A. Overview

We organize this supplemental material as follows. In
Section B, we provide more detailed experimental results.
In Section C, we describe the technical proofs for all the
propositions in the main paper. In Section D, we show the
scenes we used in this paper.

B. More Experimental Results
B.1. More Visual Comparison Results

Figure 6 shows more visual comparisons between our
approach and baseline approaches. Again, our approach
produces alignments that are close to the underlying
ground-truth. The overall quality of our alignments is su-
perior to that of the baseline approaches.

B.2. Cumulative Density Function

Figure 7 plots the camulative density functions of errors
in rotations and translations with respect to a varying thresh-
old.

B.3. Illustration of Dataset

To understand the difficulty of the datasets used in our
experiments, we pick a typical scene from each of the Red-
wood and ScanNet datasets and render 15 out of 30 ground
truth point clouds from the same camera view point. From
Figure 9 and Figure 8, we can see that ScanNet is generally
harder than Redwood, as there is less information that can
be extracted by looking at pairs of scans.

C. Proofs of Propositions

We organize this section as follows. In Section C.1,
we provide key lemmas regarding the eigen-decomposition
of a connection Laplacian, including stability of eigenval-
ues/eigenvectors and derivatives of eigenvectors with re-
spect to elements of the connection Laplacian. In Sec-
tion C.2, we provide key lemmas regarding the projection
operator that maps the space of square matrices to the space
of rotations. Section C.3 to Section C.6 describe the proofs
of all the propositions stated in the main paper. Section C.7
provides an exact recovery condition of a rotation synchro-
nization scheme via reweighted least squares. Finally, Sec-
tion C.8 provides proofs for new key lemmas introduced in
this section.

C.1. Eigen-Stability of Connection Laplacian

We begin with introducing the problem setting and nota-
tions in Section C.1.1. We then present the key lemmas in
Section C.1.2.

C.1.1 Problem Setting and Notations

Consider a weighted graph G = (V, £) with n vertices, i.e.,
|V| = n. We assume that G is connected. With w;; > 0 we

denote an edge weight associated with edge (7, j) € £. Let
L be the weighted adjacency matrix (Note that we drop w
from the expression of L to make the notations uncluttered).
It is clear that the leading eigenvector of L is inl e R,
and its corresponding eigenvalue is zero. In the following,
we shall denote the eigen-decomposition of L as

Z:WT7
where
U = (- ,u,) and A = diag(Aa, -, \p)

collect the remaining eigenvectors and their corresponding
eigenvalues of L(w), respectively. Our analysis will also
use a notation that is closely related to the pseudo-inverse
of L:

I, =UR+tL, 1)U, Yt <X (12

Our goal is to understand the behavior of the leading
eigenvectors of L ® I, + E? for a symmetric perturbation
matrix E € R™ 7% which is a n x n block matrix whose
blocks are given by

B 0 i=j
Eig = { —wiNig (i,4) €€

where N;; is the perturbation imposed on 2;;.

We are interested in U € R™*** which collects the lead-
ing k eigenvectors of L ® I + E in its columns. With
A1 < Ag--- < A; we denote the corresponding eigenval-
ues. Note that due to the property of connection Lapla-
cian, \; > 0,1 < ¢ < k. Our goal is to 1) bound the
eigenvalues \;,1 < ¢ < k, and 2) to provide block-wise
bounds between U and ﬁl ® @, for some rotation matrix
Q € SO(k).

Besides the notations introduced above that are related to
Laplacian matrices, we shall also use a few matrix norms.
With || -|| and || - || 7 we denote the spectral norm and Frobe-
nius norm, respectively. Given a vector v € R", we de-
note [|[v|eo = max |v;| as the element-wise infinity norm.

