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Abstract

Flow-based generative models are an important class of

exact inference models that admit efficient inference and sam-

pling for image synthesis. Owing to the efficiency constraints

on the design of the flow layers, e.g. split coupling flow lay-

ers in which approximately half the pixels do not undergo

further transformations, they have limited expressiveness

for modeling long-range data dependencies compared to

autoregressive models that rely on conditional pixel-wise

generation. In this work, we improve the representational

power of flow-based models by introducing channel-wise

dependencies in their latent space through multi-scale au-

toregressive priors (mAR). Our mAR prior for models with

split coupling flow layers (mAR-SCF) can better capture

dependencies in complex multimodal data. The resulting

model achieves state-of-the-art density estimation results on

MNIST, CIFAR-10, and ImageNet. Furthermore, we show

that mAR-SCF allows for improved image generation qual-

ity, with gains in FID and Inception scores compared to

state-of-the-art flow-based models.

1. Introduction

Deep generative models aim to learn complex dependen-

cies within very high-dimensional input data, e.g. natural

images [3, 28] or audio data [7], and enable generating new

samples that are representative of the true data distribution.

These generative models find application in various down-

stream tasks like image synthesis [11, 20, 38] or speech

synthesis [7, 39]. Since it is not feasible to learn the ex-

act distribution, generative models generally approximate

the underlying true distribution. Popular generative mod-

els for capturing complex data distributions are Generative

Adversarial Networks (GANs) [11], which model the distri-

bution implicitly and generate (high-dimensional) samples

by transforming a noise distribution into the desired space

with complex dependencies; however, they may not cover
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Figure 1. Our mAR-SCF model combines normalizing flows with

autoregressive (AR) priors to improve modeling power while en-

suring that the computational cost grows linearly with the spatial

image resolution N ×N .

all modes of the underlying data distribution. Variational

Autoencoders (VAEs) [20] optimize a lower bound on the

log-likelihood of the data. This implies that VAEs can only

approximately optimize the log-likelihood [30].

Autoregressive models [10, 37, 38] and normalizing flow-

based generative models [8, 9, 18] are exact inference models

that optimize the exact log-likelihood of the data. Autore-

gressive models can capture complex and long-range depen-

dencies between the dimensions of a distribution, e.g. in

case of images, as the value of a pixel is conditioned on a

large context of neighboring pixels. The main limitation of

this approach is that image synthesis is sequential and thus

difficult to parallelize. Recently proposed normalizing flow-

based models, such as NICE [8], RealNVP [9], and Glow

[18], allow exact inference by mapping the input data to a

known base distribution, e.g. a Gaussian, through a series of

invertible transformations. These models leverage invertible

split coupling flow (SCF) layers in which certain dimensions

are left unchanged by the invertible transformation as well as

SPLIT operations following which certain dimensions do not

undergo subsequent transformations. This allows for consid-

erably easier parallelization of both inference and generation

processes. However, these models lag behind autoregressive

models for density estimation.

8415



In this work, we (i) propose multi-scale autoregressive pri-

ors for invertible flow models with split coupling flow layers,

termed mAR-SCF, to address the limited modeling power

of non-autoregressive invertible flow models [9, 14, 18, 28]

(Fig. 1); (ii) we apply our multi-scale autoregressive prior

after every SPLIT operation such that the computational

cost of sampling grows linearly in the spatial dimensions

of the image compared to the quadratic cost of traditional

autoregressive models (given sufficient parallel resources);

(iii) our experiments show that we achieve state-of-the-art

density estimation results on MNIST [22], CIFAR10 [21],

and ImageNet [31] compared to prior invertible flow-based

approaches; and finally (iv) we show that our multi-scale

autoregressive prior leads to better sample quality as mea-

sured by the FID metric [13] and the Inception score [32],

significantly lowering the gap to GAN approaches [27, 40].

2. Related Work

In this work, we combine the expressiveness of autore-

gressive models with the efficiency of non-autoregressive

flow-based models for exact inference.

