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Abstract

We explore the possibility of using line intersection con-
straints for 3D scan registration. Typical 3D registration
algorithms exploit point and plane correspondences, while
line intersection constraints have not been used in the con-
text of 3D scan registration before. Constraints from a
match of pairs of intersecting lines in two 3D scans can be
seen as two 3D line intersections, a plane correspondence,
and a point correspondence. In this paper, we present mini-
mal solvers that combine these different type of constraints:
1) three line intersections and one point match; 2) one
line intersection and two point matches; 3) three line in-
tersections and one plane match; 4) one line intersection
and two plane matches; and 5) one line intersection, one
point match, and one plane match. To use all the avail-
able solvers, we present a hybrid RANSAC loop. We pro-
pose a non-linear refinement technique using all the inliers
obtained from the RANSAC. Vast experiments with simu-
lated data and two real-data data-sets show that the use of
these features and the combined solvers improve the accu-
racy. The code is available at https://github.com/
3DVisionISR/3DMinRegLineIntersect.

1. Introduction

3D sensors such as RGB-D and 3D LiDAR devices are
becoming less costly and more accurate. Since they provide
more information about the scene than perspective cameras,
they are becoming more useful in applications such as aug-
mented reality [26, 3, 7, 15], navigation [29, 59, 40, 25],
and SLAM [65, 67, 28, 69]. A problem that naturally arises
is the 3D registration, which aims at finding the rigid trans-
formation that aligns pairs of point clouds.

The 3D registration problem is usually solved by using
iterative techniques, such as the well known ICP [8, 4]. In-
cremental improvements on ICP have been proposed for al-
most thirty years. The majority of them attempt to improve
robustness to outliers, to reduce the chances of falling into
local minima, and to reduce the computational complex-
ity of the problem. A way of dealing with these issues
if to use minimal solvers [46] and RANSAC [18]. These

Result

Line Intersection
Constraints in two 3D Scans

Figure 1: Basic idea of this paper: We identify pairs of 3D
lines that intersect from two scans, i.e., a line from the first
scan (image on the top left) intersects with the line from
the second (image on the bottom left) in the common refer-
ence frame (image on the right). In this paper, we jointly
exploit this novel line intersection constraints along with
traditional point and plane correspondence constraints to
develop a family of minimal solvers for the task of 3D scan
registration.

consist in finding a consensus for the registration that is
obtained by randomly sampling and fitting minimum sets
of data. Both techniques are prone to drift when applied
to the visual odometry problem. To minimize the drift,
researchers use methods like rotation/transformation aver-
aging (see for example [21, 23, 5]) or loop closure (e.g.
[24, 63, 73, 17, 10, 46]), that require more than two 3D
scans. In this work, we focus on just a pair of scans.

Most existing methods exploit the use of points in the
point cloud, either using all points from the 3D scan
(e.g., the ICP [4]) or using 3D descriptors (such as the
FPFH [61]). This paper aims at using other types of 3D
features. We focus on environments containing 3D planes
and straight lines, as shown in Fig. 1. Then, the questions
we aim at exploring are the following. What kind of con-
straints can we obtain from pairs of intersecting lines in 3D
scans? Does the use of pairs of line intersections improve
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3D registration? In this paper, we are particularly interested
in robust techniques, which require the development of min-
imal solvers, a RANSAC loop, and a non-linear refinement
technique. Thus, we propose novel minimal solvers that
combine pairs of point and plane correspondences with line
intersections. The list of contributions are:

e The use of pairs of 3D intersecting lines for 3D scan
alignment;

e Five minimal solvers for the cases of mixing line inter-
sections with plane and point matches;

e A hybrid RANSAC scheme to account for all possible
combination of minimal sets; and

¢ A non-minimal refinement solver that, using the inliers
from the RANSAC loop, refines the 3D registration.

We test our methods with simulated data and two differ-
ent available data-sets (SUN3D and TUM [74, 65]). With
the former, we validate the solvers and show the merits of
mixing different types of 3D features. Real data is used to
compare our method with the baselines, revealing that the
use of pairs of line intersections improves the results.

2. Related Work

We present some of the existing techniques in 3D regis-
tration and minimal solvers. Survey papers in [80, 68].

