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Abstract

Establishing correspondence between shapes is a very
important and active research topic in many domains. Due
to the powerful ability of deep learning on geometric data,
lots of attractive results have been achieved by convolu-
tional neural networks (CNNs). In this paper, we pro-
pose a novel architecture for shape correspondence, termed
Anisotropic Chebyshev spectral CNNs (ACSCNNs), based
on a new extension of the manifold convolution operator.
The extended convolution operators aggregate the local fea-
tures of signals by a set of oriented kernels around each
point, which allows to much more comprehensively capture
the intrinsic signal information. Rather than using fixed ori-
ented kernels in the spatial domain in previous CNNs, in
our framework, the kernels are learned by spectral filtering,
based on the eigen-decompositions of multiple Anisotropic
Laplace-Beltrami Operators. To reduce the computational
complexity, we employ an explicit expansion of the Cheby-
shev polynomial basis to represent the spectral filters whose
expansion coefficients are trainable. Through the bench-
mark experiments of shape correspondence, our architec-
ture is demonstrated to be efficient and be able to provide
better than the state-of-the-art results in several datasets
even if using constant functions as inputs.

1. Introduction

Establishing correspondence between shapes is a funda-
mental problem in geometry processing, computer graphics
and vision, referring to a wide variety of applications such
as texture mapping, animation, etc.

In the past few years, many methods have been proposed
for shape correspondence, mainly including minimum-
distortion based methods [13, 49], embedding methods
[30, 22], soft correspondence [33, 45] and functional map-
ping based methods [36, 39, 32].

Compared to the above handcrafted methods, recently,

*Corresponding authors: shjliu.cg@gmail.com; 18246514 @qq.com

deep learning methods seem to be able to achieve more
appealing success. Inspired by the remarkable success of
applying Convolutional Neural Networks (CNNs) in im-
age recognition tasks, a few approaches have been proposed
to extend convolution to geometry processing and graphics
communities. Most achievements obtained by deep learn-
ing methods over the last years heavily rely on properties of
the convolution operation in convolutional neural networks.
First attempts among them still focus on treating geomet-
ric data as Euclidean structures, like [38] used CNNs to be
applied to range images obtained from multiple views of
3D objects, [51] used a view-based representation to find
correspondence between nonrigid shapes and [52] proposed
volumetric CNNss to rasterize the volumetric representation
of 3D shapes. However, such Euclidean representations
may lose significant information of 3D shapes and are not
intrinsic, suffering the disadvantage of huge training sets
and computational complexity when addressing deformed
shapes. Therefore, a set of methods brought together un-
der the term geometric deep learning [11] emerged, aiming
to define convolution operations for deep neural networks
that can directly process non-Euclidean input data such as
graphs and manifolds.

Existing works in geometric deep learning can be
broadly categorized into two different subsets: spatial filter-
ing and spectral filtering. The former spatial filtering per-
forms convolution in local Euclidean neighborhoods w.r.t.
local positional relations between points, represented for
example as polar or Cartesian coordinates [29, 34, 19].
However, constructing such local coordinates sometimes
may be considerable time consuming (e.g. polar coordi-
nates need to compute geodesic distances between point
pairs) or heavily depend on shape representations. The lat-
ter subset, spectral filtering [12, 17, 23], based on spec-
tral graph theory [14], provides a well-defined localization
operator on graphs or manifolds via convolutions imple-
mented in the spectral domain [43], analogously to Fourier
domain filtering of traditional signals, where eigenvalues of
a graph’s Laplacian are acted as frequencies of signals de-
fined on graphs.

14658



Compared to the spatial filtering, spectral filtering can
be flexibly applied in various shape representations pro-
vided equipped with Laplace-Beltrami Operator (LBO) dis-
cretization, and generally gets higher computational effi-
ciency. However, in the recent construction of such type
of CNNs, most of the efforts are paid on designing de-
sirable expansions of the spectral filters based on graph
Laplacian, such as Spectral CNN [12], Chebyshev Spec-
tral CNN (ChebyNet) [17], Simplified Chebyshev Net[23],
CayleyNets [26], etc. For shape correspondence, these
methods still seem to be inefficient to analyze the overall
structure information of shapes due to the important direc-
tional information ignored during the learning process.