We will also introduce a norm || - |1, for square matrices,
which is defined as

n
1 All1,00 = 1@?<an lai;], VA= (aij)i<ij<n € R™™
<i<n £

We will also use a similar norm defined for n x n block
matrices F € R™*"% (ie., each block is a k x k matrix):

n
HE”LOO = max E ||E1]||7 VE = (Eij)lgi,jgn c R7exnk
1<i<n 4 7
j:

2Note that when applying the stability results to the problem studied in
this paper, we always use £ = 3. However, when assume a general £ when
describing the stability results.
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Figure 6: We show the results of ground truth result (column I), Rotation Averaging [12]+Translation Sync. [26] (column II),
Geometric Registration [15] (column IIT), and Our Approach (column IV). These scenes are from Redwood Chair dataset.

C.1.2 Key Lemmas have

Xi < B (13)
This section presents a few key lemmas that will be used to
establish main stability results regarding matrix eigenvec-
tors and matrix eigenvalues. We begin with the classical We proceed to describe tools for controlling the eigen-
result of the Weyl’s inequality: vector stability. To this end, we shall rewrite U as follows:

1
Lemma C.1. (Eigenvalue stability) For 1 < i < k, we U= ﬁl @X+Y.
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Figure 7: Corresponding cumulative density function (CDF) curves. For the top block, we plot CDF from different input
sources. Here "all” corresponds to errors between all pairs and ’good” corresponds to errors between selected pairs. The pairs
were selected by 1) computing ICP refinement, 2) computing overlapping region by finding points in source point clouds that
are close to target point clouds (i.e. by setting a threshold), 3) for these points, we compute their median distance to the target
point clouds. For the middle block, we report the comparison of baselines and our approach. Results from different input
sources are reported separately. For the bottom block, we report the comparison between variants of our approach using Fast
Global Registration as the input pairwise alignments.
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Figure 8: A typical example of the a Redwood Chair scene: the 1st, 3rd, Sth, 7th, .. ., 29th of the selected scans are rendered
from the same camera view point. Each scan is about 40 frames away from the next one.

Our goal is to bound the deviation between X and a rotation
matrix and blocks of Y.

We begin with controlling X, which we adopt a result
described in [8]:

Lemma C.2. (Controlling X[8]) If

P
FE =z
1Bl < 2,

then there exists Q € SO(k)* such that

2
A2 — || E]|

In particular,
2
IX - Q| < (”E” )
A2 — [ B

31If not, we can always negate the last column of U.
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Figure 9: A typical example of the a ScanNet scene: the 1st, 3rd, 5th, 7th, ..., 29th of the selected scans are rendered from
the same camera view point. Each scan is about 40 frames away from the next one.

It remains to control the blocks of Y. We state a formu-
lation that expresses the column of Y using a series:

Lemma C.3. Suppose ||E|| < %, thenV1 < j <k,

(k) 1 7T : (%)
Ye!" = ——— L IHE) (1®X)e: . (14
€; NG 1221 (( “x, © k) ) (1®X)e;”. (14)

We conclude this section by providing an explicit expres-
sion for computing the derivative of the leading eigenvec-
tors of a connection Laplacian with its elements:

Lemma C.4. Let L be an N x N non-negative definite ma-
trix and its eigen-decomposition is

N
L= Nuau (15)
i=1

where 0 < A\ < Ay < ... ApN.

Suppose A\, < Ag41. Collect the eigenvectors corre-
sponding to the smallest k eigenvalues of L as the columns
of matrix Uy. Namely, Uy, = [uy, ..., uy] where oy, ..., 0%
are the smallest k eigenvelues of L.



Notice that L can have different decompositions in (15)
when there are repetitive eigenvalues. But in our case where
Ak < Agy1, we claim that UkUg is unique under differ-
ent possible decomposition of L so that d(UyUL') is well-
defined and has an explicit expression:

k quLul

S3)>

i=1 j=k+1

d(UxUT) (uwiu] +ujul) (16)

0; —0j

Moreover, the differentials of eigenvalues are

dO’i = u;‘FdLuz (17)

C.2. Key Lemma Regarding the Projection Opera-
tor

This section studies the projection operator which maps
the space of square matrices to the space of rotation matri-
ces. We begin with formally defining the projection opera-
tor as follows:

Definition 1. Suppose det(M) > 0. Let M =

ZZL:I ou;vl be the singular value decomposition of
square matrix M where U = [uy,...,u1] and V =
[v1,...,v,] are both orthogonal matrices, and all coeffi-
cients o; are non-negative. Then we define the rotation ap-
proximation of M as

Z’u,v =UvT.

