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This supplementary material contains two appendixes.
Appendix A collects all the proofs omitted from the main
text and Appendix B provides extra empirical results.

A. Proof

This appendix collects all the proofs omitted from the
main text.

A.l. Preliminary

This subsection gives the background knowledges nec-
essary to the development of the theoretical analysis.

A tuned FSTRN induces a hypothesis function that maps
from low-resolution videos to high-resolution videos. For
the brevity, we denote the hypothesis function as

Fp: RUAR _y RMIR (A.1)
Ipr = Igg, (A.2)

where 6 is the tuned parameter, and nyr and npp are re-
spectively the dimensions of the low-resolution space and
the high-resolution space. Suppose all the hypothesis func-
tions Fy computed by FSTRN constitute a hypothesis space
‘H. To measure the performance of the hypothesis function,
we define an object function in the main text as eq. 3.9. The
corresponding loss function is defined as follows:

I(Isr,Iur;0) =p(Iar — Isr)
— JUnn—Is)?+2, (A3

where Iyr and Ipp are respectively the output (high-
resolution image/video) and input (low-resolution im-
age/video), and p (x) = V2 + 2 is Charbonnier penalty
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function. Based on the loss function I(Isr, Ing, Fp), the
expected risk, in term of the hypothesis function Fy, is de-
fined as follows:

R(Fy) =Ergp. 102l (Isr, Inr, Fo)- (A4)

Similarly, the empirical risk is defined as

. 1 X
R(Fy) = L(Fo) =+ D WEp: Thin Fo),  (AS)

n=1

where 15y and I, denote the n-th instance in the training
set, and NN is the sample size, and we redefine the empirical
risk as R in accordance with the convention. Finally, the
generalization error of hypothesis function F'(6) is defined
as the difference between the expected risk R(Fy) and the
corresponding empirical risk R(Fy).

As the principle of Occam’s razor says, the generaliza-
tion capability of an algorithm is dependent with the com-
plexity of its corresponding hypothesis space (hypothesis
complexity): a complex algorithms tend to have a poor gen-
eralization ability. In learning theory, three classic mea-
surements of hypothesis complexity are respectively VC-
dimension, Rademacher complexity, and covering number
(see, respectively, [2], [11], and [5]). An classic result in
learning theory expresses the negative correlation between
the generalization error of an algorithm and the correspond-
ing Rademacher complexity E)A‘{(H) as the following lemma.

Lemma 1 (cf. [10], Theorem 3.1). For any § > 0, with
probability at least 1 — 0, the following inequality hold for
all Fy € H:

. N log%
R(Fy) < R(Fp) +2R(IoH)+3 SN (A.6)



where l o H is defined as
loH2{loF: FeH. (A7)

Computing the empirical Rademacher complexity of
neural network could be extremely difficult and thus still
remains an open problem. Fortunately, the empirical
Rademacher complexity can be upper bounded by the corre-
sponding e-covering number N (H, ¢, ||-||2) as the following
lemma states.

Lemma 2 (cf. [1], Lemma A.5). Suppose 0 € H and all
conditions in Lemma 1 hold. Then

Vo
< inf (j%+f/a Vs N o H.2, |- 2)d8>.
(A8)

Some recent works study the hypothesis complexity of
deep neural networks and provide upper bounds of the
corresponding hypothesis spaces. [1] gives a spectrally-
normalised covering bound and a generalization bound for
all chain-like neural networks. [6] focuses on the deep neu-
ral networks with shortcut connections and gives a covering
bound and a corresponding generalization bound. Specifi-
cally, for a deep neural network with residual connections,
suppose the “stem” is obtained by discarding all residual
connections. Apparently, it is a chain-like neural network
and can be expressed by the following formula:

S:(A1701,A2702,...,AL7UL)7 (A9)
where A;,7 =1, ..., L are weight matrices and o; are non-
linearities. Meanwhile, we denote all residual connections
as Vj, j € J, where J is the index set. Suppose the output
of the i-th layer (constituted by the weight matrix A; and the
nonlinearity o;) is F;, and all possible outputs F;; constitute
a hypothesis space ’H,f . Similarly, all outputs of the residual
connection V; constitute a hypothesis space 7—[}/. In this pa-
per, our theoretical analysis is developed based on the two
works stated above. Specifically, the covering bounds given
by [6, 1] are respectively as follows.