Autoregressive models [6, 10, 12, 15, 26, 37, 38] are a class

of exact inference models that factorize the joint probability

distribution over the input space as a product of conditional

distributions, where each dimension is conditioned on the

previous ones in a pre-defined order. Recent autoregressive

models, such as PixelCNN and PixelRNN [37, 38], can gen-

erate high-quality images but are difficult to parallelize since

synthesis is sequential. It is worth noting that autoregressive

image models, such as that of Domke et al. [10], significantly

pre-date their recent popularity. Various extensions have

been proposed to improve the performance of the PixelCNN

model. For example, Multiscale-PixelCNN [29] extends

PixelCNN to improve the sampling runtime from linear to

logarithmic in the number of pixels, exploiting conditional

independence between the pixels. Chen et al. [6] introduce

self-attention in PixelCNN models to improve the modeling

power. Salimans et al. [33] introduce skip connections and a

discrete logistic likelihood model. WaveRNN [17] leverages

customized GPU kernels to improve the sampling speed for

audio synthesis. Menick et al. [23] synthesize images by se-

quential conditioning on sub-images within an image. These

methods, however, still suffer from slow sampling speed and

are difficult to parallelize.

Flow-based generative models, first introduced in [8], also

allow for exact inference. These models are composed of

a series of invertible transformations, each with a tractable

Jacobian and inverse, which maps the input distribution to

a known base density, e.g. a Gaussian. Papamakarios et

al. [25] proposed autoregressive invertible transformations

using masked decoders. However, these are difficult to par-

allelize just like PixelCNN-based approaches. Kingma et

al. [19] propose inverse autoregressive flow (IAF), where the

means and variances of pixels depend on random variables

and not on previous pixels, making it easier to parallelize.

However, the approach offers limited generalization [39].

Recent extensions. Recent work [1, 9, 18] extends normaliz-

ing flows [8] to multi-scale architectures with split couplings,

which allow for efficient inference and sampling. For exam-

ple, Kingma et al. [18] introduce additional invertible 1× 1
convolutions to capture non-linearities in the data distribu-

tion. Hoogeboom et al. [16] extend this to d×d convolutions,

increasing the receptive field. [4] improve the residual blocks

of flow layers with memory efficient gradients based on the

choice of activation functions. A key advantage of flow-

based generative models is that they can be parallelized for

inference and synthesis. Ho et al. [14] propose Flow++ with

various modifications in the architecture of the flows in [9],

including attention and a variational quantization method to

improve the data likelihood. The resulting model is compu-

tationally expensive as non-linearities are applied along all

the dimensions of the data at every step of the flow, i.e. all

the dimensions are instantiated with the prior distribution at

the last layer of the flow. While comparatively efficient, such

flow-based models have limited expressiveness compared

to autoregressive models, which is reflected in their lower

data log-likelihood. It is thus desirable to develop models

that have the expressiveness of autoregressive models and

the efficiency of flow-based models. This is our goal here.

Methods with complex priors. Recent work [5] develops

complex priors to improve the data likelihoods. VQ-VAE2

integrates autoregressive models as priors [28] with discrete

latent variables [5] for high-quality image synthesis and

proposes latent graph-based models in a VAE framework.

Tomczak et al. [36] propose mixtures of Gaussians with pre-

defined clusters, and [5] use neural autoregressive model

priors in the latent space, which improves results for image

synthesis. Ziegler et al. [41] learn a prior based on normal-

izing flows to capture multimodal discrete distributions of

character-level texts in the latent spaces with nonlinear flow

layers. However, this invertible layer is difficult to be op-

timized in both directions. Moreover, these models do not

allow for exact inference. In this work, we propose complex

autoregressive priors to improve the power of invertible split

coupling-based normalizing flows [9, 14, 18].

3. Overview and Background

In this work, we propose multi-scale autoregressive pri-

ors for split coupling-based flow models, termed mAR-SCF,

where we leverage autoregressive models to improve the

modeling flexibility of invertible normalizing flow models

without sacrificing sampling efficiency. As we build upon

normalizing flows and autoregressive models, we first pro-

vide an overview of both.
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(a) Generative model for mAR-SCF.
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(b) SCF flow with mAR prior.

Figure 2. Flow-based generative models with multi-scale autoregressive priors (mAR-SCF). The generative model (left) shows the multi-scale

autoregressive sampling of the channel dimensions of li at each level. The spatial dimensions of each channel are sampled in parallel. ri are

computed with invertable transformations. The mAR-SCF model (right) shows the complete multi-scale architecture with the mAR prior

applied along the channels of li, i.e. at each level i after the SPLIT operation.