It is clear that R(M) is a rotation matrix, since 1) both U
and VT are rotations, and 2) det(UVT) > 0.

Lemma C.5. Let A € R""** be a block matrix of form
Ay

A=|:

Ap

where A; € RF¥* Use a;; to denote the element on posi-
tioni,j in A. Then we have

D AP < k[P
i=1

We then present the following key lemma regarding the
stability of the projection operator:

Lemma C.6. Let M be a square matrix and e = | M — I|.
Suppose € < %, then

[R(M) —I|| < e+ €.

Lemma C.7. Regarding R(M) as a function about M, then

the differential of R(M') would be
uldMv; — uTd Mo,
R(M) = Z . I Zui'vJT
it it 0;

where all notations follow Definition (1).

C.3. Robust Recovery of Rotations

We state the following result regarding robust recovery
of rotations using the connection:

Proposition 3. Suppose the underlying rotations are given
by R}, 1 <1 < n. Modify the definition of E' such that

5, = { ~wuR (R Ry RE — I)RET (i.)) €€
J 0 otherwise
Define
2/ E||1.00 .
=AW T ol Bl (18)
A2

Suppose €1 < 1, €5 < 1, and

0= (2—61) +Vk (1+(2_€1)2)-1 iﬁ(ﬁfig) < %

Then the optimal solution R;,1 < 1 < n to the rotation
synchronization step satisfies that there exists QQ € SO(k),

_RO| < 2.
mwax [|R; — RiQI <6 +6 (19)

Proof of Prop. 3: Without losing generality, we assume
Ry = I;,1 < ¢ < k when proving Prop. 3. In
fact, we can always apply an unitary transform to obtain
diag(R}, -+, R:)T Ldiag(R7, - - , RX), which does not
impact the structure of the eigen-decomposition, and which
satisfies the assumption.

Before proving Prop.3, we shall utilize two Lemmas,
whose proofs are deferred to Section C.8.

Lemma C.8. Under the assumptions described above, we
have

—+
|

—+
<L oo

). (20)

Lemma C.9. Given a k x k matrix A, we have

|4 < VE max [|4ef”]. 1)
WS



Now we proceed to complete the proof of Prop.3. First
of all, applying Lemma C.2, we obtain that there exists () €
SO(k) such that

1X - @l < ( )% (22)

2 — €1
Applying Lemma C.3, we have V1 < j < k,
Vall(e]"” ®

— ||
<D NEZ) BN wlIX I
=1

nyvel| (23)

8

IN

—+ l
> (L2 ) IX]
=1
-+
oy el B e
= -+
L= IL_y; oo [ El1,00
—+
p—
(1"'HL ”LOOHEHLOO)

62(1+€2) €1 2
§71_€2(1+62)-(1+(72_61)). 24)

X1l

We can now conclude the proof by combining (22), (24),
Lemma C.9, and Lemma C.6. O

C.4. Robust Recovery of Translations

In the same spirit as the preceding section, we assume
the underlying ground-truth satisfies
Rf =I;,t; =0, 1<i<n. (25)
In other words, a correct measurement along edge (¢, j) € €
should satisfy R;; = Ij,t;; = 0. As we will see later, this
assumption makes the error bound easier to parse. It is easy
to see that the more general setting can always be converted
into this simple setup through factoring out the rigid trans-
formations among the coordinate systems associated with
the input objects.
We present a formal statement of Prop. 4.2 of the main
paper as follows:

Proposition 4. Consider the assumption of (25). Define
€3 = 1121ia<xn ’wij”tin (26)
T JENG)

Intuitively, es measures the cumulative transformation error
associated with each object. Under the same assumption as
Prop. 3 for the connection Laplacian L = L ® I, + E, we
can bound the error of the translation synchronization step
as

—t
L )
max ||t;]| < 7H o3

27
1<i<n 1—4es @7

Proof of Lemma 4: First of all, note that (1 ® I;,)Tb = 0.
Thus we can factor out the component in F that corresponds
the the subspace spanned by 1 ® I. Specifically, define

1 1
E'=((I--11"eL)E((I--11")e1I).
(( ~117)® k) E(( 11 ® )
It is easy to check that

IE 11,00 < 4l Ell1,00-

Moreover,
t=(L®l,+E)"b.