Main contributions. In this paper, we propose a novel
CNN architecture for manifolds, called Anisotropic Cheby-
shev spectral CNNs (ACSCNNs). We first extend the gen-
eral graph convolution operators to an anisotropic version
for manifolds, via filtering on the eigenvalues and eigen-
functions of multiple Anisotropic Laplace-Beltrami Oper-
ators (ALBO) [8], each of them is determined by one ro-
tation angle around the normals in tangent planes of the
underlying shape. Such mechanism can also be equally
treated as performing convolution operators for signals with
plenty of oriented kernels defined on manifolds, which al-
lows to comprehensively incorporate the local information
of signals from multiple directions around each point on the
shape. As Chebyshev polynomials based filters are proved
to be naturally spatial localized and the convolution compu-
tation is not costly due to it alleviating the cost of explic-
itly computing the graph Fourier transform [17], we then
use Chebyshev polynomials to represent our spectral filters
where the expansion coefficients are learned under shape
correspondence tasks.

Compared with two manifold deep learning methods
that are most relevant to us, Anisotropic Diffusion de-
scriptor (ADD) [8] integrates the shape directional infor-
mation provided by eigen-decomposition of the ALBO to
learn optimized task-dependent spectral descriptors while
we utilize them to construct anisotropic convolution op-
erators, with totally different goals and learning architec-
tures. Anisotropic CNN (ACNN) [7] constructs convolu-
tion patches using fixed anisotropic heat kernels as spatial
weighting functions and they only use the first few of eigen-
functions (low-frequency) of the ALBO. Conversely, our
work is more efficient and superior as our kernels are train-
able and all the eigenfunctions implicitly used. Extensive
benchmark experiments across several challenging datasets
demonstrate that our architecture outperforms the state-of-
the-art results in shape correspondence even using constant
functions as inputs.

2. Related works
2.1. Shape correspondence

Shape correspondence is a well-studied area of computer
graphics. Related algorithms can be broadly categorized
into two families: handcrafted methods and deep learning
methods. We review the former in this subsection and the
latter in the next one.

The handcrafted family asserts a certain geometric as-
sumption and pursuits for by some numerical schemes.
Given a pair of shapes, the traditional solution to build cor-
respondence between them involves minimization of a dis-
tortion criterion which can be roughly divided into two cat-
egories: pointwise descriptor similarity [4, 41, 46, 31] and
pairwise relations [13, 15, 47]. In the former case, mod-
eling assumptions attempt to characterize the action of a
class of deformations on some geometric quantities com-
monly referred to as descriptors. Such geometric quantities
often encode local geometric information in the vicinity of
a point on the shape (point-wise descriptors) such as nor-
mal orientation [42], curvature [37], and heat [46] or wave
propagation properties [4]. Matches are obtained via near-
est neighbor search or, when injectivity is required by solv-
ing a linear assignment problem. Another type of geomet-
ric quantities is the global relation between pairs of points
(pair-wise descriptors), which include geodesic [18, 9, 50],
diffusion [15, 10, 49], etc. The use of pair-wise descriptors
leads to a quadratic assignment problem.

There exists another branch of works trying to estab-
lish correspondence based on functional map framework
[36, 39, 35, 32] which is originally proposed by [36]. Such
methods assume as input a set of corresponding functions
(derived from several geometric features). Then by esti-
mating a functional map matrix, it allows to transfer real
functions across the two shapes, which can be converted to
a point-wise map.

2.2. Geometric deep learning

As of today, most recent works attempt to formulate the
correspondence problem as a learning problem [29, 34, 19]
and these methods hold the record of performance on de-
formable correspondence benchmarks. More related work
refers to the survey [1]. Here we only review those most
closely related to ours.