Normalizing flows. Normalizing flows [8] are a class of

exact inference generative models. Here, we consider invert-

ible flows, which allow for both efficient exact inference and

sampling. Specifically, invertible flows consist of a sequence

of n invertible functions fθi , which transform a density on

the data x to a density on latent variables z,

x
fθ1←→ h1

fθ2←→ h2 · · ·
fθn←→ z. (1)

Given that we can compute the likelihood of p(z), the

likelihood of the data x under the transformation f can be

computed using the change of variables formula,

log pθ(x) = log p(z) +

n
∑

i=1

log |det Jθi |, (2)

where Jθi = ∂hi/∂hi−1 is the Jacobian of the invertible trans-

formation fθi going from hi−1 to hi with h0 ≡ x. Note that

most prior work [4, 8, 9, 14, 18] considers i.i.d. Gaussian

likelihood models of z, e.g. p(z) = N (z |µ, σ).
These models, however, have limitations. First, the re-

quirement of invertibility constrains the class of functions

fθi to be monotonically increasing (or decreasing), thus lim-

iting expressiveness. Second, of the three possible variants

of fθi to date [41], MAF (masked autoregressive flows),

IAF (inverse autoregressive flows), and SCF (split coupling

flows), MAFs are difficult to parallelize due to sequential

dependencies between dimensions and IAFs do not perform

well in practice. SCFs strike the right balance with respect to

parallelization and modeling power. In detail, SCFs partition

the dimensions into two equal halves and transform one of

the halves ri conditioned on li, leaving li unchanged and

thus not introducing any sequential dependencies (making

parallelization easier). Examples of SCFs include the affine

couplings of RealNVP [9] and MixLogCDF couplings of

Flow++ [14].

In practice, SCFs are organized into blocks [8, 9, 18] to

maximize efficiency such that each fθi typically consists of

SQUEEZE, STEPOFFLOW, and SPLIT operations. SQUEEZE

trades off spatial resolution for channel depth. Suppose an in-

termediate layer hi is of size [Ci,Ni,Ni], then the SQUEEZE

operation transforms it into size [4Ci,Ni/2,Ni/2] by re-

shaping 2 × 2 neighborhoods into 4 channels. STEPOF-

FLOW is a series of SCF (possibly several) coupling layers

and invertible 1× 1 convolutions [8, 9, 18].

The SPLIT operation (distinct from the split couplings)

splits an intermediate layer hi into two halves {li, ri} of

size [2Ci,Ni/2,Ni/2] each. Subsequent invertible layers

fθj>i operate only on ri, leaving li unchanged. In other

words, the SPLIT operation fixes some dimensions of the

latent representation z to li as they are not transformed any

further. This leads to a significant reduction in the amount

of computation and memory needed. In the following, we

denote the spatial resolutions at the n different levels as N =
{N0, · · · ,Nn}, with N = N0 being the input resolution.

Similarly, C = {C0, · · · ,Cn} denotes the number of feature

channels, with C = C0 being the number of input channels.

In practice, due to limited modeling flexibility, prior SCF-

based models [9, 14, 18] require many SCF coupling layers

in fθi to model complex distributions, e.g. images. This in

turn leads to high memory requirements and also leads to

less efficient sampling procedures.
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Autoregressive models. Autoregressive generative mod-

els are another class of powerful and highly flexible exact

inference models. They factorize complex target distribu-

tions by decomposing them into a product of conditional

distributions, e.g. images with N × N spatial resolution

as p(x) =
∏N

i=1

∏N
j=1 p(xi,j |xpred(i,j)) [10, 12, 25, 37, 38].

Here, pred(i, j) denotes the set of predecessors of pixel (i, j).
The functional form of these conditionals can be highly flex-

ible, and allows such models to capture complex multimodal

distributions. However, such a dependency structure only

allows for image synthesis via ancestral sampling by gener-

ating each pixel sequentially, conditioned on the previous

pixels [37, 38], making parallelization difficult. This is also

inefficient since autoregressive models, including PixelCNN

and PixelRNN, require O(N2) time steps for sampling.

4. Multi-scale Autoregressive Flow Priors

We propose to leverage the strengths of autoregressive

models to improve invertible normalizing flow models such

as [9, 18]. Specifically, we propose novel multi-scale autore-

gressive priors for split coupling flows (mAR-SCF). Using

them allows us to learn complex multimodal latent priors

p(z) in multi-scale SCF models, cf . Eq. (2). This is un-

like [9, 14, 18, 28], which rely on Gaussian priors in the

latent space. Additionally, we also propose a scheme for

interpolation in the latent space of our mAR-SCF models.