This means

joax ||l < (2@ I+ B l1.006a:

Note that

(Lol+E)* i "o n)E) (T 1.

=0

It follows that

(L& I + E") |10

—+
(Z" @ L)EN s ool © L) 1,00

8HM8

—t
l00) 127 11,00

l O

—+
1L 11,00

< — .

L=4|[L " 1001 B0

C.5. Proof of Proposition 1 in the Main Paper

Applying Lemma C.7, we have

'u(i)TdU»w i)—v(i)TdUw(i) NOL

dR; = Z s ! E) 2(5,) Khat Ug‘)wgl) )
1<s,t<k os’ + 0y

(28)

We further divide the computation of dU; into two parts.



Consider the j-th column of dU;:

T
dvel” = (" ® Iy)dUe}"
T
:(ez(.n) ®Ik)duj
T
_ o7 ; u; dLw,
(e, ® k)zul NN
I#7
k
i dLuy
f(ef") ®Ik)( 5 up+
; Aj— N
l#j
i udeL'u,[ )
u;
e R
— el 4 qulenten e (29)
where
] T Fowu
i — (" @ 1) . d l “dLu;  (30)
1 N
=
k wul
=1 7
l#j
dUi(OUteT)eS‘) Z" ®Ik Z dL U; (32)

In (30), we used the fact that (eE")T ® Ii)uy is just Uiel(k)
by definition of U;.

Since dR; is linear with respect to dU;, we can divide
dR; similarly:

dR; :dREinner) +dR§outer)

dRSinner) —
T . . T .
vgz) dU(znner)w(z) . v(z) dU(znner)w(z) ) (1,)T
N
1<s,t<k o5’ +O—t1)
(33)
dR(_outer) —
T T .
vgz) dU(outer) (2) v(z) dU(outer)wgz) ) (z)T
> Z ﬁ) Oa— vy w;
1<s,t<k os’ + 0y
(34)

Then the derivative we would like to compute can be
written as

d(R;RT) = dR;R] + R;dR;"
. . T
_ dREznner)R}" + RidR;lnner)

T
+dR50uter)R,jr +RidR§outer) ) (35)

From (34) and (32) it can be easily checked that the for-
mula in Proposition 1 of the main aper that we want to

prove is just (35) except the extra terms dREmneT)RjT +

R‘dR('inner)T
L]
show that

. Hence in the remaining proof it suffices to

. : T
dR’Eznner)R'f + Ringznner) —0.

To this end, we define a k-by-k auxiliary matrix C' as

udeLul

Cjj=~——
Aj— XN

forall [ # j and C;; = 0. Since L is symmetric, C' would
be skew-symmetric that means C' + C7 = 0. Fist of all,
notice that

k T
- , ui dLu
e = 3" (el e Rkl 5]
— Aj— N
1#k
Also it is clear that
vgi)TUi = O'S’LUZ

by using simple properties of SVD. It follows that

, e cw® — g Cwd® 7
dREznner) _ Z sWs t_ t' t s /Ugl)wEZ)
1<s,t<k ot + U:EZ)
(36)
= Z wgi)Tngi)vgi)w( ) (37)
1<s,t<k
= Y olw Cwlw” (38)
1<s,t<k
—vOwe o (39)
= R,C. (40)

In the derivations above, we used the fact that C is a skew-
symmetric matrix for deriving the first equality (36). In

addition, we used the fact that ’U(L) C’vgi) is a scalar for
deriving the second equality (37). When deriving (38),

we used the expansion of U @Oy O and the fact that

{v(z) e ,’US)} form an orthonormal basis:
k k
UOVOT =3 w0’ 1= 3 vy
s=1 t=1

(39) uses the definition of R;. Finally, plugging (40) into
(35) gives

N o \T
AR RT 4 RidR\™ " = R,ORT + R,CTRY =0,

which completes our proof. O



C.6. Proof of Proposition 2 in the Main Paper

The proof is straightforward, since
0=d(L-L™Y)=dL - L' +L-d(L™),

meaning
dL = —L7'dLL™'.

