of I'(X, O(Dy)) are also
called linear systems.

The base locus of a linear system is the intersection of
the zero sets of all global sections on X of the linear system.
A linear system is basepoint free if the base locus is empty.
In other words, for every point z € X, there is a global
section s such that s(x) # 0.

Lemma C.15. The restriction of a basepoint free linear sys-
tem is basepoint free.

Proof. Let V be a subvariety of X. Take v € V. Since
X is basepoint free, there is a global section s of the linear
system for X such that s(x) # 0. Restricting this section
to V' we get a global section s|y for the restricted linear
system that is non-zero on v. O

A linear system on a smooth variety X is called very am-
ple if it allows the variety to be embedded into a projective
space in a way that preserves its geometry. For a basepoint
free linear system, let ao, . . ., a,, be global sections that do
not simultaneously vanish. The linear system is very ample
if

g: X —P",

x v (ag(x) - “n

an(z))

is a closed immersion. This means that g is isomorphic onto
its image, or that g*(O(1)), the pullback of the hyperplane
bundle O(1) on P, is isomorphic to L. The restriction of a
very ample linear system is very ample.

We define a divisor Dy to be basepoint free if its linear
system I'(X, O(Dy)) is basepoint free. We define a divisor
to be very ample analogously.

One importance of basepoint free linear systems comes
in the form of this celebrated result:

Theorem C.16 (Bertini’s Theorem [7, Section 1.1]). Let X
be a smooth complex variety and let I" be a positive dimen-
sional linear system on X. Then the general element of T
is smooth away from the base locus.

C.5. Whitney stratification

A natural way to partition a variety X is via the inclusion
X 2 sing(X) 2 sing(sing(X)) 2---,  (48)

where sing denote the singular locus. However, not all
points of sing(X) \ sing(sing(X)) necessarily look locally
the same. A more fine grained version of this partition is
called a Whitney stratification [17]. We don’t recall the def-
inition here, because all we need to know is that a Whitney
stratification of a smooth variety X is S = {X} and the
Whitney stratification of a variety X whose singular locus
is a finite set of pointis S = {Xyeq, {s1},..., {sr}}, where

Xieg 18 the set of smooth points of X and s1, ..., s, are the
singular points of X. By a theorem of Whitney, any alge-
braic variety has a Whintey stratification [19,20].

Before we state the main theorem on Whitney stratifica-
tions that we use in this article, we define Milnor fibers [1 1,
Chapter 10]. Let X be a smooth variety and V' a divisor
on X. Choose any Whitney stratum S € S and any point
x € S. In a sufficiently small ball B, , centered at x, the
hypersurface V' is equal to the zero locus of a holomorphic
function f. The Milnor fiber of V at x € S is given by

F, :=B.,N{f =t} (49)

for small |¢| greater than 0. The Euler characteristic of F). is
independent of the choice of the local equation f at z, and
it is constant along the given stratum containing x.

Theorem C.17 ([15], [1 ], Theorem 10.4.4]). Let X be a
smooth complex projective variety, and let V be a very am-
ple divisor in X. Let V = UscsS be a Whitney stratifica-
tion of X. Let W be another divisor on X that is linearly
equivalent to V. Suppose W is smooth and W intersects
V' transversally in the stratified sense (with respect to the
above Whitney stratification). Then we have

X(W) = x(V) = > psx(S\ W), (50)
SeS

where g is the Euler characteristic of the reduced coho-
mology of the Milnor fiber at any point x € S.

The Euler characteristic of the reduced cohomology is
the normal Euler characteristic minus one.

