1 Laplacian Mixture Model (LM M)

1.1 The maximum likelihood of the model

Let log(L(A; X, Z)) be the log-ML of the model where X = {x1,x2,...,2x} are data points in R”,
Z; = k is the event of x; being associated with mixture component k and A are the parameters of
the model.

K

log(z I(z = k)7 - f(245mp, 51))

1 k=1

I
M) =

log(L(\; X, Z))

<.
Il

I(z; = k) [log(1x) + log(f(zi; mg, sk)]

= s (] (g (-225224)) )

D
I(zi = k) [log Tk) (Z (—log 25k.d) — W))]

d=1

I
,MZ

s
Il
—

s
Il
—

I I
M= 1=
M= 1M 1M

1

>
Il

A 1

1.2 Expectation step (E step)

Let T( ) be the conditional probability of sample x; being associated with component k, given the

sample x; and the current estimate of the parameters A0
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Let Q ()\\)\(t)) be the expected value of the log likelihood function, with respect to the conditional
distribution of Z given X under the current estimate of the parameters A®)
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1.3 Maximization step (M step)

Compute A+ = arg maxQ(A|A®)
A
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1.4 Fisher Vector

Let X = x1,29,...,zy be new samples and let A\ = (m, s) be the parameters of the LM M that
were found by running the EM on the training samples X7,,,. Let £ (A|X) be the log-likelihood of
the new samples given .

LX) = Zlog <Z7'k f xl,mk,sk)>

The fisher vector entries for xy, za,...,x N are the gradients of £ (A X) with respect to A.
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1.5 Derivation of the Fisher Information Matrix

See 2.5.3 and 2.5.4 as the derivations are almost identical.



2 Hybrid Gaussian-Laplacian Mixture Model (HGLM M)

2.1 The maximum likelihood of the model

Let log(L(\; X, Z)) be the log-ML of the model where X = {x1,x2,...,2x} are data points in R”,
Z; = k is the event of x; being associated with mixture component k and A are the parameters of
the model.
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2.2 Expectation step (E step)

Let T,E,ti) be the conditional probability of sample x; being associated with component k, given the

sample z; and the current estimate of the parameters A®
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Let @ ()\\)\(t)) be the expected value of the log likelihood function, with respect to the conditional
distribution of Z given X under the current estimate of the parameters A(*)
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2.3 Maximization step (M step)

Compute AT = arg maxQ(A|A®)
A



2.3.1 Derive 7.
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2.3.6 Derive b 4

The contribution of by 4 to the log maximum likelihood is
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2.4 Fisher Vector

Let X = 21,x9,...,zy be new samples and let A = (i, 0, m, s, b) be the parameters of the HGLM M
that were found by running the EM on the training samples Xp,.,,. Let £ (A|X) be the log-likelihood
of the new samples given .

LAX) = ZIOg (ZTk f szaﬂkao'kumk,Sk,bk))

=1 k=1

The fisher vector entries for xy, z2,...,x N are the gradients of £ (A|X) with respect to A.
T f (s ks Ok e S Dk )
25:1 T’V"f(xi;u’l‘7o-’l‘7m7‘75’l‘7b’l‘)

For convenience, let T}, ; =

2.4.1 4 entries

8Mkd L (ANX)=0if by q=1. Otherwise (i.e. byq = 0):

N 0 Zq{il Ty - f(x’i;u’r’70-1”7m’r‘787‘7b7“)

0 ok d
LA\X) = :
al‘l’k},d ( ‘ ) Zz; 27{11 T’r’ ° f (xm Mra 0-7’7 mm 87‘7 bT)

N1 52— f (i g, Ok, Mk, Sk, bi)

k
_ Z ZKauk,d

r=1Tr" f (xi; M5 Opy My Sy, br)

b, u 1—bg &
g 1 ! ziummea \\ () ) ) )
N Tk Opk,a +u=l 28k, P~ Sk,u OV 2T exp i\~ 20} .,
=2 %
‘ 2.