Deep learning on manifolds. By considering the general
form of heat kernel signature [46] and wave kernel signature
[4], [28] introduced a learning architecture to construct op-
timized task-specific descriptors, where the coefficients of
spectral filters which are represented as linear combinations
of B-spline basis are learned. Later, [8] generalized this
work to an anisotropic version via learning a set of optimal
oriented spectral filters, based on the eigen-decomposition
of the ALBO [2, 8]. Moreover, a variety of works focus
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on generalizing CNNs to manifolds. To incorporate the
local information of the signals defined on such the non-
Euclidean data structure, the spatial filtering methods at-
tempt to directly construct patch operators on manifolds or
graphs on the spatial domain and then learn the template
weightings by minimizing a task-specific cost function.
[29] introduced the Geodesic Convolutional Neural Net-
works (GCNN) by using a local geodesic system of polar
coordinates proposed by [24] to extract ’patches”. [6] gen-
eralized GCNN by using the Windowed Fourier Transform
on graphs [44] to construct convolutional patches from the
spectral domain, called Localized Spectral CNN (LSCNN).
The same author [7] improved this approach further, in-
troducing Anisotropic CNN (ACNN) via using anisotropic
heat kernels as spatial weighting functions, which allows to
align extracted patches based on the local principal curva-
tures of the input mesh. Mixture Model Networks (MoNet)
[34] unified previous methods, e.g., classical Euclidean
CNN, Geodesic CNN, ACNN, and introduced a new type of
kernel in parametric construction. Based on the framework
of MoNet, [19] defined another type of continuous kernel
functions with B-splines.

Deep learning on graphs. Literature [12] utilized the
spectral definition of the convolution theorem on graphs
to define convolution operators, where the eigenvectors of
the graph Laplacian act as Fourier basis. As an extension,
[21] suggested using spline interpolation for smoothing ker-
nels in the spectral domain. [23] proposed an simplified
ChebyNet [17] by considering only the one-neighborhood
for one filtering application. A filter based on the Caley
transform was proposed as an alternative for the Chebyshev
approximation by [26]. Together with a trainable zooming
parameter, this results in a more stable and flexible spectral
filter.

3. Foundation

We model shape as a connected smooth compact two-
dimensional manifold (surface) X (possible with bound-
aries) embedded into R3. Denote the tangent plane of point
x € X as T, X and each element in 7T, X is called the tan-
gent vector at x. A Riemannian metric is an inner prod-
uct on the tangent plane (-,-); x @ T X x T, X — R,
which is smoothly depending on x and describes how the
manifold locally differs from a plane. We denote the space
of square integrable real functions on the manifold X by
L2(X) = {f X SR, [y £(
the area element induced by the above Riemannian metric.
Here < f,g >x= [y f(x)g(x)dz expresses the standard
inner product on the shape.

As we know, given the Riemannian metric, the second
fundamental form of shape X, a 2 x 2 matrix, its eigenvalues,
kyr and K, are called the principal curvatures and their

d:z: < oo}, where dx is

corresponding eigenvectors V /() and V,,,(x) constitute
an orthonormal basis on the tangent plane 7, X .

3.1. Signal processing on manifolds

Researchers [48] found that the eigenvalues (or spec-
trum) and eigenfunctions of the Laplace-Beltrami Operator
(LBO) behave similarly to the frequency and Fourier ba-
sis in the Euclidean space respectively. Then this discovery
launched the research on geometry processing and shape
analysis from the point of signal processing view.

The Laplace-Beltrami Operator (LBO) (or Laplacian )
on shape X is defined as

Axf(z) = =divx (Vx f(x)) (D

where Vx f and divy f is the intrinsic gradient and the di-
vergence of f(z) € L?(X) respectively. Since the LBO
is a positive-semidefinite operator, it admits a real eigen-
decomposition

Axdr(r) = Apor()

with countable non-negative eigenvalues 0=\ < \; <
Eigenfunctions ¢, ¢1, ... are orthonormal w.r.t the stan-
dard inner product, i.e. (s, ¢;) f)g di(x)gj(z)dx =
d;; and form an orthonormal ba51s for L#(X).