3D Registration: The standard method is the Iterative
Closest Point (ICP) [4], that proposes a method that al-
ternates between estimating the closest points and comput-
ing the registration. Many alternatives have been presented,
e.g.,[76,60,9, 19,70, 43,47, 36, 75]. Most of these alterna-
tives aim at minimizing some of the ICP issues, namely im-
proving the results in the presence of outliers and ensuring
a global minimum. In the last decade, oher methods have
been proposed. [50] presents a branch-and-bound method
for 3D registration with guarantees of global optimality.
KinectFusion, [26], focused on getting accurate and real-
time registration, in complex and arbitrary indoor scenes
and variable lighting conditions. [10] combines geometric
registration of scene fragments with robust global optimiza-
tionThe Super4PCS method [41], that aims at getting a ro-
bust solution to the registration, is an extension of the 4PCS
[1]. Tt has linear time complexity (vs. quadratic for the
4PCS) in the number of data points. The authors use sets
of four points and co-planar constraints. Fast Global Reg-
istration method (FGR), [78], proposes a technique for out-
liers removal from a single objective function. The method
gets the registration by partially overlapping 3D surfaces.
Recently, [52] optimizes a joint photometric and geometric
objective to estimate the 3D scan alignment.

Some works use/combine different types of 3D features.
For example, [67, 57] presents a method that combines

points and planes, [59, 20] proposes a method for point
cloud registration with plane to plane matches, and [58]
solves the problem with curves and surfaces.

Minimal solvers: Minimal solvers are one of the active
research topics in computer vision. From their use in
RANSAC frameworks, they have proven to be one of the
more successfully strategies for robust estimation: odome-
try/relative camera pose, e.g. [48, 35, 64, 71, 45], and lo-
calization/camera pose, such as [30, 34, 33, 6]. The use
of RANSAC has been proving its efficiency in 3D registra-
tion before. For example, 4PCS and SuperdPCS [1, 41] use
sets of four points within a RANSAC framework for robust
estimation. A more basic and standard pipeline is to con-
sider sets of three points [62, 46], which is the minimum
set of point correspondences required to get the transforma-
tion. [46] derive minimal solvers for mini loop closures in
3D scan alignment. The authors show that combining cor-
respondences from a cycle of 3D scans improve the overall
accuracy of the 3D registration.

Deep learning methods: Many researchers have spent
much effort in solving computer vision problems with Deep
Neural Networks (DNNs) [31]. In the last few years, we
have witnessed an increasing interest in DNNs for 3D reg-
istration. Some approaches consist of using DNNs to ex-
tract point features, which is then followed by a RANSAC
loop to retrieve the pose. The network architectures include
auto-encoders in [16, 12], and attention mechanisms in [27].
An extension of [12] to account for pose invariants is pro-
posed in [13]. An approach for multiple view feature ex-
traction is presented in [77]. A second type of approach
consists of training an end-to-end network to estimate the
pose. In [2] the PointNet [55] is coupled with the Lukas-
Kanade algorithm in a single network. A three-part network
consisting of a point cloud embedding model, an attention-
based model, and a differential SVD layer is presented in
[72]. In [51], the authors present a DNN to classify 3D
input correspondences as inliers/outliers, while computing
the 3D registration at the same time. An SVD layer is also
used in [39], where instead of matching point features, they
are generated from learned features. DeepMapping, [14],
presents a multiple view registration problem as binary oc-
cupancy classification, by using two networks for both pose
estimation and modeling the scene structure.

3. Registration with Pairs of Line Intersections

Consider 3D scans, obtained either from RGB-D or Li-
DAR sensors, taken in human-made scenarios. These usu-
ally contain planes that intersect each other, generating 3D
straight lines. Now, contrarily to point matches, the use of
3D straight lines and planes benefits from the possibility
of these being estimated from a set of 3D points. Noise
can then be minimized by, for example, using least-squares
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or RANSAC for 3D line/plane fitting utilizing a set of 3D
points. Besides, in contrast to line images, the use of 3D line
intersections provides not only more information about the
scene being observed but also more geometric constraints.

Now, consider pairs of 3D line intersections matches in
a pair of 3D scans (see Fig. 1). In this paper, we are not
assuming a one to one match of 3D straight lines in the
pair of 3D scans; we only assume that the pair of intersect-
ing lines are coplanar and intersect in the same 3D point
in both scans. Each pair of lines generates two intersec-
tion constraints between the 3D scans. The first 3D line
in the first scan must intersect the second line in the sec-
ond scan, and vice versa. Besides, matches of line intersec-
tion pairs generate the following geometric features: 1) a
3D point that results from the intersection of the lines; and
2) a 3D plane defined by the two intersecting lines. These
two geometric features generate two additional types of cor-
respondences between the two 3D scans: points and plane
matches. To summarize, in this paper, each pair of intersect-
ing lines between two scans generates three different types
of constraints: 1) two line intersections; 2) one point corre-
spondence; and 3) one plane correspondence.