In the degenerate case, we replace L~ by L*. This is
proper since the only null space of L is 1 ® Ij, which does
not affect the solution ¢. O

C.7. Exact Recovery Condition of Rotation Syn-
chronization

Similar to [26], we can derive a truncated rotation syn-
chronization scheme (the generalization to transformation
synchronization is straight-forward). Specifically, consider
an observation graph G = (V,€). Let &g C € be the
edge set associated with incorrect rotation measurements.
Starting from G, at each iteration, we use the solution
Rl(-k), 1 < i < n at the kth iteration to prune input rota-
T

tions whenever || R;; — R§.k) R,
27’“, where 7 < 1 is a constant. Using Prop. 3, we can

easily derive the following exact recovery condition:

Proposition 5. The truncated rotation synchronization
scheme recovers the underlying ground-truth if

1
LG 111 cotma(Ebaa) < 75, 7> 0.95,  (41)

where Lg is the graph Laplacian of G, and dax(Epad) is
the maximum number of bad edges per vertex. Note that the
constants in (41) are not optimized.

Proof: Denote €4 := || L ||1,00dmax(Evaa). Consider an ar-
bitrary set £, C Epqq. Introduce the graph that collects the
corresponding remaining observations Ge,, = (V, Ecur),
where Ecyr = €\ (Epaa \ E-). Suppose we apply rota-
tion synchronization step to G, and the associated obser-
vations, it is easy to show that (c.f.[26])

€4
€2 <2 max || N,

>~ . €1 § 262.
1—es (ij)€€cur

Using Prop. 3 and after simple calculations, we can derive
that the truncated scheme described above will never re-
move good measurements, which end the proof. O

Remark 1. This exact recovery condition suggests that if
we simply let the weighting function to be small when the
residual is big, then if the ratio of the incorrect measure-
ments is small. It is guaranteed to remove all the incor-
rect measurement. Yet to maximize the effectiveness of
the weighting scheme, it is suggested to learn the optimal
weighting scheme from data. The approach presented in
the main paper is one attempt in this direction.

C.8. Proofs of Key Lemmas
C.8.1 Proof of Lemma C.3

We first introduce the following notations, which essentially
express E in the coordinate system spanned by ﬁ (1® I)

and U ® Iy

1
By :;(1®Ik)TE(1®Ik),
1 _
Ep:=—@0eL)TE I
12 \/ﬁ( ® 1) E(U ® Iy),
1 —
E21 L= %(U(g[k)TE(l@Ik);

Ey:=UeL)"EU® I).

LetY := (U®I})Y. Substituting U = —=(1@ 1)+ (U
Ik)? into
(L® I, + E)U = UA,

we obtain

(L +E(—A® L)+ UIL)Y)

1
\/ﬁ
:(%(1 © Iy) + (U ® I,)Y)A.

Multiply both sides by (U ® I)?, it follows that

FEan X + (K@ Ik)?-i- E,Y =YA.

Since || E|| < %, we have

o
Yel .= (U I)Ye!

= (U L) (A~ X))@ Iy — Exn) By Xel"

k)

==Y T ) (A=) © L) Bx)'
=0

(A=) e L) BnXel

S (-2 T v 1 (k)
:_;((U(A—Aj) T ® L,E) TrleXe
1 o0
=——=>_(Lf,,B) (1o xel)

C.8.2 Proof of Lemma C.4
Let

N N

T 11T

L= g oiuiu; = E ou;u;
i=1 i



be two different decompositions of L. It can be written in
matrix form

L=UAUT =U'AU'T

where U = [uq,...,uy], A = diag(oy,...
[u],...,un]. Then we have

>UN): U =

(UTU)A = AUTD)

Let A = U'TU and the element of position (4,5) on A
be a;;, then we have

aij0; = 0iQj,

which means a;; = 0 for all o; # 0.