D. Computation of Euclidean Distance Degrees

Let X € P2 be a point and L € Gr(1,P?) a line. Let
C be a generic arrangement of m cameras. For the sake
of notation, we write ML for M% and £X for £X. We
assume from now on that m > 3 for the anchored line mul-
tiview variety Lﬁ. We recall notation from [12]. Write
each P2 as C2 U ]P’}X), where C? is the chosen affine chart
and PL_ is the line at infinity. Denote the hypersurface
P2 x - x Pl x -+ x P?in (P?)™ by Hw i, where PL
is the ¢-th factor. Let H, = U2, Hy, ;. Denote by H,
the closure of the hypersurface ngl(zl —B)* + B =0
in (P?)™. In the remainder of this proof, we will use the

following notation:
D§ = ML nHg, DL ;= ME N He 51)
DL = ML N Hey,

for the anchored point multiview variety, and

Dg = EfimHQ,Dg(oﬂ = EiflmHo@,i, 52
Dy =Ly NH Y



for the anchored line multiview variety. Write ML and L:X
for the corresponding affine varieties. Notice that H, is the
complement of the affine chart C*™ in (P2)™, thus DL is
the complement of M~ in ML and DZ is the complement
of Lffl in Eﬁ and. As derived in [12], we have,

X(M%NUg) = (53)
X(M5) = x(DE) + x(D5 N DY) — x(D§), (54
X(Ly NUg) = (55)

X(L3) = X(DX) + x(D N D) = x(Dg).  (56)
The structure of the proof of Theorem 1.7 is to calculate the
four terms of Equation (54) and ??.

Lemma D.1. For a fixed X and L, let C be a generic ar-
rangement of m cameras.

X(Mg) =
X(LX) =3+ m.

Proof.

1. Mk is isomorphic to P' and we are done by
Lemma C.4.

2. Recall that we assume m > 3. By genericity, c¢; are
not collinear. Therefore the back-projected planes of an el-
ement ¢ € £ meet in exactly a line. Consider the partition

c=vulJu, (57)

=1

where U is the set of £ € Eé( whose back-projected planes
meet in a line away from any center, and U; is the set of
¢ € L¥ whose back-projected planes meet in ¢; V X. By
Lemma C.2, x(£¥) = x(U) + X x(U;). Since Y¢ is
injective on the subset of A(X) \ U(¢; V X), we see via
the isomorphism U =2 P2 that U is isomorphic to P? mi-
nus m points. By Lemma C.3, x(U) = 3 — m. If in-
stead £ € L& meet exactly in ¢; V X, then for j # i we

have ¢; = C; - (¢; V X), and ¢; is any line in A(C;X).
However, A(C;X) = P!, implying x(U;) = 2. In total,
X(LE) =3 —m+2m =3+ m. O

In the next step, we compute the second terms of the
right-hand sides of Equation (54) and ??.

Lemma D.2. For a fixed X and L, let C be a generic ar-
rangement of cameras of m cameras.

1. x(D%) =

2. x(DX) =2m— (7).

Proof.
1. Each Déo,i is a generic point of M~ . By additivity of
the Euler characteristic, we have that

X(DL) = x(UL DL ) =Y x(DE ) =m. (58)
i=1

2. Bach DX . 1s a curve inside L£:X. This curve corre-
sponds premsely to fixing the ¢-th back-projected plane H;
to be generic through ¢; and X. Such a plane contains no
other center, and a line in this plane uniquely determines all
other back-projected planes. Therefore Dgo,i is isomorphic
to the set of lines in H; through X, which in turn is isomor-
phic to P!, We get X(Dg(o,i) = 2. Moreover, X(Dg(o,i) only
have pairwise intersections, and two generic back-projected
planes H;, H; through ¢;, X and c¢;, X, respectively, meet
in exactly a generic line through X. Therefore DZ, ;N DX ;
consists of a single element. We then get

X(DX) = x(UiX, DX ) (59)
=Y x(DX) = > x (DX, nDX;) (©0)
=1 1<j
:Z ~> 1=2m - ( ) 61)
i=1 i<j
by additivity. ]

We recall that Hg is the closure of the affine hypersur-
face

—8:)?+ B0 =0, (62)

> G

1<i<2m

in (P?)™ We introduce homogeneous coordinates
Tj, Y2i—1,Yo2i With 20,1 = y2;_1/x; and zg; = yg;/x; for
1 < i < m. Write x = z1 - - - &5,. Then the homogeniza-
tion of Equation (62), and hence the equation of H, is

S (Y SIS
;((y%—l ﬂ2z—1mz) +(y2z ﬁ%xz) )$12+ (63)

+Box>% = 0.
Lemma D.3.
1. x(D5NDL) =0;
2. x(Dg NDX) = (73).

