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A. Notation and mathematical preliminaries

In this section, we briefly introduce the notation and give
a short presentation of the mathematical preliminaries re-
quired for the proofs. All results can be found in [1, 14].

Let & C R be a bounded domain. We denote
by C°(Q,R") the set of continuous functions and by
Ck(Q,R"), k € N, the set of k times continuously differen-
tiable functions mapping form Q to R™. The corresponding
norms are
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respectively. Here, we set D f = ( for a

Ck’S(ﬁa Rn) = {f € Ck(ﬁa R") : ||fHCk,S(§7R”) < OO}
Q2

for k € Nand s € (0, 1], where the Holder norm is
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For 1 < p < oo, the Lebesgue space LP(2,R™) is the
set of all measurable mappings from €2 to R™ such that
||f||Lp(Q7]Rn) < 00, where

sy = [ Wr@gas)™. @

The Sobolev space H™ (2, R™) with m € N is the set of
all functions f € L?(2,R™) such that for all « € N¥ with
la| < m afunction f(*) € L?(Q, R™) exists satisfying
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for all smooth functions n : 2 — R™ with compact support.
The space H™ ({2, R™) is endowed with the norm
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In what follows, we list several theorems for later reference:

Theorem A.l. We assume that for x;y € R", g €
Co(R x R™,R") and each T > 0 there are constants
C1(T),Ca(T) € (0,00) such that

lg(t, 2)[|l2 < C1(T') 4+ Co(T)| |2 @)

forall (t,x) € [0, T] x R™ Then all solutions of the initial
value problem ©(t) = g(t,x) with x(0) = xinit are defined
forallt > 0.

Proof. See [14, Theorem 2.17]. ]

Theorem A.2 (Gronwall’s inequality). Suppose that the
functions y, o, B € C°([0, T, R) satisfy

Y1) < alt) + / B(s)y(s) ds ®)

for all t € [0,T). If « is monotonically increasing
(i.e. a(s) < a(t) fors <t €[0,T]) and 8 > 0, then

w0 < ates ( [ (s) ) ©)

forallt € 10,7

Proof. See [14, Lemma 2.7]. O

Next, we present special cases of important results in
functional analysis tailored to our particular application.

Definition A.1. A sequence {gy }ren in H™(Q2,R™) con-
verges weakly to g € H™(Q,R") (denoted by g — g)
if for every element g* of the dual space of H™ (2, R")
9"(gx) = 97(9) as k — 0.



Theorem A.3. Let I C R be a bounded and open inter-
val and { gy, }en in H™ (I, R™) be a uniformly bounded se-
quence in H™(I,R™), i.e. there exists a constant C > 0
such that ||gk|gmrny < C for all k € N. Then
there exists a subsequence {gi, }1en of {gk}ren and g €
H™(I,R™) such that gx, — g in H™(I,R™) as | — oc.

Proof. See [2, Chapter 8]. O

Theorem A.4 (Sobolev embedding theorem). Let I C R
be a bounded and open interval. If k,m € N and o €
(0,1) satisfy m — % > k + «, then the operator 1d :
H™(I,R") — C*<(I,R") is continuous and compact. In
particular, for every g € H™(I,R™) there exists a func-
tion § € CF<(I,R™) that coincides with g almost every-

where such that

9lcr.o @ rey < Cllgllmm 1 rn)- (10)
The constant C' solely depends on k, m, I and c.

Proof. See [2, Theorem 10.13]. O

B. Existence of solutions

In this section, we briefly recall the functional analytic
setting of the optimal control problem. Afterwards, we
present the proof for the existence of minimizers of the op-
timal control problem.

Throughout this section, we consider the data fidelity
term D(z,z) = i||Az — 2|3 for a fixed task-dependent
A € RI€*"C and fixed z € RC. The total deep variation R
is parametrized by § € ©, where © C RP is a compact
and convex set of admissible training parameters. We high-
light that the building blocks of R are convolutional layers
at different scales and the smooth log-student-t-distribution
of the form ¢(z) = 5= log(1-+vx?) for v > 0. In particular,
this structure implies

IViR(z,0)l2 < Cr(0,v)]|z]2 (11

for a constant Cr(6,v) > 0 depending on 0 and v. We
define the energy functional as

E(x,0,z) =D(x,z) + R(x,0). (12)

Then, the gradient flow for the finite time interval (0, T) is
B(t) = — V1E(E(1),0,2) = f(&(1),0,2) (13)