This paper aims at combining the different types of fea-
tures for 3D registration. For the use of 3D point and plane
features that result from the 3D line intersections, we can
use state-of-the-art techniques [62, 46], and get a single
solution to the relative transformation. We denote the use
of three 3D point matches for registration as 3Q. Another
problem in which we can use state-of-the-art techniques is
the line intersection constraints in the two scans. Consider
that we have a set of 3D straight lines in one 3D scan that
has to intersect a set of 3D lines in the second scan. Finding
the transformation that aligns both sets of lines, such that
they intersect in the world, is equivalent to the relative pose
estimation for general camera models [22, 44, 56, 53, 66].
[64] proposes a solution to the minimal case that requires
sets of six 3D lines in both scans and can get up to 64 solu-
tions. This method is denoted in the paper as 6L.

In addition to the use of 3Q and 6L, we propose five min-
imal solvers for the combination of line intersections, point
matches, and plane correspondences (Sec. 5):

3L1P: 3 line intersections and 1 plane match;

1L2P: 1 line intersection and 2 plane matches;

3L1Q: 3 line intersections and 1 point match;

1L2Q: 1 line intersection and 2 point matches; and
IL1Q1P: 1 line intersection and 1 plane & 1 point
matches.

Table 1 shows the list of minimal solvers that we use for 3D
registration. To use all these solvers, we present a hybrid
RANSAC scheme (Sec. 6). In Sec. 7, we propose a non-
linear refinement method that uses the inliers and the initial
guess given by the RANSAC. In Sec. 8, experiments using

| Solver [ #Lines | #Points | #Planes | Total | #Sol | Paper |

6L 6 0 0 6 64 [64]
3Q 0 3 0 3 1 [62, 46]
3L1P 3 0 1 4 4 Ours
1L2P 1 0 2 3 1 Ours
3L1Q 3 1 0 4 8 Ours
1L2Q 1 2 0 3 2 Ours
1L1Q1P 1 1 1 3 2 Ours

Table 1: Available and proposed solvers for the 3D scan
alignment using line intersection constraints.

synthetic and real data-sets show that the line intersection
constraints in a RANSAC loop improve the results when
compared to the baselines.

4. Notations

We use Pliicker coordinates to represent 3D lines [54],
ie,l € ROA[I i] where 1 and [ are the line’s direction
and moment, respectively. Planes are represented by a four-
tuple 7 € R* = [7 7, in which 7 and 7 are the plane’s
normal direction and distance to the origin, respectively.
3D points are denoted by q € R3. Subscripts denote the
number of the features (e.g., [; denote the i 3D line), and
the apostrophes are used to identify the matches of features
(e.g., the tuples (I1,1}) and (q1, q}) represent the pairs of
3D lines and points, in the first and second frames).

We aim at estimating a rigid transformation T = (R, t)
that aligns 3D scans. R € SO(3) and t € R?® denote
the rotation and translation unknowns. The goal is to com-
bine the use of 3D line intersections and 3D point & plane
matches. Consider the tuple (I;, m}) representing two inter-
secting lines in 3D. The constraint that ensures they inter-
sect in the world was derived in [53]:

m, " [‘%‘R ﬂ 1 = 0. (1)

5. Minimal Solvers

We present new minimal solvers for 3D scan alignment
using line intersections and plane & point matches.

5.1. 3L1P: 3 line intersections and 1 plane match

Consider three pairs of intersecting lines
{(l1,m}), (I2,m}), (I3,m%)} and one pair of corre-
sponding planes (71, 7} ).

Selected Frames: We select appropriate coordinate sys-
tems to the 3D scans, verifying:

1. Planes 7; and 7 set as the zy—plane;

This is achieved by applying predefined transformations
UsLip € SO(3) and uz p € R? as defined in the supple-
mentary materials, to the data in both scans. A graphical
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Original Frame Original Frame

Original Frame

Usip € SO(3)

UsLig € SO(3
wp € R? e )

usLig € R?

Selected Frame

(a) 3L1P

(b) 1L2P

‘j qi € R?