The use of our novel autoregressive mAR priors for in-

vertible flow models has two distinct advantages over both

vanilla SCF and autoregressive models. First, the powerful

autoregressive prior helps mitigate the limited modeling ca-

pacity of the vanilla SCF flow models. Second, as only the

prior is autoregressive, this makes flow models with our mAR

prior an order of magnitude faster with respect to sampling

time than fully autoregressive models. Next, we describe our

multi-scale autoregressive prior in detail.

Our mAR-SCF model uses an efficient invertible split

coupling flow fθi(x) to map the distribution over the data x

to a latent variable z and then models an autoregressive mAR

prior over z, parameterized by φ. The likelihood of a data

point x of dimensionality [C,N,N ] can be expressed as

log pθ,φ(x) = log pφ(z) +

n
∑

i=1

log |det Jθi |. (3)

Here, Jθi is the Jacobian of the invertible transformations

fθi . Note that, as fθi(x) is an invertible function, z has the

same total dimensionality as the input data point x.

Formulation of the mAR prior. We now introduce our

mAR prior pφ(z) along with our mAR-SCF model, which

combines the split coupling flows fθi with an mAR prior.

As shown in Fig. 2, our mAR prior is applied after every

SPLIT operation of the invertible flow layers as well as at the

smallest spatial resolution. Let li =
{

l
1
i , · · · , l

Ci

i

}

be the Ci

channels of size [Ci,Ni,Ni], which do not undergo further

transformation fθi after the SPLIT at level i. Following the

SPLIT at level i, our mAR prior is modeled as a conditional

distribution, pφ(li|ri); at the coarsest spatial resolution it is

an unconditional distribution, pφ(hn). Thereby, we assume

that our mAR prior at each level i autoregressively factorizes

along the channel dimension as

pφ(li|ri) =
Ci
∏

j=1

pφ

(

l
j
i

∣

∣

∣
l
1
i , · · · , l

j−1
i , ri

)

. (4)

Furthermore, the distribution at each spatial location (m,n)
within a channel l

j
i is modeled as a conditional Gaussian,

pφ(l
j

i(m,n)|l
1
i , · · · , l

j−1
i , ri) = N

(

µj

i(m,n), σ
j

i(m,n)

)

. (5)

Thus, the mean, µj

i(m,n) and variance, σj

i(m,n) at each spatial

location are autoregressively modeled along the channels.

This allows the distribution at each spatial location to be

highly flexible and capture multimodality in the latent space.

Moreover from Eq. (4), our mAR prior can model long-range

correlations in the latent space as the distribution of each

channel is dependent on all previous channels.

This autoregressive factorization allows us to em-

ploy Conv-LSTMs [34] to model the distributions

pφ(l
j
i |l

1
i , · · · , l

j−1
i , ri) and pφ(hn). Conv-LSTMs can

model long-range dependencies across channels in their in-

ternal state. Additionally, long-range spatial dependencies

within channels can be modeled by stacking multiple Conv-

LSTM layers with a wide receptive field. This formulation

allows all pixels within a channel to be sampled in parallel,

while the channels are sampled in a sequential manner,

l̂
j
i ∼ pφ

(

l
j
i

∣

∣

∣
l
1
i , · · · , l

j−1
i , ri

)

. (6)

This is in contrast to PixelCNN/RNN-based models, which

sample one pixel at a time.

The mAR-SCF model. We illustrate our mAR-SCF model

architecture in Fig. 2b. Our mAR-SCF model leverages

the SQUEEZE and SPLIT operations for invertible flows in-

troduced in [8, 9] for efficient parallelization. Following

[8, 9, 18], we use several SQUEEZE and SPLIT operations

in a multi-scale setup at n scales (Fig. 2b) until the spatial

resolution at hn is reasonably small, typically 4× 4. Note

that there is no SPLIT operation at the smallest spatial res-

olution. Therefore, the latent space is the concatenation of

z = {l1, . . . , ln−1,hn}. The split coupling flows (SCF) fθi
in the mAR-SCF model remain invertible by construction.

We consider different SCF couplings for fθi , including the

affine couplings of [9, 18] and MixLogCDF couplings [14].