Due to the harmonic properties of the eigenvalues and
eigenfunctions of the LBO, the inner product f (Ag) =
(f, dr) x is called as manifold Fourier transform (coeffi-
cient) and function f € L?(z) (or inverse manifold fourier
tranform) can be expressed as

)= fOw)dn(x

F@)=>"(f on)xon(x

k>0 k>0

Analogous to classical signal processing, the above
transform enables the formulation of fundamental opera-
tions such as filtering. The frequency filtering of signal f is
defined as fo*(\;) = f(Ar)G( k), where () is the spec-
tral filter of kernel g(x). Then taking an inverse manifold
Fourier transform for f"“t, we can get the filtered signal
fout.

Inferred from the above spectral filtering manner, we
equivalently define the Convolution Theorem on manifolds

as
Zf (Ak)g

k>0

(Ak) Ok (). 2

Formula (2) enforces the property that convolution in the
surface domain is equivalent to multiplication in the mani-
fold spectral domain.

3.2. Anisotropic Laplace-Beltrami Operator

The LBO stated in the above section (Formula (1)),
however, is isotropic, as it is insensitive to the underly-
ing shape orientation around each point. In the work of
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Figure 1. Anisotropic kernels gao,-(y) centered at same point x

with different rotation angles 6. Filter g(A) = T5(X) is the

Chebyshev polynomial with order 5 (Formula (9)). The respec-

tive anisotropic levels and rotation angles are (a) « = 0,0 = 0,

(b)a=10,6 =0, a=1060=7.a=106= 7.
37

a=10,0 = T

Andreux[2], by changing the diffusion speed along with the
directions of principal curvature on the surface, they defined
an Anisotropic LBO as

Ax f(x) = —divx (D(z)Vx f(x)),

here D(x) is a thermal conductivity tensor acting on the in-
trinsic gradient direction in the tangent plane and can be
represented by an orthogonal basis Vj;(z) and V,,(x).
ALBO allows modeling a heat flow that is position and
direction-dependent. Specifically, the authors considered an
anisotropy along the maximum curvature direction, i.e.

1
Da(@[l*“ 1], 3)

where parameter « controls the anisotropic level.

Instead of using only a single anisotropic diffusion ker-
nel along the principal curvature direction, [8] extended the
above anisotropic Laplacian [2] with multiple anisotropic
angles. They defined the thermal conductivity tensor as

Doo(z) = RyDo(z)Ry ™,

where Ry is a rotation around surface normals with angle
6 in the tangent plane. Finally, ALBO are defined with two
parameters, as shown in the following

Asof(z) = —divy(ReDa(2)Re " Vx f(z)) (@)

If we consider all the possible rotations § € [0,27], and
set the principal curvature direction as the reference 6 = 0,
the ALBO will be intrinsic. Therefore, we will adapt this
setting in our framework to analyze deformed shapes.

In this paper, to completely capture the shape informa-
tion, we use the ALBO in Formula (4). While keeping the
desirable properties of the standard LBO, ALBO opens the
possibility to effectively replace the omnipresent Laplace-
Beltrami Operator in many shape analysis methods.

4. Methods

Formula (2) shows that convolution on manifolds can be
realized by multiplication in the spectral domain if given de-
sirable filters §(\). However, traditional convolution opera-
tors on manifolds are based on the eigen-decomposition of
LBO or graph Laplacian, and thus the resulted kernels g(z)
are also homogeneously diffused on surfaces, insensitive to
the intrinsic shape direction information. However, such in-
formation plays a very important role in those applications
that require a high quality of shape geometric description.
To overcome this shortage, we introduce the Anisotropic
convolution operator based on the eigen-decomposition of
ALBO.

4.1. Anisotropic convolution operator

Given an anisotropic level o and a rotation angle 6 €
[0,27) , we first compute the eigen-decomposition of the
corresponding ALBO, by solving following equation

AaoPas k() = Moo kPas.k(x),k=0,1,....