(c)3L1Q

Original Frame .
Original Frame

UiLiqir € 50(5)

e € R?
Iy Uyiag € SO(3) @R \
g € R? - aeR’
Iy T
.ﬁ( Viizg € SO(3)

q €R? " Selected Frame
(d) 1L2Q

(e) IL1Q1P

Figure 2: Representation of the selected frames to solve the mix line intersection and plane/point matches. (a) & (b) show the
cases in which we have 3D plane correspondences; (c) & (d) depict the cases in which we have 3D point correspondences,
and (e) depicts the case in which we have both 3D point and plane correspondences.

representation of this selected coordinate system is shown
in Fig. 2(a). With both frames verifying these specifications,
the relative transformation between both scans is given by!

1 1—s2 —2s 0 te
=12 2s 1—s? 0 andt = |1, |,
o 0 1+s° 0

2
decreasing the total degrees of freedom from six to three.

Solver: To compute the unknowns ¢, t,, and s, we use the
three line intersections. Replacing R and t in (1) by the
ones in (2) and multiplying the result by (1 + s?), we get
three constraints of the form

3)

H?[Satrvty] = K’g[57trvty] = K’g[svt?ﬂaty] = 07

where «7[.]? denotes the ™ polynomial with degree j. The
monomials in these polynomial are linear in ¢, and ¢,; and
quadratic in s. Taking the first and second algebraic con-
straints in (3), and solving them for ¢, and ¢,, we get

— ry[s] d — rgls] 4
te = 31y and by = - @)

Substituting ¢, and ¢, in the third constraint from (3) by (4)
and simplifying the equation, we get

00

K
K.

[s]
(5]

=0 = ng[s] =0. %)

©oN|

To compute the transformation between both scans, we
find the roots of the fourth degree polynomial equation
Ka[s], which can be computed in closed-form by using the
Ferrari’s formula. We get up to four solutions for s. Then,
for each s, we get ¢, and ¢, by solving (4). The correct pose
is computed by replacing ¢, t,, and s in (2) and reversing
the predefined transformations Usp 1p and ugy ip.

5.2. 1L2P: 1 line intersection and 2 plane matches

Consider one line intersection, (I1,m}), and two 3D
plane matches, {(71, ), (72, 75)}.

'We are using the Cayley’s parameterization for SO(3) matrices.
2Due to space limitations, we omit the coefficients and monomials.

Selected Frames: As shown in Fig. 2(b), we transform the
data in both 3D scans, such that:

1. Planes 7, and 7 are in the zy—plane;

2. The z—axis of both frames is along the intersection of
the planes 7 and 79 in the first 3D scan. Similarly, the
x—axis is along the intersection of the planes 7} and )
in the second 3D scan.

For this purpose, we first apply the rotation Uy op € SO(3)
and translation ujop € R3 to satisfy the first constraint, and
then Vipop € SO(3) and viop € R3 to satisfy the second
constraint. Ujpop, Virop and uypop, virop are shown in the
supplementary materials.

After applying these predefined transformations to the
two 3D scans (i.e., considering 7 and 7}), the relative pose
is determined up to a single translation parameter:

T

R=TIandt=1[t, 0 0], ()

where [ is the 3 x 3 identity matrix.

Solver: Since we only have one unknown ¢,, we only need
one intersecting line constraint, (1). By substituting R and
t in (1) by (6) and solving for t,,, we get

)

t SZ 15) > <l17m1>
x 1

2T 3*l1 3m1 5’

where the subscripts 7 in /; ; and m; ; denote the i element
of the vector. Thus, we have a single solution to the relative
transformation between both scans: we compute t as shown
in (6), and revert to the original coordinate frames by using
predefined transformations (Ujpop, Uirop, ViLop, and vipop).

5.3. 3L1Q: 3 line intersections and 1 point match

Consider three pairs of intersecting lines, (I;, m}) fori =
1,2, 3, and one point match, (qi,q}).

Selected frames: We apply predefined transformations to
the both 3D scan frames, such that:

1. Points q; and q] are the origin of the coordinate sys-
tems;
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This is achieved by applying the transformation Uspiq €
SO(3) and uzL1q € R? as defined in the supplementary
materials. A graphical representation of the selected frame
is presented in Fig. 2(c). Having translated both coordinate
systems to q; and g}, respectively, the transformation be-
tween both frames is only given by a rotation R € SO(3)
(three rotational degrees of freedom) and t = 0.