Since we have assumed o} < - <o < 0p41 <+ <
o N, the matrix A would have form

Ag Ok, N—k
ON—kk AN—kN—k

But we have known that A is an orthogonal matrix, thus
Ay is also an orthogonal matrix. In this way Ay, =
U;T Uy, can be rewritten as

U, = U,’CAMC
and furthermore we have

UpUl = Ui (Ao A ) UL = ULULE.

Since eigen-decomposition is a special case of SVD
when dealing with symmetric matrix, (53) gives

oiu; dLu; + ojuf dLu;

du; =Y 3 u;
J#i v J
= —_— U
E J
—. 0i—0j
JFi

in which we used the fact that dL is also symmetric in the
last step.

Finally the differential of UyU; can be written as

d(U,UY)

k
=d (Z u,u?)
i=1
k
=Y (dwju! + udul)
i=1

«
Il

T

w; dMu;
——— (uju] +uuj)
g; — O‘j

-
M=

-
[
—

oS

il

ul'dMu;

T T
u;u; + uus )+
o —0;j ( J " 7 )

J

|
iM-
NERNE

-

(udeMuj uldMu;
_l’_

) (u]u;[ + uluJT)

o, —0; o;— 0
=1 j=1+1 v J J v
kN
udeMuj T T
:E E ﬁ(ujui +uu; )
i=1j=k+1 ° J

As for formula (17), taking differential of equation
Lu; = o;u;, we obtain

dLu; + Ldu; = do;u; + o;du;

Let us multiply both sides by u and notice that ulu,; =
1, Lu; = o;u;, and ul'du; = 0, we conclude that the
equation above can be simplified to

do; = ul dLu;.

C.8.3 Proof of Lemma C.5

It is well-known that || X || < || X|| 7 for any matrix X where
|| - || = represents the Frobenius norm. Thus

E k  kn
FIAIP = 1A =) ) al
j=1

j=11i=1
kn k n
=D ah =2 4l
i=1 j=1 i=1
n
> Al
i=1
completes our proof. O

C.8.4 Proof of Lemma C.6

Suppose M = Y1 | o;u;v! is the SVD decomposition of
M. By definition of R(-),

n
R(M) = Z uvl.
i=1



First we have a simple lower bound on e:
e= M-I = [(M - Dvi| = |os =1 (42)

It is enough to show that for any unit vector p € R™ we
have

|R(M)p —p| < (1+¢)|Mp—p|. (43)

In fact, if (43) is true, then

[2(M) )p —pll

—I|| = max ||R(M
|p|=1
< max(1+e€)||Mp — p|
[p=1
< (1+€)e (by definition of ¢).

By noting {v1,...,v,} are a set of basis on R™, we can
decompose R(M) and M into

M)p—-p= ZUHHTP - Zvi(vgp)
_Z i —v;) (v p)

Mp—p= Z Ui vip — Z v;(v] p)

i=1

i=1
n
§ Uzuz - vz z p)

To prove (43), it suffices to show that
lu; —v;| < (14 €)|oju; — vyl

Let 0 = u v;. The case that u; = wv; is trivial. Also, if
o; =0, then € > 1 and the resulting inequality

|’U,i — Ui‘ S 2|’Ui|

is trivial. Thus we can always assume |ou,; — v;| # 0 and
o; > 0. Then by the laws of cosines we have

|'U/17’U7| _ 2 —26
loju; —v;|  \| 1+ 0?2 —20:6
o 2—(o; +oy)
1 i 7
=y Jort 2N T gy
\/O—l + 1+012_20i5 “4)