Given the parameters φ of our multimodal mAR prior

modeled by the Conv-LSTMs, we can compute pφ(z) using

the formulation in Eqs. (4) and (5). We can thus express
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Algorithm 1: MARPS: Multi-scale Autoregressive

Prior Sampling for our mAR-SCF models

1 Sample ĥn ∼ pφ(hn) ;

2 for i← n− 1 to 1 do

/* SplitInverse */

3 r̂i ← ĥi+1 ; // Assign previous

4 l̂i ∼ pφ(li|ri) ; // Sample mAR prior

5 ĥi ←
{

l̂i, r̂i

}

; // Concatenate

/* StepOfFlowInverse */

6 Apply f−1
i (ĥi) ; // SCF coupling

/* SqueezeInverse */

7 Reshape ĥi ; // Depth to Space

8 end

9 x← ĥ1 ;

Eq. (3) in closed form and directly maximize the likelihood

of the data under the multimodal mAR prior distribution

learned by the Conv-LSTMs.

Next, we show that the computational cost of our

mAR-SCF model is O(N) for sampling an image of size

[C,N,N ]; this is in contrast to the standard O(N2) compu-

tational cost required by purely autoregressive models.

Analysis of sampling time. We now formally analyze the

computational cost in the number of steps T required for

sampling with our mAR-SCF model. First, we describe

the sampling process in detail in Algorithm 1 (the forward

training process follows the sampling process in reverse

order). Next, we derive the worst-case number of steps T
required by MARPS, given sufficient parallel resources to

sample a channel in parallel. Here, the number of steps T
can be seen as the length of the critical path while sampling.

Lemma 4.1. Let the sampled image x be of resolution

[C,N,N ], then the worst-case number of steps T (length of

the critical path) required by MARPS is O(N).

Proof. At the first sampling step (Fig. 2a) at layer fθn , our

mAR prior is applied to generate hn, which is of shape

[2n+1 C,N/2n, N/2n]. Therefore, the number of sequential

steps required at the last flow layer hn is

Tn = C · 2n+1. (7)

Here, we are assuming that each channel can be sampled in

parallel in one time-step.

From fθn−1
to fθ1 , fθi always contains a SPLIT operation.

Therefore, at each fθi we use our mAR prior to sample li,

which has shape [2i C,N/2i, N/2i]. Therefore, the number

of sequential steps required for sampling at layers hi, 1 ≤
i < n of our mAR-SCF model is

Ti = C · 2i. (8)

Therefore, the total number of sequential steps (length of

the critical path) required for sampling is

T = Tn + Tn−1 + · · ·+ Ti + · · ·+ T1

= C ·
(

2n+1 + 2n−1 + · · ·+ 2i + · · ·+ 21
)

= C ·
(

3 · 2n − 2
)

.

(9)

Now, the total number of layers in our mAR-SCF model is

n ≤ log(N). This is because each layer reduces the spatial

resolution by a factor of two. Therefore, the total number of

time-steps required is

T ≤ 3 · C ·N. (10)

In practice, C ≪ N , with C = C0 = 3 for RGB images.

Therefore, the total number of sequential steps required for

sampling in our mAR-SCF model is T = O(N).

It follows that with our multi-scale autoregressive mAR

priors in our mAR-SCF model, sampling can be performed

in a linear number of time-steps in contrast to fully autore-

gressive models like PixelCNN, which require a quadratic

number of time-steps [38].

Interpolation. A major advantage of invertible flow-based

models is that they allow for latent spaces, which are useful

for downstream tasks like interpolation – smoothly trans-

forming one data point into another. Interpolation is simple

in case of typical invertible flow-based models, because the

latent space is modeled as a unimodal i.i.d. Gaussian. To al-

low interpolation in the space of our multimodal mAR priors,

we develop a simple method based on [2].

Let xA and xB be the two images (points) to be interpo-

lated and zA and zB be the corresponding points in the latent

space. We begin with an initial linear interpolation between

the two latent points,
{

zA, z
1
A,B, · · · , z

k
A,B, zB

}

, such that,

z
i
A,B = (1−αi) zA +αi

zB. The initial linearly interpolated

points ziA,B may not lie in a high-density region under our

multimodal prior, leading to non-smooth transformations.