Proof. We homogenize the equation defining Hg as in
Equation (63), and assume without loss of generality that



H ; is defined by the equation x; = 0. We have by in-
spection,

HoNHy i ={y2i—1 + V—1y2; = z; = 0}U (64)
U{y2i—1 — V—1y2s = 2; = 0}JU  (65)

U J{zi = z; =0} (66)
ji

Let,
K e=ME N {yim1 + V=1yz = ; = 0},
K™ = ME 0 {yai1 — V=1ya = 2; = 0},
AiL,j :z/\/lﬁ1 N{z; =x; =0},j #1.

Write K lX TK lX " and A;Xj analogously for intersecting
with £X instead of ML . With this notation,

ML NHoNHy = KPP UKP™ U AE, (67)

1,79
i#]
LXNHoNHy; =K TUKS U A, (68)
i#]

As we shall see below, KiL ’i,KiX - (). Therefore, by
inclusion/exclusion,

x(D5n DY) = x(|J AL, (69)
1#]

x(DF N DY) =x(|JAY). (70)
i#]

1. By construction, the i-th factor of any element of
KE* C (P2)™ is fixed equal to [0 : Tv/—1 : 1]. How-
ever, by genericity, this point does not lie in C; - L, imply-
ing that KiL’i = (). Regarding Aﬁj, setting x; = 0,2; =0
corresponds to fixing two generic/image lines in the corre-
sponding image planes. The back-projected planes of those
image lines meet in a generic line, and such a line does not
meet L. This implies Aﬁj = (), and we are done by Equa-
tion (69).

2. By construction, the ¢-th factor of any element of
KX C (P?)™ is fixed equal to [0 : F/—1 : 1].
However, by genericity, the line this vector defines does
not contain C; X, implying that KiX = Regarding
Afj, setting x; = 0,2; = 0 corresponds to intersecting
A(C;X), A(C; X) with generic hyperplanes. They intersect
in the single elements ¢;, £;. The back-projected planes of
£;,£; meet in a generic line through X. Therefore Af(J isa
generic point of LY. All A}Y; are disjoint, and we are done
by Equation (70). O

The hypersurface H in the hypersurface H is defined
by Equation (63). It follows by Appendix C.2 that we have
the following linear equivalence of divisors in (P?)™:

Ho =2Hoo1 + -+ 2Hoo . 1)

Then as divisors of the anchored multiview varieties,
D =2MENH 1+ +2MENHo e, (72)
DS =2L, NHoo1 + -+ + 2L N Hoo . (73)

Consider the well-defined projections 77, : ML — L, and
7x : LX — A(X), sending image points and image lines
to the intersection of their back-projected lines or planes. In
the Chow ring of IP3, every element of L is equivalent. We
denote by D%I the preimage of a generic hyperplane in L,
i.e. a generic point of L. In the Chow ring of Gr(1,P?),
every element of A(X) is equivalent. In particular, we have
75 [H] = 7% [H'], where H, H' are hyperplanes of lines
in A(X), where a hyperplane of lines is the set of lines in
A(X) contained in some hyperplane of P through X. Let
H be a generic plane of lines in A(X) and D% = 7% (H).
Let H' be a generic among the planes of lines that contain
¢; V X for some i. In the Chow ring of £X, m% (H') is
the union of £;X N Ho,; and the variety EX of elements ¢
whose back-projected planes meet exactly in the line ¢; V X.
In other words, E;X = 7% (c; V X). We get

M}, NHy ;s = D,

LXNHy,;= Dy — EX. 7
It follows that,
D§ =2mDf, 75)
DS =2mDyy —2E) — - —2E.
Note that EX # EJX for i # j.
Lemma D.4.
1. [DE]? =0.
2. [EXpP =0
3. [DXP=0.
4. [DX)EX] = 0fori # j.
5. [EXNEX] = 0fori # j.
Proof.