In (44) it is clear that 2 — (ai_l +0;) <0and 1+ 02 >
20;0. Hence by monotonicity (44) reaches its maximum
when § = —1 and then

. 9 1— o
i — il _ 14T 1] < 14e
1+Ui 1+Uz

\mui *’Ui|

C.8.5 Proof of Lemma C.7

For the sake of brevity we simply write R instead of R(M)
in the following proof. It is easy to see that

T T
M'vi =0o;U; U; M = 0;U;

for i = 1,...,n. Taking the differential on both sides we
obtain
dul M +uldM = dov] + oydv] (46)

Left multiplying both sides of (45) by u; with j # 7 and
observing that ujTui = 0, we obtain

ul dMv; +ul Mdv; = ou! du, (47)

Similarly right multiplying both sides of (46) by v? with
j # 1 gives

du! Mv; +u] dMv; = o;dv} v; (48)

Since ul M = o;v], Mv; = o;u], we have

udeM'vi + Ujvadvi = UiuJTdui 49)
du?ajuj + uZTdej = aidv;fpvj (50)

for all i # j.
Observe that u} du; = dufwu;, vidv; = dv]wv;.

Combining (49) and (50) and regarding them as a linear
equation group about udeui and vadm they can be solved
out as

T Jl’ll,fdM’Ui +UjuszMvj
u; du; = 5 5 on
o7 —0;

oul dMv; + UjudeMvi

T
v; dv; = 5 5 52)

g; — Uj
Since ul'u; = |lu;|| = 1, we have uldu; = 0. As
{uy,...,u,} form a set of orthogonal basis of R™, we can

write u; as
T T
oiu; dMwv; + oju; dMwv;

du; =Y 3 u;  (53)

i R

Similarly for dv; we have

O'l"u,deM’Uj + O'jquM'l)i
do; =) 3 d v; (54
j#i i




Finally we can write dR as

dR = Z uidvT + Z duivT
oiu; dM'u] + oju; TadMw;

= E : 2 uivyr
02 — o2

i#] ' J
T T
oiu; dMwv; + oju; dMv;
+ Z J 3 32 juj'vlT
pory o; — 07
O'L 'u dM’UJ (Ui — Uj)ufdei T
=2 02 — o2 Uiv;
i#] v 7
_ Z ul'dMv; — udeMrUiu-v-T
oi+0;j B
i#j v
O
C.8.6 Proof of Lemma C.8
Since || E1,00 < /\2 , we have
LI, =UR- )T
_ Uzz_(l+l))\§~UT
1=0
_ o~ T I+141 .
=D (TN, 1<i<k
1=0
As
i (oo}
T3 llee < DO ITTIELA,
1=0
< Z I 1L B o
—+
= 27 100 (1 + 1T 1100 | Bl1,00)-
O

C.8.7 Proof of Lemma C.9

In fact, Vo € R¥, where ||| = 1, we have
k
k
lAz]| <> [ Ael ||

j=1

max || Ae"| Z |z

1< <k

k

(k) 2\1

< max [ Aef”| V(Y 1jzj>z.
]:

D. Scenes used in this paper

For completeness, we show the scenes we used in this
paper. Including 100 scenes from ScanNet [|7] dataset and
60 scenes from Redwood Chair dataset. Fig. 10-Fig. 10 and
Fig. 11-Fig. 11 show the scenes we used in the paper from
ScanNet and Redwood chair dataset, respectively.
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Figure 10: ScanNet Train Dataset (1st to 25th)
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scene000602
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Figure 10: ScanNet Train Dataset (26th to 50th)



scene004700 scene019702 scene013401
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scene066900
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Figure 10: ScanNet Train Dataset (51st to 69th)



scene(064202
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Figure 10: ScanNet Test Dataset (1st to 25th)



scene040602
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Figure 10: ScanNet Test Dataset (26th to 32nd)
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Figure 11: Redwood Chair Train Dataset (1st to 25th)
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Figure 11: Redwood Chair Train Dataset (26th to 33th)
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Figure 11: Redwood Chair Test Dataset