Since ALBO is semi-definite positive, it has non-
negative eigenvalues A\ng,x > 0 and a set of orthogonal
eigen-functions, i.e., {das 1 } 72, satisfying

1 1=y,
<¢a9,iu¢a9,j>x - 0 i 7&]

Now, we similarly introduce the Anisotropic convolution
operator with Formula (2). Firstly, we build an oriented lo-
calized kernel function g,¢ . (y) centered at point z from
the spectral domain. It is generated from the convolution
with a Kronecker delta function §,, using an appropriate fil-
ter g(\) (How to choose will be detailed discussed in the
next section ), i.e.

ot () =Y _ 9 Nat.k) b0k (2)baok(y). (5

k>0

For clearly clarifying, we show a series of such ker-
nels gq0,.(y) centered at same point x but with different
anisotropic levels « and rotation angles 6 in Figure 1. Note
that, when o« = 0, 6 = 0, the kernel is isotropic.

Similarly to the classical convolution, our anisotropic
convolution operator is defined as

(f *9as(z) = F(¥)ga0,:(y)dy, (6)

yeX

We can see that the kernel gn¢ . (y) acts as a weighting
function that incorporates the local information of signal f
along the orientation ¢ of point z.
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Actually, rather than using the spatial representation to
perform anisotropic convolution (Formula (6)) which is
generally highly computing expensive, we further deduce
its spectral manner to overcome this issue. Substituting For-
mula (5) into (6), we have

(f % 9)ao(z) = / o)y

= f(y) Zg()‘(w,k)(bae,k(x)(baG,k(y)dy

yeX k>0

= G(Aao.k)Pas.x(T)
0 yeX

Ia6.) F Aot k) Pas ke (2)

T (W) ao,k(y)dy

>
V

™

o
vV
o

(N
here f (Aab,k) = (f, bas,k) x» called as anisotropic Fourier
transform.

Such convolution operator incorporates the local infor-
mation of signal f along the orientation 6§ of point z. Hence,
to comprehensively extract all direction features, we finally
define our anisotropic convolution operator as

27
(f % 9)(z) = / (f * 9)ao(x)do ®)

Note that, in this work, we just consider single value of the
anisotropic lever «. Its multi-applied situation will be our
future work. From Formula (7), we can see that the design
of filter §(A) is the key ingredient in the convolution con-
struction.

4.2. Chebyshev filters

Compared to using fixed anisotropic heat kernels in [7],
our work intends to learn task-dependent kernels by learn-
ing their parameterized filters §(\). In practical applica-
tions, the selection of filter §(\) is very important w.r.t their
localization in space as well as their learning complexity.
As stated in [12, 17], these issues can be overcome with the
use of a polynomial filter. In our framework, we intend to
adopt Chebyshev polynomials to represent filter (), due
to its smooth and stable recurrence relation which will avoid
explicitly eigen-decomposition of ALBO and hence greatly
reduce the learning complexity [20, 17]. We will detailedly
discuss in their discretization.

Given the Chebyshev polynomial T (\) of order s, it can
be computed by the stable recurrence relation

Ts(\) =20 Ts_1(\) — Ts—a(N), To=1,T1 =X. (9)
These polynomials form an orthogonal basis for

L?([-1,1],d\/v/1 —)X2) and this Hilbert space of
square integrable functions w.r.t the measure d\/v/1 — A2,

Thus, our filter (\) can be parametrized as the truncated
expansion

S—1
G =) eTu(N) (10)
s=0

of order S.

4.3. Discretization

Theoretically, our anisotropic convolution operator can
be constructed on any discrete representation of surface pro-
vided they have accurate discretized ALBO. In this paper,
we concentrate on triangular meshes and other representa-
tions can be deduced similarly.

Given a triangular mesh M(V, E, F), where set V in-
cludes N vertices, E and F are the sets of edges and tri-
angles, the function f on mesh M is represented as a vector
f e RN,

Setting an anisotropic level « and a rotation angle 6, ac-
cording to [8], the discrete ALBO can be represented as a
sparse matrix Loy = A7 !B,y € RY*YN  where the el-
ement of mass matrix A and stiffness matrix B,y are re-
ferred to this paper.