1,2,3. This is a consequence of the fact that Dfl is a
proper subvariety of an irreducible variety of dimension 1.
Similarly, both EX and D+ are proper subvarieties of an
irreducible variety of dimension 2.

4. For a generic plane of lines H through X, Dg nEX
is empty. This suffices by Theorem C.5.

5. We use the fact that EJX =Dy —LXNHy ;. By4,
intersecting the right-hand side with E;* yields the follow-
ing EX N(LX N Hy ;). Now the j-th factor of £X N H, ;
consists of a fixed generic line through C;X. Its back-
projected plane does not contain ¢; V X. It follows that
the intersection must be empty. This suffices by Theo-
rem C.5. O



Proposition D.5. In the chow ring of (P?)™, we have the
following identities.

1. e(ML) =1+2[DL];
2. o(L) = (1L+ [DE)® - L, (IBX] + [BXT?).

Proof.

1. Follows from the fact that ./\/lan is isomorphic to P!,
which in turn has Chern class 1 + 2[z] by Lemma C.10,
where [] represents a point of P!

2. Recalling that we in the proof of Proposition 1.6
viewed L% as a blow-up, the Chern class formula from Ap-
pendix C.3 gives us

o(Lm) =1+ D)+ (76)
£ (a+ D=1 -1). an

After simplification and the fact that [E5¥]? = 0, we get the
statement. O

As a sanity check, we note that Proposition D.5 gives
us the correct Euler characteristics via the Chern-Gauss-
Bonnet theorem. The top Chern class of M2 is 2[DL],
where [DE] is the class of a single point. The top Chern
class of £X is 3[D#]? + > —[EX]%. Now [D¥]? corre-
sponds to the preimage of the intersection of two generic
planes through X; it corresponds to a single point. Next,
due to the fact that EX = D% — £X N Ho ;, we have that
[EX)? = D) — 2[DE N LX N Hoo i) + [£i5 N Hoo 4]?.
However, [Dx N LX N H,, ;] is a single point and the inter-
section (£X N H, ;)? is empty. Therefore [E:X]? is equal
to minus a single point. The Chern-Gauss-Bonnet theorem
then states that

X(ME) =2,

78
X(EnXl) =3+ m. (78)

We aim to use Theorem C.17 to determine the Euler
characteristic of Dg and Dé. We start by considering
generic divisors in their linear systems.

Lemma D.6.

1. A generic divisor D'" in the linear system
L(ME, O(DE)) is smooth;

2. A generic divisor D'X in the linear system
rcx, (’)(Dg)) is smooth.

Proof. We recall that

Ho=2H) o0+ + 2Hp 0. (79)

Any variety that is the union of hypersurfaces from ¢ =
1,...,m of double lines in factor ¢ is linearly equivalent to
Hg. It is clear that intersecting all such unions gives the
empty set, and therefore the base locus of the divisor H, is
empty. By Lemma C.15, the restriction of H¢ to ML and
LX gives a basepoint-free linear system. We are done by
Bertini’s theorem. O

Proposition D.7.

1. If D'" is a generic divisor in the linear system
(M}, O(D§)), then x(D'") = 2m;

2. If D' is a generic divisor in the linear system
F(ﬁﬁ,O(Dg)), then x(D'X) = —4m? + 8m.

Proof.

1. For the purpose of applying the Chern-Gauss-Bonnet
theorem, we want to find the top Chern class of DL, which
is co(D') = 1. Using D'X = D%, it follows that x(D'F)
equals

/ 1pe = / 1[DX] = / om[DE],  (80)
DL ME, ME

which equals 2m since [Dy] is the class of one simple point
in ML

2. By the adjunction formula and considering the fact
that DX = Dg, we have

C(£%|D’X)
(1 + [DX])|prx 81)
= (eteX)a + D3N )|

c(D'X) =

DX :

Throughout this proof, we use Lemma D.4. The identity
(1+u)™' =1—wu+wu?—--- and Equation (75) imply