Solver: To obtain the rotation matrix, the three pairs of in-
tersecting lines are used. Setting t = 0 in (1), we obtain
three linear independent equations of the form

m, " Rl + mRl; =0, withi=1,2,3. (8

Vectorizing matrix R as vec(R) € R?, we write

(l}T® A P m;T) vec(R)=0  (9)

al'er?

with ¢ = 1, 2, 3. Operator ® denotes the Kronecker product.

Now, by stacking the three vectors a] into a matrix A €
R3*Y and computing its Singular Value Decomposition, we
get six vectors by, ..., bg € RY, which span the right null-
space of A. Therefore, one can write

vec(R) ~ b1 + ... + Bebg
= R~ B1B1+ -+ B5Bs5 + fsBs, (10)

where ~ denotes an up to a scale equality, and B; € R3*3
are obtained by unstacking the vectors b;. From this equa-
tion, six degrees of freedom will remain, scalars [3;, for
1 =1,...,6. However, we note that R must belong to the
space of rotation matrices, R € SO(3),i.e. RTR = 1. To
solve for 3;, we consider the following procedure. Without
loss of generality, we set Jg = 1 in (10). Then, we solve
for 1, ..., B5 by inputting (10) in the ten orthogonality con-
straints of R:

leal® = [lr2[* =0 (11) [Ira]* = |Ies[* =0 (12)
e~ llesl2 =0 (13) ral>— eslP =0 (14)
ri-ro=0 (15) ri-r3=0 (16)
ro-r3=0 (17) cp-co=0 (18)
ci-c3=0 (19) cy-c3 =0, (20)

where c;, and r; are the j-th column and row of matrix R
respectively. To obtain the solutions for S, ..., 85 we fol-
low the steps in [71], that uses the automatic generator in
[32]. We get up to eight possible solutions for R given by
this solver. To compute the poses, we revert the predefined
transformations, by applying the inverse of the transforma-
tions U3L1Q and u3L1Q-

5.4. 1L2Q: 1 line intersection and 2 point matches

Consider one pair of intersecting lines (I;,m},) and 2
pairs of point correspondences {(q1,q}), (a2, d5)}-

Selected Frames: We select appropriate reference frames
before computing the 3D registration. For that purpose, we
consider predefined transformations Uj1aq, ViLag € SO(3)
and uj12q € R3, such that:

1. Points q; and g} are the origin of the coordinate sys-
tems; and

2. The z-axis points towards points g2 and g}, respec-
tively.

U2, Vitag € SO(3) and ujog € R? are defined in the
supplementary materials. A depiction of the result of these
transformations is shown in Fig. 2(d). With these settings,
we are left with a single rotational degree-of-freedom (i.e.,
t = 0), which corresponds to the rotation about the z—axis.
Then, R can be written as

1—s2 —2¢ 0
2s 1—s2 0 . 21
0 0 1+ s2

1

R=——
14 52

Solver: By setting t = 0 and R as defined in (21) into the
single constraint (1), and multiplying both sides by (1+s2),
we obtain a second order polynomial in s:

pi2s” + pu1s + po = 0, (22)
where
po = (I, ) + (Iy,m4) (23)
py = 2111704 5 — 211 91 4 + 21 1Ty — 201 2T
(24)

7 Al [ — 7 Al
po = lizmy 5 —liamy ; — l2my o—

[1,2m/172 — 71,17?1/1,1 + lA1,3m/173~ (25)

This polynomial in (22) can be solved in closed-form with
the quadratic formula, yielding two solutions for parameter
s. Both values of s are then replaced in (21) to retrieve the
relative rotation between the two frames. The final transfor-
mation is obtained by reverting the predefined transforma-
tions U1L2Q, V[LQQ, and ujL2Q-

5.5.1L1Q1P: 1 line intersection and 1 point & plane
matches

To end the minimal solvers, consider the scenario where
one pair of intersection lines (I1,m], ), one pair of plane
correspondences (71, 7)), and one pair of point matches
(a1, q)) are available.
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Algorithm 1: Hybric RANSAC loop for 3D scan
alignment using points and plane correspondences
and line intersections.