Then, we compute the eigen-decomposition of ALBO as
solving a generalized eigen-problem

Boo®aok = Aao s APao k-

Since the eigenvectors {¢a97k}g=])1 are A-orthogonal,
the inner product of two functions f and g is discretized as
(fa g>A = fTAg'

Denote matrix Ung = (06,0, Pas,1,  * » Pas,N-1) €
R¥*N and Apg = diag(Aag,0: Nab,1, s AadN—1), WE
have L,y = UagAagUzaA, and the anisotropic Fourier
coefficient vector f = UT/Af.

Now, we give the discretization of the anisotropic con-
volution theorem in Formula (7)

(f* g)ag = Ua9g<Aa9)U;[;9Af.

If using a polynomial filter, we can avoid expensive eigen-
decomposition in the above convolution operator and get

(fxg)as = §(Lao)f,

which only involves the multiplication of sparse matrixes
and vectors.

Specially, for Chebshev polynomial filters (Formula
(10)), we should first get a scaled anisotropic Laplacian ma-
trix I:ag = 2)\]7\,171]_4&3 —I (hereIisa N x N identity matrix
) whose eigenvalues lie in the interval [—1, 1]. Then we have

S—1
(f* g)a@ = Q(Lae)f = Z Cae,STS (I:aﬂ)f
s=0

14662



From the recurrence relation Formula (9), we know
To(Lag)f = £, Ti(Lag)f = Laof, and T(Log)f =
2La9Ts—1(La9)f - Ts—Q(LaG)f-

After choosing an appropriate value of «, we use L
equally-spaced rotation angles, i.e. 6 = 61,65, --- 07,
where 0, = 2(l — 1)n/L, | = 1,2,--- , L, then compute
the convolution along each angle, i.e. (f * g),¢. Finally we
compute our anisotropic convolution by

L L
frg=> (Fxgas = ZZ cat.sTs(Lag)f. (1)
=1 1=1

s=0

In the next section, we will design CNN architectures to
learn the filter coefficient set {cqnp, s} for shape correspon-
dence.

5. Implementation and results

In our framework, shape correspondence refers to the
task of labeling each vertex of a given shape to the corre-
sponding vertex of a reference shape.

Datasets. We use four public domain datasets:
FAUST[5], SCAPE[3], SHREC’16 Topology[25],
SHREC’16 Partial(cuts)[16] to test our performance
on shape correspondence. These datasets contain plenty
of 3D shapes ranging from human bodies to animals,
with non-rigid deformations and parts of them suffering
topological changes or missing. All the ground-truth
point-wise correspondences between shapes are provided.

Evaluation. We take the Princeton benchmark protocol
[22] to evaluate the correspondence quality, which exhibits
the percentage of matches that are at most r normalized
geodesic distance from the ground-truth correspondence on
the reference shape. Note that, we treat the symmetric
points of the ground-truth as incorrect correspondence.

-.-Si

0.4 o7
0.3 : : : :
1 2 4 8 16 32

parameter values

Figure 2. Demonstration of correspondence accuracy (r = 0) with
different parameter values on FAUST dataset.

Settings. According to our anisotropic convolution (For-
mula (11)), we should determine a set of appropriate values

Table 1. Performance comparisons on FAUST dataset.
Accuracy  Accuracy

Method Refinement  Input (r=0) (r=0.01)
GCNN [29] SHOT 66.61 % 7498 %
ACNN [7] FM[36] SHOT 6240%  8331%
MoNet [34] PMF[49] SHOT 8820% 9235%
SpiralNet [27] SHOT 93.06%  96.32%
ACSCNN SHOT 98.06%  99.26 %
SplineCNN [19] 1 99.12%  99.37 %
ACSCNN 1 9898 %  99.64 %
ACSCNN PMF[49] 1 99.56 %  99.87 %
. FAUST 1
’/—’ --------------
09 0.995 7
/,