(1+[D5) " =1-2m[Dy] +2> [Ef]+

82

+4m’[DY? +4) (B} ®2
For the purpose of applying the Chern-Gauss-Bonnet the-
orem, we want to find the top Chern class of D’ X which
is ¢;(D'X). However, this is the first Chern class of
(L) (1 + [DE])~! restricted to D', by Equation (81).
Now using Equation (82) and Proposition D.5, the first
Chern class of ¢(£;X)(1 4 [D])~" can be written

(—2m + 3)[DF] + > _[E]. (83)



It follows that y (D'X) equals

/D/X ((—2m +3)[DX] + Z[E;X]) ‘D,X =
-/  (Com+ 3R+ DN 30
_ /LX (—4m? + 6m)[DE]? —2 S [BX]?,

where we in the last equality used Equation (75). Recall
then that deg[D]? = 1 and deg[E;X]?> = —1. So Equa-
tion (84) adds to —4m? + 6m + 2m. O

If we consider y2;_1, y2; and x; as sections of line bun-
dles ML and £X, then Dé = ML N Hg, respectively
Dg =LXn Hg, is a general divisor in the linear system
given by the subspace 'L of ['(MZ  O(2m D)), respec-

tively I'X of ['(LX, O(2mDyx —2EX — ... —2EX)), gen-

m?

erated by the sections

LG+ ) et

2 2 y,2 2
+ (y2m—1 T Y2 )T T
2. 4% a2, .
Y2i—1 o 2 .
3. iz, fore=1,...,m,
T
Y2i .
4. Zgt.q? fori=1,...,m.

%

To be precise, Dé and Dg are defined through global sec-
tions that determined are by Hg, and H is a linear combi-
nation of the generators of Equation (85) with generic coef-
ficients as in Equation (63).

Proposition D.8.
1. D(L2 is smooth;

2. The singular locus ong is the set of (g) points

UUpX.nDL,. (86)
i#j

Proof.

1. The base locus of I'"Z is UDfo’i N Dgo’j. Indeed,
this is precisely the zero locus of the polynomials of Equa-
tion (85). However, each DL ; N DL  is empty. By
Bertini’s theorem, Dé is smooth away from this empty set.

2. Similarly, the base locus of T"X is UD?OJ N Dgg,j,
and each foo’i N Dg(o’j is a point. On the other hand, Dg
has multiplicity at least 2 along UDX ;N DX ;. We can see
this by looking at the Jacobian condition. The vanishing
ideal of £;X together with the additional equation of Hy,

defines Dé)( , a variety of dimension 1. At S, ;, the gradient

of the generators of £:X give the correct corank 2 since it
is smooth, but the additional equation has gradient zero so
that the corank is not equal to 1. O

Proposition D.9.

1. A Whitney stratification of Dé is the single stratum
Sreg = DLy

2. A Whitney stratification of Dg consists of the stratum
of smooth points Sreg and S; j = D3, ;N DX, ;.
Proof. This is stated in Appendix C.5. O

Proposition D.10. The Euler characteristics of the reduced
cohomology of the Milnor fibers of the points in Equa-
tion (86) are —1.

Proof. Near
X X
Si,j = Doc,i mDoo,jv 8&7)
the functions x = ;2? Y = ;T’ form a coordinate frame of
i J

Lin(, , meaning the values of x, y determine a unique point of
X . X . .

ﬁ.m. This translates to DQ being determined by the equa-

tion

w1z? + u2y® = uza?y?, (88)

for holomorphic locally non-vanishing functions w1, us, us
that we can read off from the homogenization of Hg in
Equation (63).

Next look at G, = {z% + y* — 2%y? = t} N B, and the
map

V:G = {x+y—ay=1t}N B,

(&9) = (&2 12). )

Denote by G/ the set {x +y — zy = t} N B.2. Consider the
disjoint union
Gy =(GiN{z,y # 0} U (G N {z =0})

UGN {y = 0)). e

Note that G} is smooth at every point for small ¢; the gra-
dient is (1 — x,1 — y). Observe that G; N {x = 0} and
G} N {y = 0} are by construction single points. We have
that v is 4-to-1 on the first set and 2-to-1 on the second and
third of the disjoint union. This gives us

X(Gt) = 4x((Gy N {z,y # 0})+
+2x(GiN{z =0}) +2x(GiN{y =0}) (9D
—4(1-2)+2+2=0.