=— AT (AZ(t) — 2) — ViR(Z(t),0) (14)

fort € (0,T), where Z(0) = it for a fixed initial value
Tinit € R™C. Here, 7 : [0, 7] — R"“ denotes the differen-
tiable flow of £, and T" > 0 refers to the time horizon. We

assume that 7' € [0, Tyyax] for a fixed Tyax > 0. To for-
mulate optimal stopping, we exploit the reparametrization

x(t) = Z(tT), which results for ¢ € (0, 1) in the equivalent
gradient flow formulation

#(t) = Tf(x(t),0,2),

For fixed N € N, let (2! ;,,9%, 2)Y, € (R"C x R"C x
R!“)N be a collection of N triplets of initial-target image
pairs, and observed data independently drawn from a task-
dependent fixed probability distribution. Let [ : R"¢ — RS‘
be a convex, twice continuously differentiable and coercive
(i.e. limy 2y — 00 I(x) = 4o00) function. Then, the sampled
optimal control problem reads as

.’II(O) = Tjnit - (15)

1M ,
inf {J(T, 0) =+ > (1) - y’)} (16)

T€[0,Tmax]), 0€O Pl

subject to the state equation for each sample

B(t) = Tf(z'(t),0,2"),  2'(0)==x (17)

i
init
fori =1,...,N and ¢t € (0,1). The next theorem ensures
the existence of solutions to this optimal control problem.

Theorem B.1 (Existence of solutions). The minimum
in (16) subject to the side conditions (17) is attained.

Proof. Without restriction, we consider the case N = 1
and omit the superscript. Taking into account (11) we can
estimate as follows:

ITf(2,0,2)|2
<T(|All2lz]l2) + T A3 + Cr (O v)|z]l2.  (18)

Thus, Theorem A.1 implies that [0, 1] is contained in the
maximum domain of existence of the state equation (17)
for any initial value z;ni, € R™. Let (7}, 60;) € [0, Tinax] X
© be a minimizing sequence for J with an associated
state z; € C1([0, 1], R™) such that (17) with (T, §) replaced
by (T}, 6;) holds true. Due to the compactness of [0, Trnax]
and © we can deduce the existence of a subsequence (not
relabeled) such that (7},6;) — (T,6) € [0, Tmax] X ©.
Then, Theorem A.2 in conjunction with (18) implies the
uniform boundedness of ||x;(t)||2 and thus also ||&;(t)]|2
forall t € [0,1] and all j € N. In particular, the se-
quence {z;}jen is uniformly bounded in the Hilbert space
H((0,1),R™). Thus, taking into account Theorem A.3
we can infer that a subsequence (not relabeled) converges
weakly in H1((0,1),R"?) to = € H'((0,1),R"). Theo-
rem A.4 ensures the compact embedding of H((0, 1), R")
into C°([0, 1], R™), which implies z; — x in C°([0, 1], R")
and x(0) = xinj¢. Since f is a smooth function, we can even
conclude € C*([0,1],R™) due to the general theory of
ordinary differential equations presented in [7, Chapter IJ.
Note that x is actually the unique solution to (17). This fol-
lows from the convergence of z; — z in C°([0, 1], R™) and



the smoothness of f. Finally, the theorem follows from the
continuity of /, i.e.

lim J(T;,0;) = lim i(z;(1) —y)

]A)OO
where we used the uniform convergence of z; — x in
C°([0, 1], R™). O

C. Discretized optimal control problem

In this section, we present details for the fully dis-
crete formulation of the sampled optimal control problem.
The state equation (17) is discretized using a semi-implicit
scheme resulting in

i =al —LAT(Azl , —2") — LV iR(z.,0) € R"C
(20)
fors =0,...,5—1andi=1,..., N, where the depth S €

N is a priori fixed. This equation is equivalent to 1 =
f(2i,T,0,2") with

F(@,T,0,2) = B(T) Yz + L(ATz — ViR(z,6))),

B(T) :=1d + gATA. (1)

The initial state satisfies 2§ = 2%, € R"C. Then, the
discretized sampled optimal control problem reads as

N
inf Js(T, ) i 2
Te{o,Tﬁx],eee{ s Z: -y } (22)

subject to 2%, = f(a%,T,0,2%). We define the Lagrange
functional Lg : (R"C)NS+1) 5 [0, Thnax] X © x (RN
(RPCYN(SHY) 5 R as follows:

N
(2, T,0,2,p) — Js(T,0) + > _(ph, xh — Thost)
=1

S—1 N

+ Z Z<pi+17$i+1 - f(xi,T, 0,2'). (23)

s=0 i=1

The discretization of the associated adjoint equation is now
implied by the discrete Pontryagin maximum principle:

Theorem C.1. Let (T,0) be a pair of optimal control
parameters for (22) with the corresponding state equa-
tion {T%}'_ S We define the Hamiltonian

H :R" x R" x [0, Thax] X © x RYY = R,
(2,0, T,6,2) = (p, f(2,T.6,2)). 24)

If it is further assumed that Vf(fi, T,0,2") has full rank
foralli=1,...,N and s =0,...,S, then there exists an
adjomtprocess {pé} 0" s such that

S=

ffﬂq = V2H(ffgaﬁi+1v?7 §7 Zi)v
ff) = x%nit’
Dy = VIH(EZ;T);ﬁ-l)Ta a’ 22)7
- 1 4
P = = Vi@ — 4. (5)
Finally, the solution is optimal in the sense that

N N
Z H(Eiaﬁi+laf7 ga Zl) 2 Z H(fiaﬁi-&-la Ta 97 ZZ)
=1 =1
(26)
forall T € [0, Tynax) and 0 € O.

Proof. For a complete proof, see [1 |, Theorem 3] and [8].
In what follows, we give a heuristic justification for the def-
inition of the Hamiltonian. To this end, we consider the

Lagrange functional Lg with multipliers {ps}; %] ‘‘‘‘ g:
Ls(z,T,0,z,p) (27)
N N
Z )+ D (bbs xh — i)
1=1 i=1
5-1 N
+ Z ps-‘rla 9+1 H(l‘;;p?@+17T70721)) .
s=0 i=1

Takmg the derlvatlves with respect to {z%}'=l" g and

{ny= s N yields (25). O
Thus, (25) readily implies

VlH( evpe+1aT7§7 ZZ)
= (1d - ZVIR(@,0))(1d + TATA) 5L,

L 1o
Ps = — 3 VIT5 —¢). (28)
The next theorem states an exact computable condition for
the optimal stopping time, which is of vital importance for
the numerical optimization:

Theorem C.2 (Optimality condition). Let (T',6) be a sta-
tionary point of Jg with associated states T and adjoint
states D', satisfying (20) and (28). We further assume that
Vf(z.,T,0,2) has full rank for all i = 1,...,N and
s=0,...,S5. Then, we have

N
Z p5+15

i=1

S

|
—

1

@ —T)) =0 (29)
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Proof. We compute the derivative of f(z%, T, 6, z%) with re-
spectto T":
V2f(qu7 Ta 97 Zi)
—1B(1)? (ATZ ~ Vi R(a',0)
— ATAB(T) Y(a + Z(AT 2 — V1 R(a, 9))))
1 1 i
=5 B(T)Hai, — x)), (30)
where we use

LB = —B(T)™ (&BT) B (1)

The existence of the Lagrange multiplier p is readily im-
plied by the rank condition of Vf[ , Chapter 1]. At the
optimum (%, T', 0, z, p) the Lagrange functional L satisfies
the following optimality condition with respect to 7":

V2LS(E7 T» 57 Zﬂﬁ) (32)
S—1

=S

N
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which readily implies (29). O

In the case of image denoising, the scaling B(7T') in the
optimality condition (29) is neglected.

An important property of any learning based method is
the dependency of the learned parameters with respect to
different training datasets [5].

Theorem C.3. Let (T,0),(T,6) be two pairs of control
parameters obtained from two different training datasets.
We denote by x,7 € (R"C)S*TY) two solutions of the state
equation with the same observed data z and initial condi-
tion Xinit, L.e.

xs+1 = f(l.SaTvng)a

fors=1,...,8 —1land xo = To = Tinjt. Let L be the
Lipschitz constant of R, i.e.

V1R (z,0)~ ViR(E,0)2 < Lr H (;) _ @

Tor1 = [(7,T,0,2)  (33)

(34)
2

forall z, 7 € R"C and all 0, 0 € O. Then,
Zs+1 — Tstall2
<IBT) ™ = B@) o (llosllz + 1472
+ ZIViR (e, 0)l2) + 1BA) "z (Jl2s — Tl

+ %HATZHQ + @“VlR(Esaa)HQ
+ Ll )T ~ (78)7 ). 9

Proof. Let g(z,T,0) = x + ZATz — LV R(z,0). By
definition,

Tsy1 = B(T)ilg(xsaTa 0);
Tei1 = B(T) '¢(%,, T, 0). (36)

Thus, we can estimate the upper bound as follows:

2511 — Toyll2 (37)
=|B(T) 'g(zs,T,0) — B(T) " g(@,T,0)|2
<||B(T)~' - B(T)*l\lz(llxsllz + ZIAT 2|2

+ ZIViR (@, O)l2) + 1BT) o (llzs = 7o

+ AT 2| + BT VI R(E, 0)2
+ 5 Lrll(zs,0)" — (557§)T||2).

