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A. Hypothesis: large batch training issues

Previous works [5, 7, 10] suggested that large-batch
training issues may result from an implicit bias in the SGD
training process: with large batch sizes, SGD selects min-
ima with worse generalization. We examine the dynam-
ics of SGD to find how such a selection mechanism might
work, and suggest why BA has less of these issues, in com-
parison to standard large batch.

Consider the optimization of non-augmented datasets,
using loss functions of the form

f (w) =
1

N

N∑
n=1

` (w,xn,yn) , (1)

where we recall {xn,yn}Nn=1 is a dataset ofN data sample-
target pairs and ` is the loss function. We use SGD with
batch of size B, where the update rule is given by

wt+1 = wt − η
1

B

∑
n∈B(k(t))

∇w` (wt,xn,yn) . (2)

Here, we assume for simplicity that the indices are sampled
with replacement, B divides N , and that k (t) is sampled
uniformly from {1, . . . , N/B}. When our model is suffi-
ciently rich and over-parameterized (e.g., deep networks),
we typically converge to a minimum w∗ which is a global
minimum on all data points in the training set [11, 8]. This
means that ∀n : ∇w` (w∗,xn,yn) = 0. We linearize the
dynamics of Eq. 2 near w∗ to obtain

wt+1 = wt − η
1

B

∑
n∈B(k(t))

Hnwt , (3)

where we assume (without loss of generality) that w∗ =
0, and denote Hn , ∇2

w` (w,xn,yn) as the per-sample
Hessian. Since we are at a global minimum, all Hn are
symmetric PSD (there are no descent directions). However,
recall that there can be many different global minima (on the
training set). SGD selects only certain minima. As we shall
see this selection depends on the batch sizes and learning
rate, through the following quantities: the averaged Hessian

over batch k
〈H〉k ,

1

B

∑
n∈B(k)

Hn

and the maximum over the maximal eigenvalues of
{〈H〉k}

N/B
k=1

λmax = max
k∈[N/B]

max
∀v:‖v‖=1

v> 〈H〉k v. (4)

This λmax affects SGD through the following Theorem
(proof in Appendix A.1):

The iterates of SGD (Eq. 3) will converge if

λmax <
2

η
. (5)

In addition, this bound is tight in the sense that it is also a
necessary condition for certain datasets.

According to the Theorem, SGD with high learning rate
will prefer to converge to minima with low λmax, thus se-
lecting them from all (global) minima. Such minima, with
low λmax, tend to have low variability of Hn (as high vari-
ability usually results in larger maximal values).

Next, when increasing the batch size, we typically de-
crease λmax, as we decrease the variability of 〈H〉k and
replace max operations with averaging. Therefore, certain
minima with high variability in Hn will thus become ac-
cessible to SGD. Now SGD may converge to these high
variability minima, which were suggested to exhibit worse
generalization performance than the original minima [10].

This issue can be partially mitigated by increasing the
learning rate [3, 1], in a way which will make these new
minima inaccessible again, while keeping the original min-
ima accessible. However, merely changing the learning rate
may not be sufficient for very large batch sizes, when some
minima with high variability and low variability will even-
tually have similar λmax, so SGD will not be able to dis-
criminate between these minima. For example, in the limit
of full batch (GD), the variability of Hn will not affect λmax

(only their mean).
Now, recall BA can achieve variance reduction that is

significantly lower than the 1/B reduction, which may oc-
cur with an uncorrelated sum of B samples. This implies

1



that the λmax (Eq. 5) would change less in BA than stan-
dard large-batch training, allowing the model to exhibit less
of the aforementioned SGD convergence issues.

A.1. Proof of Theorem A

We examine the first moment dynamics of Eq. 3, by
taking its expectation

wt+1 = (I− η 〈H〉)wt , (6)

where

〈H〉 , 1

N

N∑
n=1

Hn

it is easy to see that a necessary and sufficient condition
for convergence of Eq. 6

λ̄max <
2

η
, (7)

where λ̄max is the maximal eigenvalue of 〈H〉. This is
the standard convergence condition for full batch SGD, i.e.,
gradient descent.