Therefore, we next project the interpolated points ziA,B to a

high-density region, without deviating too much from their

initial position. This is possible because our mAR prior al-

lows for exact inference. However, the image corresponding

to the projected z̄
i
A,B must also not deviate too far from either

xA and xB either to allow for smooth transitions. To that

end, we define the projection operation as

z̄
i
A,B = argmin

(

∥

∥z̄
i
A,B − z

i
A,B

∥

∥− λ1 log pφ
(

z̄
i
A,B

)

+ λ2 min
(∥

∥f−1(z̄iA,B)− xA

∥

∥,
∥

∥f−1(z̄iA,B)− xB

∥

∥

)

)

,

(11)

where λ1, λ2 are the regularization parameters. The term

controlled by λ1 pulls the interpolated z
i
A,B back to high-

density regions, while the term controlled by λ2 keeps the

result close to the two images xA and xB. Note that this

reduces to linear interpolation when λ1 = λ2 = 0.
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MNIST CIFAR10

Method Coupling Levels |SCF| Channels bits/dim (↓) Levels |SCF| Channels bits/dim (↓)

PixelCNN [38] Autoregressive – – – – – – – 3.00

PixelCNN++ [37] Autoregressive – – – – – – – 2.92

Glow [18] Affine 3 32 512 1.05 3 32 512 3.35

Flow++ [14] MixLogCDF – – – – 3 – 96 3.29

Residual Flow [4] Residual 3 16 – 0.97 3 16 – 3.28

mAR-SCF (Ours) Affine 3 32 256 1.04 3 32 256 3.33

mAR-SCF (Ours) Affine 3 32 512 1.03 3 32 512 3.31

mAR-SCF (Ours) MixLogCDF 3 4 96 0.88 3 4 96 3.27

mAR-SCF (Ours) MixLogCDF – – – – 3 4 256 3.24

Table 1. Evaluation of our mAR-SCF model on MNIST and CIFAR10 (using uniform dequantization for fair comparsion with [4, 18]).

5. Experiments

We evaluate our approach on the MNIST [22], CIFAR10

[21], and ImageNet [38] datasets. In comparison to datasets

like CelebA, CIFAR10 and ImageNet are highly multimodal

and the performance of invertible SCF models has lagged be-

hind autoregressive models in density estimation and behind

GAN-based generative models regarding image quality.

5.1. MNIST and CIFAR10

Architecture details. Our mAR prior at each level fθi con-

sists of three convolutional LSTM layers, each of which uses

32 convolutional filters to compute the input-to-state and

state-to-state components. Keeping the mAR prior architec-

ture constant, we experiment with different SCF couplings

in fθi to highlight the effectiveness of our mAR prior. We

experiment with affine couplings of [9, 18] and MixLogCDF

couplings [14]. Affine couplings have limited modeling

flexibility. The more expressive MixLogCDF applies the

cumulative distribution function of a mixture of logistics.

In the following, we include experiments varying the num-

ber couplings and the number of channels in the convo-

lutional blocks of the neural networks used to predict the

affine/MixLogCDF transformation parameters.

Hyperparameters. We use Adamax (as in [18]) with a

learning rate of 8× 10−4. We use a batch size of 128 with

affine and 64 with MixLogCDF couplings (following [14]).

Density estimation. We report density estimation results

on MNIST and CIFAR10 in Table 1 using the per-pixel

log-likelihood metric in bits/dim. We also include the ar-

chitecture details (# of levels, coupling type, # of channels).

We compare to the state-of-the-art Flow++ [14] method with

SCF couplings and Residual Flows [4]. Note that in terms of

architecture, our mAR-SCF model with affine couplings is

closest to that of Glow [18]. Therefore, the comparison with

Glow serves as an ideal ablation to assess the effectiveness

of our mAR prior. Flow++ [14], on the other hand, uses

the more powerful MixLogCDF transformations and their

model architecture does not include SPLIT operations. Be-

cause of this, Flow++ has higher computational and memory

requirements for a given batch size compared to Glow. Fur-

thermore, for fair comparison with Glow [18] and Residual

flows [4], we use uniform dequantization unlike Flow++,

which proposes to use variational dequantization.