Lemma 3 (see [6], Theorem 1). Suppose the E;S -covering
number of Hy is Ni° and the 5}/ -covering number of ”H;/ is
NY. Then there exists an € in terms of all €5 and 5}/, such
that the following inequality holds:

L
N#H) < [N TN (A.10)
=1

jedJ

Lemma 4 (cf. [1], Lemma A.7). Suppose there are
L weight matrices in a chain-like neural network. Let

(€1,...,e1) be given. Suppose the L weight matrices
(Ay,...,Ap) liesin By x ... x Br, where B, is a ball cen-
tered at 0 with the radius of s;, i.e., B; = {A; : ||Ai]] < s:}.
Furthermore, suppose the input data matrix X is restricted
in a ball centred at 0 with the radius of B, i.e., || X|| < B.
Suppose F' is a hypothesis function computed by the neural
network. If we define:

H={F(X): A € Bi, Al € B/},

(A.11)

where ¢ = 1,...,L, (u,v,s) € Iy, and t €

{1,...,L""5} Lete = Z?ﬂ €5pj HZL:].H pi51. Then
we have the following inequality:

L

N(H)SH sup N

i1 Ai1€Bi

7Ai—1), Bi_1=DB1x...xB_1,

(A.12)

where A;_1 = (Aq, ...
and

M :N({AiFAi,1 (X) : Ai S Bi}é‘i, || . H) .
A.2. Covering bound of FSTRN

(A.13)

This subsection gives a detailed proof for the covering
bound of FSTRN. We first recall a result by Bartlett et al.
[1].

Lemma 5 (cf. [1], Lemma 3.2). Let conjugate exponents
(p, q) and (r, s) be given with p < 2, as well as positive re-
als (a,b,€) and positive integer m. Let matrix X € R"*¢
be given with | X ||, < b. Let H 4 denote the family of ma-
trices obtained by evaluating X with all choices of matrix
A:

Ha 2 {XAJA € R>™ || Allgs < a}.

(A.14)
Then

212, 2/r
log N (Ha, 2. | - [12) < {’””] log(2dm). (A.15)

This covering bound constrains the hypothesis complex-
ity contributed by a single weight matrix.

As Figure 3 shows, suppose all hypothesis functions
FOL JFE Fé, ng, FéR respectively constitute a series
of hypothesis spaces HE, HY,..., Hp, Hip HEg.
For the brevity, we rewrite those notations re-

; L L L L L

spictlvily asL F% ,F, . F5, F5.1,Fp s and

Ho H ey HD, Hp 1 H o Also, sup-

pose the covering number respectively  with
: L _L L _L L

the radiuses €0+ETs €D ED111ED 12 are

N(Hé),/\/(%f), e ’N(Hé)’/\/’(%%}—&-l)’/\/’(%g-&ﬂ)

Proof of Theorem 1. Employing Lemma 3, we can straight
obtain the following inequality.

D
log N'(H) <> log N'(H]).

d=0

(A.16)



Applying eq. (A.15) of Lemma 5, we can obtain the follow-
ing result. We first calculate the covering bound of FRBs.
Denote the PReLU in the d-th FRB as o¢ and denote the
weight matrices corresponding to the 2 convolutional layers
respectively as Ail and Ag. Then, ford =1,...,D,

log N (Ha1)
by Fy(XT
0 >||Er d<+1d>< B o)
bd+1 Ad+1 d+1 F XT
NGRS (g+1)( TE SO R
(A.17)
Apparently,
e (FA(XT)IE < (o™ IFa(XT)T )5, (A18)
and
[ATH o (Fu(XT) )13
(sl (Fa(XT) )13
<(s7H pT P Fa(XT) T3 (A.19)

Also, motivated by the proof of Lemma 4.3 of [6], we can
obtain the following equations.

edtt = gLpdtl (A.20)
eIt = 0T 4 50y = el pdt (1 4 597, (A21)
and
e =es T (1+s57)
= ehpH(1 4 5§ (1 4 s91). (A.22)

Applying eqs. (A.18), (A.19), (A.20), (A.21), (A.22) to eq.
(A.17), we can obtain a covering bound for FRBs as fol-
lows.

log N (Ha+1)
< ||FdL( Hz lo (2W2) (pd+1)2
(€dy1)?