This concludes the proof. O

Hence, this theorem provides a computable upper bound
for the norm difference of two states with observed value z
and initial value x;,;; evaluated at the same step s, which
amounts to a sensitivity analysis w.r.t. the training data.

D. Additional numerical results

Figure 1 depicts four additional results for the image de-
noising task computed with TDV3; for a noise level o = 25.
The best results in terms of the PSNR value are obtained for
S = 10 and are highlighted in red.

Figure 2 shows four image sequences associated with
image super-resolution with a scale factor 4. The algorithm
generates a transition from the initial upsampled (S = 0)
to a cartoon-like image with strongly pronounced edges
(S = 20). Here, the optimal stopping time is image de-
pendent and determines the best image in terms of PSNR
value.

E. Transferring TDV to different linear inverse
problems

In this section, we elaborate on how the prior information
incorporated in the TDV regularizer can be transferred to
different linear inverse problems without any adaption of
the learnable parameters.

As before, we consider minimizing the variational en-
ergy

E(z,0,2) =D(x,2) + R(z,0), (38)

in which the problem specific data fidelity term

A
D(z,2) = 5llAz - 2[5 (39)



ground truth image noisy image S=5 T= % S=10 T =T S=15 T=3L S=20 T =2T

=2
PNSR = 20.17 PNSR = 26.67 PNSR = 30.39 PNSR = 29.39 PNSR = 28.42

S=20 T=2T
PNSR = 32.56

noisy image s=5 T=T S=10 T=T
PNSR = 20.16 PNSR = 28.02 PNSR = 33.77

ground truth image

noisy image S=15 T=3L S=20 T=2T

ground truth image z ]
PNSR = 20.19 PNSR = 28.13 PNSR = 33.71 PNSR = 33.16 PNSR = 32.16

ground truth image noisy image S=5 T= % S=10 T =T S=15 T = g S=20 T =2T
PNSR = 20.18 PNSR = 28.00 PNSR = 33.92 PNSR = 33.05 PNSR = 32.35
Figure 1. From left to right: Ground truth, noisy input with noise level & = 25 and resulting output of TDV® for (S,T) €

{(5, %), (10,7), (15, g , (20, 2T')}, where the optimal stopping time is 7' = 0.0297. Note that the best image is framed in red.

is used to estimate an image x € R"“ from observed mea- models the data acquisition process of the inverse problem
surements z € R!C. The linear operator A € RIC*nC at hand. The scalar weight A > 0 allows to manually bal-



high resolution low resolution

s=5 T=1
PNSR = 25.56

PNSR = 25.97

S=20 T=2T
PNSR = 22.82
—

low resolution
PNSR = 22.17

low resolution S=10 T =T =20 T =2T
PNSR = 28.56 . PNSR = 30.82 . PNSR = 29.36

high resolution low resolution S=5 T= % S=10 T =T S=15 T = 3? S=20 T =2T
PNSR = 26.38 PNSR = 28.78 PNSR = 29.28 PNSR = 28.33 PNSR = 26.27
Figure 2. From left to right: High resolution, low resolution with scale factor 4,

re e and resulting output of TDV? for (S, T
{(5, %), (10,7, (15, 2L), (20, 2T") }, where the optimal stopping time is 7' = 0.098.



for k =1to K do
/* over—-relaxation */
T = x) + %(xk — Tp_1);
while True do
Th+1 ::Ek — %Y715(3k,9,zﬁ
/* Lipschitz backtracking x/
q=(Tp11—Th, VE(Tk, 0, 2))+ H |z 1 — T3
if £(xgy1,0,2) < E(Z,0,2) + g then
L=1%,
2 b
break;
end
else
| L =2L;
end
end
end

Algorithm 1: Accelerated gradient descent with Lip-
schitz backtracking.

ance the weighting between data fidelity and regularization.
To incorporate prior knowledge in the reconstruction pro-
cess (38), we consider the smooth TDV regularizer R (z, 6).
Here, we assume that the TDV parameters 6 have already
been determined by a previous training process for a differ-
ent inverse problem (e.g. image denoising) as presented in
the paper. As a result, we are able to transfer the regulariza-
tion strategies obtained by training from data on a different
task to another specific restoration/reconstruction problem
by just using the learned regularizer.