In comparison to Glow, we achieve improved density es-

timation results on both MNIST and CIFAR10. In detail,

we outperform Glow (e.g. 1.05 vs. 1.04 bits/dim on MNIST

and 3.35 vs. 3.33 bits/dim on CIFAR10) with |SCF|= 32
affine couplings and 3 levels, while using parameter predic-

tion networks with only half (256 vs. 512) the number of

channels. We observe that increasing the capacity of our

parameter prediction networks to 512 channels boosts the

log-likelihood further to 1.03 bits/dim on MNIST and 3.31

bits/dim on CIFAR10. As this setting with 512 channels

is identical to setting reported in [18], this shows that our

mAR prior boosts the accuracy by ∼ 0.04 bits/dim in case

of CIFAR10. To place this performance gain in context, it

is competitive with the ∼ 0.03 bits/dim boost reported in

[18] (cf . Fig. 3 in [18]) with the introduction of the 1 × 1
convolution. We train our model for ∼3000 epochs, similar

to [18]. Also note that we only require a batch size of 128

to achieve state-of-the-art likelihoods, whereas Glow uses

batches of size 512. Thus our mAR-SCF model improves

density estimates and requires significantly lower computa-

tional resources (∼48 vs. ∼128 GB memory). Overall, we

also observe competitive sampling speed (see also Table 2).

This firmly establishes the utility of our mAR-SCF model.

For fair comparison with Flow++ [14] and Residual Flows

[4], we employ the more powerful MixLogCDF couplings.

Our mAR-SCF model uses 4 MixLogCDF couplings at each

level with 96 channels but includes SPLIT operations un-

like Flow++. Here, we outperform Flow++ and Residual

Flows (3.27 vs. 3.29 and 3.28 bits/dim on CIFAR10) while

being equally fast to sample as Flow++ (Table 2). A baseline

model without our mAR prior has performance compara-

ble to Flow++ (3.29 bits/dim). Similarly on MNIST, our

mAR-SCF model again outperforms Residual Flows (0.88 vs.

0.97 bits/dim). Finally, we train a more powerful mAR-SCF
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(a) Residual Flows [4] (3.28 bits/dim, 46.3 FID) (b) Flow++ with variational dequantization [14] (3.08 bits/dim)

(c) Our mMAR-SCF Affine (3.31 bits/dim, 41.0 FID) (d) Our mMAR-SCF MixLogCDF (3.24 bits/dim, 41.9 FID)

Figure 3. Comparison of random samples from our mAR-SCF model with state-of-the-art models.

model with 256 channels with sampling speed competitive

with [4], which achieves state-of-the-art 3.24 bits/dim on

CIFAR10. This is attained after ∼400 training epochs (com-

parable to ∼ 350 epochs required by [4] to achieve 3.28

bits/dim). Next, we compare the sampling speed of our

mAR-SCF model with that of Flow++ and Residual Flow.

Sampling speed. We report the sampling speed of our mAR-

SCF model in Table 2 in terms of sampling one image on

CIFAR10. We report the average over 1000 runs using a

batch size of 32. We performed all tests on a single Nvidia

V100 GPU with 32GB of memory. First, note that our mAR-

SCF model with affine coupling layers in 3 levels with 512

channels needs 17 ms on average to sample an image. This

is comparable with Glow, which requires 13 ms. This shows

Method Coupling Levels |SCF| Ch. Speed (ms, ↓)

Glow [18] Affine 3 32 512 13

Flow++ [14] MixLogCDF 3 – 96 19

Residual Flow [4] Residual 3 16 – 34

PixelCNN++ [33] Autoregressive – – – 5 × 103

mAR-SCF (Ours) Affine 3 32 256 6

mAR-SCF (Ours) Affine 3 32 512 17

mAR-SCF (Ours) MixLogCDF 3 4 96 19

mAR-SCF (Ours) MixLogCDF 3 4 256 32

Table 2. Evaluation of sampling speed with batches of size 32.

Figure 4. Interpolations of our mAR-SCF model on CIFAR10.

that our mAR prior causes only a slight increase in sam-

pling time – particularly because our mAR-SCF requires

only O(N) steps to sample and the prior has far fewer pa-

rameters compared to the invertible flow network. Moreover,

our mAR-SCF model with affine coupling layers with 256

channels is considerably faster (6 vs. 13 ms) with an accu-

racy advantage. Similarly, our mAR-SCF with MixLogCDF

and 96 channels is competitive in speed with [14] with an

accuracy advantage and considerably faster than [4] (19 vs.

34 ms). This is because Residual Flows are slower to in-

vert (sample) as there is no closed-form expression of the

inverse. Furthermore, our mAR-SCF with MixLogCDF and

256 channels is competitive with respect to [4] in terms of

sampling speed while having a large accuracy advantage.

Finally, note that these sampling speeds are two orders of

magnitude faster than state-of-the-art fully autoregressive

approaches, e.g. PixelCNN++ [33].