First, to see Eq. 5 is a necessary condition for certain
datasets, suppose we have Hn = 0 in all samples, except,
in a single batch k, for which we have

λmax = max
∀v:‖v‖=1

v> 〈H〉k v ,

In this case, the weights are updated only when we are at
batch k. Therefore, ignoring all the batches, the dynamics
are equivalent to full batch gradient descent with the dataset
restricted to batch k. Therefore, λ̄max = λmax, and we
only have first order dynamics (with no noise). Thus, the
necessary and sufficient condition for stability is Eq. 7 with
λ̄max = λmax, which is Eq. 5.

Next, to show Eq. 5 is also a sufficient condition (for all
data sets) we examine the second moment dynamics. First
we observe that

w>t+1wt+1 = w>t

(
I− η 〈H〉k(t)

)> (
I− η 〈H〉k(t)

)
wt .

= w>t

(
I− 2η 〈H〉k(t) + η2 〈H〉k(t) 〈H〉k(t)

)
wt .

Denoting

〈
H2
〉
,

1

N/B

N/B∑
k=0

〈H〉k 〈H〉k .

Thus, we obtain

‖wt+1‖2 =
[
w>t+1

(
I− 2η 〈H〉+ η2

〈
H2
〉)

wt

]
. (8)

Since Hn are all PSDs it is easy to see that if z is a zero
eigenvector of 〈H〉 or

〈
H2
〉

then it must be a zero vector

eigenvector of other matrix, and also of all Hn, ∀n. We
denote the null space

V ,
{
v ∈ Rd| ‖v‖ = 1, 〈H〉z = 0

}
and its complement V̄ . From Eq. 8 a necessary and suffi-
cient condition for convergence of this equation is

max
v∈V̄

v>
(
I− 2η 〈H〉+ η2

〈
H2
〉)

v < 1 . (9)

To complete the proof we will show that Eq. 5 also implies
Eq. 9, for any B.

First we notice that Eq. 4 implies that ∀v ∈ V̄ :

v>
〈
H2
〉
v =

1

N

N/B∑
k=0

∑
n∈B(k)

v> 〈H〉k Hmv

≤ 1

N

N∑
n=1

λmaxv
>Hnv

= λmaxv
> 〈H〉v .

(10)

Also, since λmax > λ̄max, we have

v> 〈H〉2 v ≤ λmaxv
> 〈H〉v . (11)

We combine the above results to prove the Lemma, and
∀v ∈ V̄ :

v>
[
(I− 2η 〈H〉) + η2

〈
H2
〉]

v

=1− 2ηv> 〈H〉v + η2v>
〈
H2
〉
v

(1)

≤1− 2ηv> 〈H〉v + η2λmaxv
> 〈H〉v

=1− η (2− ηλmax)v> 〈H〉v ,

where in (1) we used Eqs. 10 and 11. Given the condition
in Eq. 5 this is smaller than 1, so Eq. 9 holds, so this proves
the Theorem.

As a side note, we can bound the convergence rate using
the last equation. To see this, we denote PV̄ as the projec-
tion to V̄ , and

λmin , min
∀v∈V̄

v> 〈H〉v

as the smallest non-zero eigenvalue of 〈H〉. iterating the
recursion we obtain that the convergence rate is linear

‖PV̄wt‖2 ≤ (1− η (2− ηλmax)λmin)
t ‖PV̄w0‖2 .

(12)
However, note this bound is not necessarily tight.

B. ImageNet Experiments Details
For ResNet50 [2], we used the data augmentation

method advocated by [9] that employed various sized



patches of the image with size distributed evenly between
8% and 100% and aspect ratio constrained to the interval
[3/4, 4/3]. The images were also flipped horizontally with
p = 0.5, and no additional color jitter was performed. For
the MobileNet model [4], we used a less aggressive aug-
mentation method, as described in the original paper. In
the AlexNet model [6], we used the original augmentation
regime.

For all ImageNet models, we followed the training
regime by [1] in which an initial learning rate of 0.1 is de-
creased by a factor of 10 in epochs 30, 60, and 80 for a total
of 90 epochs. We applied a weight decay factor of 10−4 to
every parameter in the network except for those of batch-
norm layers.

The ResNet50 model was trained using multiple feed-
forwards and gradient accumulations, creating a ”Ghost
batch normalization” [3] effect, where subsets of 64 images
in the batch are normalized separately
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