[BFF2(1 +sTTH)2 + (052 (s§T1)?] . (A23)

By applying eq. (A.19) and the induction method, we
can straight get the following inequality:

logN(HdH)

<H [ pisish)’

[ X251
od

1} [0 (14 s9)” + (o41) ]

(A.24)

Similarly, we can also get the following inequalities.

2 2=
log N (H1) < bl”‘f# log (2W?), (A.25)
log N (Hp+1) < 1+ZH[ +1}
i=1j=1
2 b 2 b%
1X1307 =5 log (2W?) =, (A.26)
2

D i
IOgN(HDJrQ ZH [ 24 1}
=1j=1
b2
||X||2P1 21

b2X
. 1||2H21
&

o 2b3
og (2W?) 53 232
3

og (2W?). (A.27)
Applying egs. (A.24, A.25, A.26, and A.27) to eq. (A.16),
we eventually prove the theorem. O

A.3. Generalization Bound for FSTRN

The Theorem 2 is the same as Theorem 4.4 of [6]. For
the completeness of this paper, we restate the proof here.

Proof of Theorem 2. We prove this theorem in 2 steps:
(1) First apply Lemma 2 to get an upper bound on the
Rademacher complexity; and then (2) Apply the result of
(1) to Lemma 1 in order to get a generalization bound.
(1) Upper bound on the Rademacher complexity.
Applying eq. (A.8) of Lemma 2, we can get the follow-
ing inequality:

4
R(Halp) < inf <a+/ VIog N d5>

4o vin \/
= «igf() (f € )
4
< inf <\/Oi 12 /Riog \F) . (A28)

Apparently, the infinimum is reached uniquely at o =

34/ %. Here, we use a choice a = %, and get the following

inequality:
4 18
R(Halp) < —5 + ;\/filog n. (A.29)
n2

(2) Upper bound on the generalization error.



Combining with Lemma 1, we get the following inequal-
ity:

Pr{arg max F'(z); # y}

- 8 36 log(1/6
Ra(F) + 4 3 Riogn + 3, /9810 (x50
nz n 2n
The proof is completed. O

B. Empirical Results

This appendix collects all empirical results omitted from
the main text. Our algorithm outperforms the state-of-the-
art methods in both qualitative and quantitative aspects.

B.1. Quantitatively Results

The quantitative results of all the methods on Vid4 [9]
are summarized in Table 1, where the evaluation measures
are the PSNR and SSIM indices. As demonstrated in Table
1, our algorithm has excellent robustness in different sce-
narios and outperforms all other methods.

B.2. Qualitatitve Results

We also qualitatively compare our algorithm with sev-
eral existing algorithms, Bicubic, SRCNN[4], SRGANI&],
RDN[12], BRCN[7], VESPCN]I3], and our FSTRN. The
comparison experiments are all with scale factor 4. The
qualitative results also illustrate the excellent performance
of our algorithm.
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Methods City Calendar Walk Foliage Average
PSNR /SSIM | PSNR/SSIM | PSNR/SSIM | PSNR/SSIM | PSNR /SSIM

Bicubic 24.82/0.58 19.98/0.55 25.33/0.78 2291/0.54 23.25/0.62
SRCNNI4] 25.46/0.65 21.08/0.65 27.16/0.84 24.05/0.66 24.47/0.71
SRGAN[8] 25.30/0.64 21.04/0.64 26.55/0.81 23.69/0.62 24.16/0.68
RDN[12] 25.59170.66 20.99/0.63 27.19/0.83 24.05/0.66 24.4970.70
BRCN[7] 25.46/0.64 21.10/0.64 27.06/0.84 24.03/0.65 24.44/0.70
VESPCN]3] 25.55/0.66 21.07/0.65 27.17170.84 24.08 /0.67 24.50/0.71
FSTRN(ours) | 25.76/0.68 21.36 / 0.68 27.57/0.85 24.21/0.67 24.76 / 0.72

Table 1: Comparison of the PSNR and SSIM results on vid4 [9] sequences by Bicubic, SRCNN[4], SRGAN][8], RDN[12],
BRCN]7], VESPCN]3], and our FSTRN with scale factor 4.
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Figure 2: Visual comparisons of the super-resolution results for video Walk on x4 upscaling factor.
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Figure 3: Visual comparisons of the super-resolution results for video Turbine on x4 upscaling factor.
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HR / PSNR / SSIM
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Figure 4: Visual comparisons of the super-resolution results for video Fan on x4 upscaling factor.