Sample quality. Next, we analyze the sample quality of

our mAR-SCF model in Table 3 using the FID metric [13]
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(a) Residual Flows [4] (3.75 bits/dim)

(b) Our mMAR-SCF (Affine, 3.80 bits/dim)

Figure 5. Random samples on ImageNet (64× 64).

and Inception scores [32]. The analysis of sample quality is

important as it is well-known that visual fidelity and test log-

likelihoods are not necessarily indicative of each other [35].

We achieve an FID of 41.0 and an Inception score of 5.7 with

our mAR-SCF model with affine couplings, significantly

better than Glow with the same specifications and Resid-

ual Flows. While our mAR-SCF model with MixLogCDF

couplings also performs comparably, empirically we find

affine couplings to lead to better image quality as in [4].

We show random samples from our mAR-SCF model with

both affine and MixLogCDF couplings in Fig. 3. Here,

we compare to the version of Flow++ with MixLogCDF

couplings and variational dequantization (which gives even

better log-likelihoods) and Residual Flows. Our mAR-SCF

model achieves better sample quality with more clearly de-

fined objects. Furthermore, we also obtain improved sample

quality over both PixelCNN and PixelIQN and close the gap

in comparison to adversarial approaches like DCGAN [27]

and WGAN-GP [40]. This highlights that our mAR-SCF

model is able to better capture long-range correlations.

Interpolation. We show interpolations on CIFAR10 in

Fig. 4, obtained using Eq. (11). We observe smooth inter-

polation between images belonging to distinct classes. This

shows that the latent space of our mAR prior can be poten-

tially used for downstream tasks similarly to Glow [18]. We

include additional analyses in the supplementary material.

5.2. ImageNet

Finally, we evaluate our mAR-SCF model on ImageNet

(32×32 and 64×64) against the best performing models on

MNIST and CIFAR10 in Table 4, i.e. Glow [18] and Resid-

ual Flows [4]. Our model with affine couplings outperforms

Method Coupling FID (↓) Inception Score (↑)

PixelCNN [38] Autoregressive 65.9 4.6

PixelIQN [24] Autoregressive 49.4 –

Glow [18] Affine 46.9 –

Residual Flow [4] Residual 46.3 5.2

mAR-SCF (Ours) MixLogCDF 41.9 5.7

mAR-SCF (Ours) Affine 41.0 5.7

DCGAN [27] Adversarial 37.1 6.4

WGAN-GP [40] Adversarial 36.4 6.5

Table 3. Evaluation of sample quality on CIFAR10. Other results

are quoted from [4, 24].

Method Coupling |SCF| Ch. bits/dim (↓) Mem (GB, ↓)

Glow [18] Affine 32 512 4.09 ∼ 128

Residual Flow [4] Residual 32 – 4.01 –

mAR-SCF (Ours) Affine 32 256 4.07 ∼ 48

mAR-SCF (Ours) MixLogCDF 4 460 3.99 ∼ 80

Table 4. Evaluation on ImageNet (32× 32).

Glow while using fewer channels (4.07 vs. 4.09 bits/dim).

For comparison with the more powerful Residual Flow mod-

els, we use four MixLogCDF couplings at each layer fθi
with 460 channels. We again outperform Residual Flows [4]

(3.99 vs. 4.01 bits/dim). These results are consistent with the

findings in Table 1, highlighting the advantage of our mAR

prior. Finally, we also evaluate on the ImageNet (64× 64)

dataset. Our mAR-SCF model with affine flows achieves 3.80

vs. 3.81 bits/dim in comparison to Glow [18]. We show qual-

itative examples in Fig. 5 and compare to Residual Flows.

We see that although the powerful Residual Flows obtain

better log-likelihoods (3.75 bits/dim), our mAR-SCF model

achieves better visual fidelity. This again highlights that our

mAR is able to better capture long-range correlations.

6. Conclusion

We presented mAR-SCF, a flow-based generative model

with novel multi-scale autoregressive priors for modeling

long-range dependencies in the latent space of flow models.

Our mAR prior considerably improves the accuracy of flow-

based models with split coupling layers. Our experiments

show that not only does our mAR-SCF model improve den-

sity estimation (in terms of bits/dim), but also considerably

improves the sample quality of the generated images com-

pared to previous state-of-the-art exact inference models.

We believe the combination of complex priors with flow-

based models, as demonstrated by our mAR-SCF model,

provides a path toward efficient models for exact inference

that approach the fidelity of GAN-based approaches.
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