For given measurements z € R'C and previously com-
puted trainable parameters § € © we retrieve the restored
image x via

argmin &(x, 0, z). (40)

zERNC

Since both the data fidelity term and the regularization term
are smooth, any convergent first-order gradient method is
suitable for optimizing (40). Algorithm 1 lists the applied
accelerated gradient descent method with Lipschitz back-
tracking. We adopt a Lipschitz backtracking strategy to
approximate the local Lipschitz constant. Algorithm 1 is
known to converge to stationary points of (40) if the num-
ber of iterations K is chosen large enough [3, 13].

To sum up, the idea of reusing prior knowledge extracted
from data for a different inverse problem by means of a reg-
ularizer enables a simple and effective approach that does
not require any further training. Next, we demonstrate the
applicability of this idea by applying a regularizer learned
for gray-scale image denoising to computed tomography
(CT) and magnetic resonance imaging (MRI) reconstruc-
tion.

F. Computed tomography

To showcase the effectiveness of the transfer idea intro-
duced in the previous section, we consider the linear inverse
problem of angular undersampled two dimensional com-
puted tomography (CT). The task of CT is to reconstruct
an image given projection measurements for different ac-
quisition angles. All these measurements are stacked along
the angular dimension to form the sinogram z. In practice
typically R = 2304 acquisition angles with 768 projections
are considered, thus z € R7%8%_ In the case of angular un-
dersampled CT [4] only a fraction of the acquisition angles
are measured. Here, the goal is to reconstruct the image
with a similar quality by incorporating prior knowledge in
the form of regularization.

The angular undersampled CT problem can be addressed
by considering the data fidelity term

A
D(x,z) = §||ARac—zH§, 41)

where A : RIF768X768:768 g the linear projection operator
acquiring R angles introduced in [0] and z = ARy is the
measured sinogram of the true image y. We use the TDV3;
regularizer trained for image denoising and S = 10 without
changing its learnable parameters.

We evaluate the qualitative performance of the pro-
posed regularizer transfer approach on a sample slice of
the MAYO dataset [12]. The reconstructed images from
the fully-sampled, 4/8-fold undersampled sinogram are de-
picted in Figure 8 in the paper. It is clearly visible that the
TDV3; regularizer yields reconstructed images of similar
quality. Consequently, the regularizer is able to remove the
undersampling artifacts while preserving fine details.

G. Magnetic resonance imaging

In this section, we demonstrate the wide-ranging usabil-
ity of the proposed approach by transferring the TDV reg-
ularizer trained for image denoising to parallel accelerated
MRI, which exhibits strong and structured undersampling
artifacts.

In detail, in parallel accelerated MRI only a subset of
the k-space data of each coil is measured during the ac-
quisition process (for details see [9]). The task in parallel
accelerated MRI is the reconstruction of the scanned im-
age x given the undersampled k-space data z; of each re-
ceiver coil © = 1,..., N¢o. To account for multiple coils,
we change the data fidelity term to

Nc
A
D(x, {z}Y9) = o) S IMRFCix — 3. (42)
=1

The linear operator C; € C™"*" weights the complex image
estimate by the coil sensitivity map of the i*" coil, which



was computed by [15], FF € C"*™ is the Fourier trans-
form, and Mpr € C™*"™ is an binary mask for R-fold un-
dersampling. Here, we consider Cartesian undersampled
k-space data as in [9]. As in the previous sections, the
scalar weight A\ needs to be adapted to balance data fidelity
and regularization. Despite the large difference between
noise artifacts and the undersampling artifacts introduced
by Cartesian undersampling, we use the TDV3, regularizer
trained for image denoising and S = 10 to regularize this
linear inverse problem.

We perform a qualitative evaluation of the proposed ap-
proach on a representative slice of an undersampled MRI
knee image. The slice has a resolution of n = 320 - 320 pix-
els, and N¢o = 15 receiver coils were used during the acqui-
sition. Figure 9 in the paper depicts the results of the accel-
erated parallel MRI problem using the TDV3; regularizer.
Although the TDV regularizer was not trained to account
for undersampling artifacts, all these artifacts are removed
in the reconstructions and only some details in the bone
are lost. This highlights the versatility and effectiveness of
the proposed TDV regularizer since both challenging medi-
cal inverse problems can be properly addressed without any
fine-tuning of the learned parameters.
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