==GCNN
= ACNN
===MoNet
=== SpiralNet 0.985
e —SplincCNN
0.6 0.98 ——ACSCNN

0 0.01 0.02 0.03 0.04 0 0.01 0.02 0.03 0.04
Geodesic error

0.99 —GCNN
=—=ACNN
===MoNet

=== SpiralNet

Correspondences
%

Geodesic error

GCNN- ACNN- - MoNet-  gpirgiNet  SplineCNN  ACSCNN
refined refined  refined

Reference

Figure 3. Performance comparisons on FAUST. The top row shows
the correspondence accuracy of each method. Dashed lines show
the results of our method without refinements. For clarity, the top
left parts of these lines have been magnified in the right figure.
The middle row shows the visualization of correspondence error,
where the hotter colors refer to larger errors. The results of texture
and color transfers are shown in the third row.

for three parameters, e.g., S (the order of the Chebyshev
Polynomials), L (the number of rotation angles) and « (the
anisotropic level). Theoretically, the higher order of Cheby-
shev polynomials can represent more complex filters and
more rotation angles can capture more different direction
information when « is fixed. Both of them can lead to bet-
ter performance (Figure 2) and more time consuming mean-
while. We need to make a trade-off between time costs and
performance. In all the following experiments, we set the
number of rotation angle L = 8, anisotropic level a = 10
and the order of Chebyshev filters S = 15 empirically and
use the symmetric normalization laplacian matrix. We use
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Figure 4. Performance comparisons on SCAPE. Here, the red solid and dotted line respectively show the results of our ACSCNN using
SHOT and constant vector 1 as inputs. The right part is the color transfer (corresponding points are shown in the same color) result of our

method where the leftmost is the reference shape.

constant vector 1 € R™ 1 and the network architecture pro-
vided by SplineCNN [19] as our default inputs and architec-
ture. For overall comparison, in some experiments we also
consider SHOT [42], a 544-dimensional point descriptor as
inputs, which widely used by other learning correspondence
methods [29, 7, 34, 27], followed by the network architec-
ture provided by ACNN [7] (with fewer convolution layers
than SplineCNN).

Results. FAUST dataset is composed of 10 poses of 10
people (100 shapes in total), each having nearly 7K vertices.
For this dataset, we use the first 80 shapes for training, the
rest 20 shapes for test and the first shape as the reference.
Table 1 and Figure 3 detailedly list the performance statis-
tic of our ACSCNN and recent state-of-the-art approaches,
using the architectures provided by respective authors. We
compare them in different situations, including whether or
not using refinements and different inputs.

The top part of Table 1 shows the results of each method
using SHOT as inputs. Obviously, our method outperforms
all competitors even not followed by refinement. In the sec-
ond part, we just employ a very simple input, constant vec-
tor 1 to test their performance. It can be seen that even
using such a rough input, our ACSCNN still achieves very
high accuracy.

In Figure 3, we further show their qualitative and quanti-
tative comparisons on this dataset. The results clearly clar-
ify our superiority to other methods. Note that, SplineCNN
also gets very desirable performance on this dataset, how-
ever, due to its simplification on pseudo-coordinates, the
correspondence accuracy will drop significantly on the fol-
lowing more challenging datasets.

SCAPE dataset contains 71 registered meshes from a hu-
man with different poses, each mesh has around 12.5K ver-
tices. Randomly select 70 percent of the shapes for train-
ing and the rest for testing, the correspondence accuracy
is shown in the left of Figure 4. As SpiralNet can not be
directly applied on such large meshes, we simplify the ev-

SHREC'16 topology(low-res)

» 0.8F
Q
Q
=)
506 /
=]
=}
o
$04r
&= ——ACNN
(3 === MoNet
0.2 = SplincCNN|]
——ACSCNN
0 L

0 0.02 0.04 0.06 0.08 0.1
Geodesic error

(c) SplineCNN, 66.9%

Figure 5. Performance comparisons on the SHREC’16 Topology
dataset. The top part shows the correspondence accuracy of each
method (GCNN and SpiralNet failed ), followed by their visual-
ization comparisons in the bottom, where we use straight lines to
connect the correspondence point pairs. The number is the corre-
spondence accuracy of each method at » = 0 and the shape of T
pose is the reference.