Output: Transformation that aligns both Point Clouds
Data: Sets L,I1, O, S, ng, mg, 0g, 42, 011, 00, priors
P,(g), and maximum number of iterations K
1 Vg € G Initialize P(g) =1
2 while 3° j, < K do

3 Select a solver s with probability P(g)P,(g)
4 Increment jg
5 Sample ng line intersections from £
6 Sample m plane correspondences from II
7 Sample o, point correspondences from Q
8 Compute 7" using solver g
9 Compute number of inliers
I(T) =1:(T,6c) + Iu(T,én) + Io(T, 60)
10 Compute ez, €1, and eg
11 it I(T) > I(T™) then
12 T =T
13 for each g € G do
14 Update P(g) with (26)
15 L Update J(g) with (27)
16 if j; > J(g) then
17 L return 7"

Selected Frames: Consider predefined transformations
U1L1Q1p S 80(3) & uLiQip € R? and VvlLlle c 80(3) &
VILIQIP € R3 such that:

1. The orthogonal projection of points q; and q; to the
planes 7y and 7} (i.e., the projection through the nor-
mal direction of the planes) are the origin of the coor-
dinate systems; and

2. The planes 71 and 7] match the xy—plane.

U1L1Q1p S 80(3) & uLiQip € R? and VvlLlQlP S 80(3)
& viLigip € R3 are defined in the supplementary materi-
als, and the result is shown in Fig. 2(e). After applying the
predefined transformations to both reference frames, the rel-
ative pose is given by a single rotation parameter, similar to
21)and t = 0.

Solver: The single unknown parameter corresponds to the
rotation around the z—axis, which aligns both frames. To
compute this rotation the procedure of Sec. 5.4 was used.
Once again the solver yields two solutions to the problem.

6. RANSAC for Pairs of Line Intersections

While conventional RANSAC loops use a single min-
imal solver (e.g., five 2D-2D points correspondences for
monocular visual odometry in [49]), in this work, we have
seven solvers using different types of features. This section

presents a hybrid RANSAC scheme that is based on [6]. See
Algorithm 1.

Consider all the solvers in Tab. 1, and let £ be the set
of all intersecting lines, II be the set of all plane correspon-
dences, and Q be the set of all point correspondences. Let
€c, €11, and eg be the inlier ratios, and d., dry, and dg be
the inlier thresholds, where the subscripts denote the corre-
sponding set. Finally, let G denote the set of minimal solvers
g in Tab. 1, which require n, samples from £, m, samples
from I, and o, samples from Q. For the distance metrics,
we use geometric distance between points and intersecting
lines, and the algebraic distance between plane 7’ and trans-
formed 7, with ||7|| = ||7'] = 1.

At the beginning of each iteration, a solver is chosen
based on the probability of each solver succeeding. In ad-
dition, one wants that the fewer times a solver was chosen
the most likely it is to be selected. Given a solver g, and
assuming a guess for the number of inliers?, the probability
of success for solver g is then given as

P(g) = ezgeggeogg(l — ezgeﬁl"eg)j‘fl. (26)

Besides taking the solver’s probability of success, its perfor-
mance in terms of runtime and numerical stability must be
taken into account. A performance measure of each solver
is introduced in its probability of being selected by defining
a prior P,(g) for each one. These priors are empirical and
selected based on the solvers’ numerical stability, runtimes,
and number of solutions. The final probability of selection
is given by the product of P(g) and P,(g).

The RANSAC loop stops when one of the solvers as been
run for J(g) iterations. .J(g) corresponds to the minimum
number of iterations solver g should be run to guarantee a
good solution with some probability P*:

J(g) = ——l=L) @7)

- log(l—ezgengeg) '

Since the real inlier ratios are not known, J(g) is updated
each time a better model is found, i.e., having a higher in-
lier count. The inlier count is the sum of the inliers of each
feature. Alternatively, a weighted sum based on the infor-
mation each feature type provides can be considered [11].

7. Non-Linear Refinement

This section presents a non-linear refinement method
used following the RANSAC loop described in Sec. 6. We
start by defining a cost function which consists of the sum of
the different distance metrics involved plus a regularization

3 An estimate of these ratios is used, which consists in the inlier ratios
for the best model given the previous estimates in a sequence.
“In this paper we set P = 99%.
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term for the rotation matrix:

#L #Q
F =Y de(limy) + Y dolar, qi,)+
k=1 k=1
#I1
> dn(me,m,) + M[RRT —Ts]]%, (28)
k=1

where d.z(,), do(,), and dr(,) are the distance functions
for the intersection of skew lines, point matches, and plane
matches, respectively (see Sec. 6). Since, the cost function
F is a sum of non-linear squares, we solve this problem
using the Levenberg-Marquardt (LM) algorithm.