‘We conclude that the reduced Milnor fiber is —1. O



Proof of Theorem 1.7.
1. We use Theorem C.17 and Proposition D.9 to con-
clude that

x(D§) = x(D'™"). (92)

We get by Equations (53) and (54), and Lemmas D.1 to D.3
and Proposition D.7 that

X(MENU) =2—m+0—2m, 93)

which sums to 2 — 3m. Since dim MZ = 1, Theorem 1.7
says that EDD(MZL) = 3m — 2.

2. Similarly, by Theorem C.17 and Proposition D.9, we
get

X(D'X) = x(DJ) =poX(Swee \ D)+

+ Z i i x(Si; \ D), ©4)
i#]

where (1o and p; ; are defined as in Theorem C.17. It
is not hard to check that py. Observe that D'X does
not meet any singular points, for instance since the lin-
ear system I'(L;,, O(DJ)) is basepoint-free. Therefore
x(Si; \ D) = x(S;;) = 1. We get by Equations (53)
and (54), and Lemmas D.1 to D.3 and Propositions D.7
and D.10 that

X(Liy NUg) = (3+m) — (2m — (T;) )+ (95)

+ (’;) — (—4m? + 8m + (?)) (96)

which sums to $m? — 22m + 3. Since dim £;Y = 2, Theo-

rem 1.7 says that EDD(L) = 3m? — 2m + 3. O
The following is now a direct consequence:

Corollary 1.8. Let C and C be generic arrangements of car-
dinality m.

1. EDD(Mg') = 3m — 2.
2. If m > 3, then EDD(MZ') = §m? — Dm + 3.

Proof. Follows from Theorem 1.7 and Theorem B .4. O

E. Pseudocodes

Finally, in the last section we provide the pseudocode
that lay the foundation for our numerical results. For each
of the plots presented in the main document, we iterate 1000
(or 100) times on each of the 5 different ways of reconstruc-
tion and then we plot the relative error and speed. Note that
each time we generate new random camera arrangements, a
line in R? and p points on this line.

In the pseudocodes below, we present one iteration of
each method. The input is a randomly generated camera ar-
rangement C of 3 X 4 matrices, a projective line L spanned
by two vectors of R*, and p points X; € R? such that
[X;; 1] lie on L. We use the notation that for a column vec-
tor X € R", [X; 1] € R™*! is the vector we get by adding
a 1 as the last coordinate. Let ¢ be the function that scales
a vector such that its last coordinate is 1, and then removes
that coordinate. When we write L’ : [L/; 1] € Gr(1,P?),
we mean that L’ is a line spanned by two column vectors
lo, Iy such that the 2 x 2 lower minor of [lo ll] is non-
zero. This corresponds to choosing an affine patch of the
Grassmannian of lines in P3.

In Algorithms 1 to 5 we use the standard approach for
simplicity, but we provide in Algorithm 6 the non-standard
approach for (L1).1 to emphasize the distinction.

Algorithm 1: Method (L1).0.
Input :C = (C1,...,Cn), X1,..., X,
Output: The log of the average relative error

1 for j from 1 to m do
2 L for i from 1 to p do

3 | iy (Cj[X35 1)) + 0(e);

4 Y; < argmin Z;ﬁ:l(qm —(C1X; 1))%
XeR3
s e logy (= S0, Vi - Xi)):
Return: e

Algorithm 2: Method (L1).1 std.
Input :C = (Cy,...,Cy), L, X1,..., X,
Output: The log of the average relative error

1 for j from 1 to m do
2 for ¢ from 1 to p do

3 L gi,; — (C;[X5; 1)) + (e
4 | u;1(Cj- L)+ a(e);
s Lo < nullspace [C [u1; 1] CF [ug; 1]]T;
6 for i from 1 to p do
7 Y; «
argmin

| XeR3:[X;1]eLo
8 e —logyo (% X0, Vi - Xill);

Return: e

S (g0 — U(ChX5 1))
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