(d) ACSCNN, 90.2%
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SHREC'16 Partial cuts (cat)

1
[}
Q
e / PFM
%04 — GCNN
£ — ACNN
8 ===MoNet

0.2 = SplineCNN|]

= ACSCNN
O L

0 0.02 0.04 0.06 0.08 0.1
Geodesic error

L ad

Figure 6. Performance comparisons on SHREC’16 Partial cuts
(cat) dataset. The top part shows the correspondence accuracy of
each method, the bottom part is the color transfer result of our
method where the leftmost is the reference shape

ery original meshes into half number of the vertices for this
method. Two input and architecture settings of our method
are used in this experiment and the results demonstrate that
our method significantly outperforms all other methods un-
der both input settings. Furthermore, the right part of Figure
4 shows the visualization of color transfer with our method
on this dataset.

Moreover, to test the robustness of our method, we
also build correspondence on SHREC’ 16 Topology dataset.
This challenging dataset contains 25 shapes of a kid with
around 12K vertices, undergoing near-isometric deforma-
tion in addition to large topological shortcuts. The first 16
shapes are used for training and the left 9 for testing. In this
experiment, both GCNN and SpiralNet fail due to the topol-
ogy noises. The quantitative and visualization comparisons
are shown in Figure 5, where our method still achieves a
good result and is superior to other methods.

In addition, we also test the correspondence accuracy on
SHREC’ 16 Partial cuts meshes in Figure 6. A total of 45
cat shapes are used, with the first 30 shapes for training and
the rest for testing. All of the shapes lose large parts of the
bodies. Note that, for this dataset, we additionally compare
with the Partial functional Map [40] method, the winner of
the SHREC’ 16 Partial Correspondence contest. Our archi-
tecture still significantly outperforms all other competitors.

Complexity. In practice, some steps can be precom-
puted once for each shape, including the construction of
L anisotropic Laplacian matrixes (N x N sparse ma-
trix, O(N) non-zero elements), normalizing and scaling

them. The computation of these precomputation steps costs
O(N?) operations for each Laplacian matrix. Our Cheby-
shev polynomials based spectral filtering avoids full eigen-
decomposition of Laplacian matrix firstly, which costs
O(N?) operations. And the adoption of Chebyshev poly-
nomials reduces the spectral filtering from dense matrix
multiplication to sparse matrix multiplications. The former
costs O(N?), and the latter only costs O(L x S x N) <
O(N?). Because L and S are user-defined constant, so
O(L x S x N) = O(N) holds, which resulted in linear
computational complexity.

Timing. All experiments are tested on a PC with In-
tel(R) Core 17-4790 CPU at 3.6GHz, 16G RAM and Nvidia
GeForce RTX 2080 Ti (11G). In the following, the typical
timings are for FAUST dataset with NV = 6.9K vertices for
each shape. The pre-computations took 4.8s for each shape.
And it took 27.78s for training (80 shapes) per epoch and
3.80s for testing (20 shapes). So for testing, it only took
0.19s to predict all vertices’ labels for each shape.

6. Conclusions

We introduce a novel convolution neural network termed
Anisotropic Chebyshev spectral CNNs, based on the
anisotropic convolution operator, an extension of manifold
convolution operator proposed by us. Our anisotropic con-
volution operator aggregates local features by a set of ori-
ented patch operators which are defined in the spectral do-
main by filtering on the eigen-decompositions of multiple
anisotropic Laplacian operators with different orientations.
Compared to previous works, such type of anisotropic con-
volution allows to more comprehensively capture the intrin-
sic local information of signals due to its direction consider-
ing. As to reduce the computational complexity, we employ
Chebyshev polynomials to represent the filters where the
coefficients are trainable. Through extensive benchmark ex-
periments of shape correspondence, we show our architec-
ture can improve state-of-the-art results in several datasets.
Being a generic convolutional model, we plan to use AC-
SCNN to solve many other shape analysis tasks, such as
shape segmentation and classification in the future. The
Pytorch-based implementation to replicate our results will
be released upon the publication.
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