8. Experiments

The numerical stability of each solver in Tab. 1 is eval-
uated in Sec. 8.1. In Sec. 8.2, the solvers are injected in
the RANSAC algorithm presented in Sec. 6, and are ap-
plied in real data-sets. Tests using simulated data are pre-
sented in the supplementary materials. We use the follow-
ing methods for comparison: 1) ICP [60]; 2) Global Reg-
istration (GR) [10]; 3) FGR [78]; 4) Super4PCS° [41]; 5)
RANSAC 6L; 6) RANSAC 3Q; 7) RANSAC Ours (Sec. 5);
8) RANSAC All (6L + 3Q + Ours); and 9) Ours + Refine-
ment. The code for the solvers in Tab. 1, the RANSAC
loop, and the non-linear refinement were implemented in
C++. For the remaining methods, the available C++ imple-
mentations were used: ICP, GR, and FGR from the Open3D
[79]; SuperdPCS from the OpenGR [42].

For the error metrics, we consider the error in rotation
and translation, er(R) and et (t), as follows:

er (R) = acos <trace(R_; RGT)l) (29)
et (t) = ||t — tor, (30)

where Rgr and tgr are the ground-truth rotation and trans-
lation respectively.

8.1. Numerical Validation of the Solvers

To evaluate the minimal solvers, each one was run 10°
times with the corresponding minimum set, generated ran-
domly. For each run, the data generation process consists of
randomly creating a rigid transformation matrix, then sam-
pling points from a 40 unit side cube. Points were used
directly, lines are represented by two points, and planes are
obtained from three points. Solvers’ performance is mea-
sured by runtime, number of solutions, and rotation & trans-
lation errors. The first two metrics aim at evaluating how the
solvers will perform in RANSAC. Since we aim at running
solvers multiple times, the faster they yield a solution the

SWhenever Super4PCS fails to converge, ICP is run to keep the estima-
tion of the path.
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Figure 3: Cumulative density plots of translation and rota-
tion errors of the solvers presented in this paper, compared
to the 6L and 3Q.

Runtime [15] #Solutions
[ Solvers Mean | Median | Mean | Median

6L 2757.763 | 2747.507 | 20.40 20

3Q 0.723 0.717 2 2
3L1Q 142.023 136.024 5.46 6
1L2Q 1.203 1.195 2 2
3L1P 5.073 5.138 3.10 4
1L2P 0.993 0.988 1 1
1L1Q1P 1.452 1.446 2 2

Table 2: Mean and median runtime in microseconds, and
number of solutions for each solver in Table 1 for 10° runs.

faster RANSAC will run. Furthermore, the more solutions
a solver outputs the slower RANSAC will be.

The rotation and translation errors are presented in
Fig. 3. All solvers converge to one, meaning that the solvers
are estimating the solution correctly. However, we conclude
that the solvers 6L and 3L1P have the worst performance,
followed by the solver 3L1Q. The remaining solvers present
similar performance. Tab. 2 presents the mean and median
for the runtimes and number of solutions of each solver. As
expected the solvers with higher runtimes are the ones that
yield more solutions, particularly the solvers 6L and 3L1Q.
The remaining solvers output four or fewer solutions and
can be computed in closed-form.

8.2. Results

This subsection presents the results — proposed vs. base-
line methods — in two real data-sets, SUN3D [74], and TUM
[65]. Three sequences of each data-set were used (more se-
quences are shown in the supplementary materials).

To generate 3D lines, we extract line segment corre-
spondences in pairs of RGB images, using the method in
[37, 38]. Then, we iterate through each line and project ev-
ery pixel to 3D, using the respective depth map. A 3D line
is fitted to the points using least squares, and the distance
of each line to the others is computed in both frames. If
both distances are smaller than a threshold (we use 1cm),
the lines are considered to intersect. Point and plane corre-
spondences and line intersections are created from the pre-
viously fitted 3D lines as detailed in Sec. 3. This approach,
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Rotation Error [Deg]

SUN3D [ TUM \

\ Method | MIT | BROWN | HOTEL | ROOM | DESK | XYZ |
ICP [60] 0.95 335 4.11 8.22 1.17 1.74
GR [10] 1.20 1.44 1.92 2.55 1.36 2.01
Super4PCS [41] 2.89 4.55 7.78 7.36 1.86 2.70
FGR [78] 1.05 1.81 1.26 2.03 1.03 1.63
RANSAC 6L 0.86 1.32 1.45 1.84 1.01 1.78
RANSAC 3Q 1.07 1.44 1.86 2.24 1.42 2.05
RANSAC Ours 0.87 1.24 1.48 1.79 1.02 1.35
RANSAC All 0.75 1.20 1.43 1.80 1.00 1.19
Ours + Refinement | 0.84 1.20 1.42 1.76 1.01 1.31

