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A1: Proof for dt[S(θS→T )].T = dt[S].T (θT→S)

Under the assumption of infinite boundaryless coordi-
nate systems, S is source coordinate system. θS→T is a
transformation require to align S with target coordinate sys-
tem: T ≡ S(θS→T )

Homeomorphism: Most of the transformations we use
for contour alignment applications are homeomorphic. The
property of homeomorphism states that for each transfor-
mation that aligns S to T, there exists an inverse/backward
transform that aligns T to S.

if S(θS→T ) ≡ T, ∃ θT→S ∈ Θ s.t. T (θT→S) ≡ S (1)

s and t represent all nonzero pixel locations in S and T
respectively.

dt[S(θS→T )].T =
∑
t∈T

min
s∈S(θS→T )

‖t− s‖2

change− of − coordinates

=
∑

t∈T(θT→S)

min
s∈S
‖t− s‖2

= dt[S].T (θT→S)

(2)

A2: Min-Max Inequality

Proof for minx
(
f(x) + g(x)

)
≤ minx f(x) +

maxx g(x)

Let us start with below inequality that holds for any x,

f(x) + g(x)≤ f(x) + max
x

g(x) (3)

The above inequality holds for even smallest possible
values of both LHS and RHS.

min
x

(
f(x) + g(x)

)
≤ min

x

(
f(x) + max

x
g(x)

)
(4)

maxx g(x) is constant wrt x.

min
x

(
f(x) + g(x)

)
≤ min

x
f(x) + max

x
g(x) (5)

A3: Detailed derivation for Local shape depen-
dent Chamfer Upperbound

We use min-max inequality to reformulate Eq 5 (in the
main paper) so that one can use the concepts of MDT and
reparameterization as in Eq 3 and 4 (in the main paper).
Min-max inequality states that minimum of the sum of any
two arbitrary functions f(x) and g(x) is upper-bounded by
the sum of minimum and maximum of individual functions.
(Please refer to the appendix A2 for the proofs).

min
x

(
f(x) + g(x)

)
≤ min

x
f(x) + max

x
g(x) (6)

Under mild assumptions (maxx f ≥ maxx g), one can
prove that this is the tightest possible upperbound. Using
the above inequality for the first term on RHS (right hand
side) of Eq 5 results in,∑
x∈X

min
y∈Y

(
E(x, y) + λE(I ′x, I

′
y)
)

≤
∑
x∈X

min
y∈Y

E(x, y) + λ
∑
x∈X

max
y∈Y

E(I ′x, I
′
y)

(7)

Using the inequality for both terms on RHS of Eq 5 re-
sults in an upperbound with original Chamfer distance (Eq
2) and shape-dependent terms as follows,

Cd(X,Y ) ≤ C(X,Y )

+ λ

(
1

NX

∑
x∈X

max
y∈Y

E(I ′x, I
′
y) +

1

NY

∑
y∈Y

max
x∈X

E(I ′y, I
′
x)

)
(8)

Rewriting the above upperbound in the current context
of source to target alignment,

Cd(S(θ), T ) ≤ C(S(θ), T )

+ λ

(
1

NS(θ)

∑
x∈S(θ)

max
y∈T

E(I ′x, I
′
y) +

1

NT

∑
y∈T

max
x∈S(θ)

E(I ′y, I
′
x)

)
(9)
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We denote this upperbound as Cup. As one can observe,
the shape-dependent terms are computationally heavy as the
maximum being taken over the window of the entire image
for each pixel in the other image. However, we can con-
straint this window to be local and search in the neighbor-
hood defined by that window. Moreover, this maximum-
finding operation can be implemented with MaxPool layers.
Finally, this local shape-dependent Chamfer upperbound is
given by,

Cup(S, T ) =

(
dt[S].T (θT→S) + S(θS→T ).dt[T ]

)
+

λ

( ∑
x∈S(θ)

max
y∈Tx

E(I ′x, I
′
y) +

∑
y∈T

max
x∈Sy(θ)

E(I ′y, I
′
x)

)
(10)

As mentioned, this upperbound is a weighted combina-
tion of Chamfer loss that measures proximity and a local
shape-dependent loss. It is interesting take a closer look at
the shape-dependent terms which are distances between two
unit gradients.

E(I ′x, I
′
y) =

√
|I ′x − I ′y|22

=
√
I ′2x + I ′2y − 2I ′Tx .I

′
y

∝
√

1− I ′Tx .I ′y

(11)

When the local window is restricted to be 1×1, minimizing
the above term is related to maximizing cross-correlation
in intensity gradient space. When raw pixel intensities are
used in place of gradients, this is maximizing NCC-related
metric.

Now the upperbound loss with unit gradients as local
shape measures,

Cup
(
S(θ), T

)
=

(
dt[S].T (θT→S) + S(θS→T ).dt[T ]

)
+ λ

( ∑
x∈S(θ)

max
y∈Tx

√
1− I ′Tx .I ′y

+
∑
y∈T

max
x∈Sx(θ)

√
1− I ′Ty .I ′x

)
(12)

A4: Background for Multiscale Feature based
Approaches

Our designs in this work are majorly inspired by several
principles followed in the classical literature. One of them
is using multiscale features for incremental alignment. In
the classical literature of image registration and optical flow
fields, large scale displacements are addressed with multi-
scale approaches [9, 1, 10]. These schemes help to increase
search scope and escape local minima [3].

These multiscale problem-solving practices have re-
cently regained attention in deep network architectures.
Several recent approaches use input images or their fea-
tures at different resolutions to improve object detection [2]
and segmentation [8, 5]. Recent versions of several popular
object detection frameworks such as YOLO [7] employed
multiscale processes to detect objects at multiple scales of
the feature hierarchy independently and fuse them for ro-
bust detections. For semantic label and contour estimation,
several works [8, 11] exploit lateral/skip connections that
associate low-level feature maps across resolutions and se-
mantic levels. Inspired by the effectiveness of multiscale
processes in classical and modern literature, we design a
deep network that solves alignment problem incrementally
at multiple scales.

A5: Background for Progressive Transforma-
tions

In classical literature [4, 6] another commonly used prac-
tice when estimating complex transformations is to start by
estimating a simple transform such as affine and then pro-
gressively increase the transform-complexity to refine the
estimates along the way. The motivation behind this prac-
tice is that estimating a very complex transformation could
be hard and computationally inefficient in the presence of
noise, so a robust and fast rough estimate of a simpler trans-
formation can be used as a starting point, also regularizing
the subsequent estimations of the more complex transfor-
mations.

In this work, we follow this practice as we deal with
complex misalignments. We start at coarser scales by es-
timating an affine transformation, which is a linear transfor-
mation with 6 degrees-of-freedom (DOF), capable of mod-
eling translation, rotation, non-isotropic scaling, and shear.
This estimated affine grid is refined through finer scale net-
works which employ more flexible transformations (for ex-
ample, thin-plate splines in this work).
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