Translation Error [cm]

[ SUN3D [ TUM |

Method | MIT [ BROWN [ HOTEL | ROOM | DESK | XYZ |
ICP [60] 4.14 15.45 10.02 13.79 3.19 4.96
GR [10] 4.79 6.73 6.15 5.51 3.78 3.77
Super4PCS [41] 5.06 12.07 7.23 10.09 6.49 7.88
FGR [78] 3.15 6.95 3.51 3.60 241 2.23
RANSAC 6L 3.17 6.17 341 3.83 2.36 2.50
RANSAC 3Q 3.57 6.94 4.21 4.59 3.16 3.14
RANSAC Ours 2.98 6.26 3.51 3.39 2.47 2.24
RANSAC All 2.77 5.56 3.57 3.69 2.34 2.07
Ours + Refinement | 2.91 5.94 342 3.32 2.21 2.32

Table 3: Median rotation and translation errors for real
data-sets SUN3D [74] and TUM [65].

currently, takes 0.1 seconds for computing the line intersec-
tions, but it can be improved using neighborhood constraint
on the potential line intersections.

All methods were run for pairs of point clouds, 10 frames
apart. This distance was chosen, such that the displacement
is significant enough for the identity matrix not to be a better
solution than the baseline solvers. The RANSAC parame-
ters were set to X = 1000, 6, = 0.5 x 10~%, 6 = 0.01,
and 0o = 0.001. The LM algorithm was run for 20 itera-
tions, and we set A = 1 x 10%. The median rotation and
translation errors are presented in Tab. 3. Two examples of
odometry results using RANSAC ALL, FGR and ICP are
shown in Fig. 4, where we can see that RANSAC All is
the closest to the ground truth. Box plots of the runtimes
of each method for both data-sets are presented in Fig. 5°.
The runtimes’ presented consider the total time of running
the alignment methods, for example, the RANSAC runtime
consists of the total time of executing Algorithm 1.

RANSAC 6L is the slowest method, which is expected
given the complexity of the solver and its number of so-
lutions (see Tab. 2). RANSAC 3Q method is the fastest
overall. Nevertheless, it does not perform as well as the
other RANSAC methods. In general, in terms of accuracy,
the proposed solvers for the use of line intersection con-
straints are outperforming the baselines in the sequences
from both data-sets. Exceptions are the rotation error in
the SUN3D HOTEL sequence and, in some sequences the
method RANSAC 3Q is being outperformed by FGR and

6Pre-prossing runtimes are excluded.
7 All methods were run in a Intel Core™ i7-5820K

Figure 4: Two examples of odometry results. On the left, a
subset of the MIT sequence from Sun3D is presented, on the
right we show a subset of the DESK sequence from TUM.
In both figures, RANSAC All presents the smaller drift.

ICP| HO—
GR| -} ————
FGR{ HI}—
Super4PCS| HII—
RANSAC Linesy —{ T3}
RANSAC Points{
RANSAC Ours| H+H
RANSAC Allj T F——
Ours + Refinementy —/{/— T }+———

0 1000 2000 3000 4000
Time (ms)

Figure 5: Runtimes for the solvers in sequences in Tab 3.

ICP. Finally, the improvements made by the non-linear re-
finement (check Tab 3) are small, indicating that the solu-
tions obtained by RANSAC Ours are close to the optimum
of the cost function in (28).

9. Discussion

The main contribution is the use of line intersection con-
straints in 3D registration. This is addressed by means of ro-
bust techniques, namely RANSAC. We proposed five novel
minimal solvers and developed a hybrid RANSAC, that can
use all the solvers. Furthermore, a non-linear refinement is
proposed to be applied after RANSAC. The results in real
data-sets show that the use of line intersections improves the
3D registration accuracy. The improvements made by the
non-linear refinement are small, showing that the solutions
obtain by RANSAC are near-optimal. Future work consists
of deriving new minimal solver, which take into account not
only line intersections but also line correspondences, and
the incorporation of motion averaging in multiple 3D scan
alignments.
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