r=1Tr" f (%’? Moy Opy My Spr,y br)

=1
b u 1-b u
D 1 ’wi,u_mk,u’ o 1 (xi,u_ﬂk,u)2 ( w )
N Tk- HU?fd Tk CP\ T sk “\opuvor P\~ 207 .,
= K
=1 Zrzl Tr - f(xiS,UraUramrasmbr)

1-bg,q
. < 1 exp <_ |1'i,d - mk,d| ) > Bk.d 0 1 exp | — (l‘i,d — .Uk:,d)2 ( )
25k.u Sk,d Opkd | \ opav2m 207 4

N
-y Tk f (@33 pies O, My S, b)) 0 (_(fﬁi,d—uk,d)2>

K )
= > o f (@i e, 0 S, by Opik,d 2‘7k,d

_ZT’”‘ — Hkd

kd

12



2.4.2 04 entries
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2.5 Derivation of the Fisher Information Matrix

Similarly to [1], our derivations are based on two assumptions. The first one is that the number
of low-level features z; extracted from each sample is constant and equal to N. The second one is
that for each observation x;, the distribution of the occupancy probability T}, ; is sharply peaked.
This means that there is one index k such that T ; ~ 1 and that Vr # k,T,; = 0. This second
property is based on empirical observation. Therefore, Tk% ;2 Ty

G (v|pg,d, ok,a) i brpg=1
L (:c|mk7d, Sk,d) 0. W.
Where G is the univariate Gaussian distribution and L is the univariate Laplacian distribution.

For convenience let Hy, , (z) = {

Let us denote by fy, ;s fopq> frwq and fs,, the terms on the diagonal of the Fisher informa-
LX) LXN) LX) 0 q £
Optg,a 7 O0k,q ’ Ompq Osp,q

tion matrix F' which correspond respectively to

Our derivations follow Appendix A in [1].
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2.5.1 I
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The normalization is only interesting if by 4 = 0
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2.5.2 F
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(y‘,d - Mk,d)4
= T} - / Prd(We,al\) " ——"—dyi.a
Yt,d Ok.d

4
Yt.d — Hk,d - #k,d)

2
=Tk / exp | — | =—F—=—" (i — pea). dyt.d
Ok,dV 2 Yt.d ﬁak,d Ug,d '

2 4
_ A exp | - Yt,d — Mk,d Yid — Mk,d s
Jz’d\/ 21 Jy, 4 \/ﬁahd \/Qahd ’
= —— [ exp (—v°) v dv
Jz’d\/ 27 Jo P ( )
421, 3T
Jz’d\/ or 4
3Tk

2
Ok.,d

2
Yid — Mk,d
= —27; / pk,d(yt,d\)\)%dyt,d
Y

t.d Ok.d

2 2
=27 (yt,d — Mk,d) (Yi,d — Hk,d)
exp | — s e

/72 , 4 d t,d
Uk,d Yt,d \/70'k’d Uk'»d

2 2

A7 exp Yt.d — Hk,d Yid — Hk,d iy

-k _ | Zbd Pk Jund — Fkd ‘
op V21 Sy, V2044 V2044

—4\/27;

P e — ex

U,id\/ 27 Jo

—4\/§Tk ﬁ

O'g Var 2

—273

p (—vz) vidv

Ok,d

Finallys f,, =0+ N+ (3 - 2 + 3t ) = 4

Ok.d Ok.d O%.d Ok,d
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253 L

Mg,d

The normalization is only interesting if by 4 = 1

Using the definition of the fisher kernel and the value o

OL(y; | A
Ja = Jy p(VIN) [, 25

fM we get:

de

if yr.a > mpq
O.W.

OL(yilN) _
omy,q

R
t#u

For t # u, using independence of y; and ¥, we get:
Syowe Atk d) Au(k, d)p (e, yulN) dyedyu = [, Ar(k, d)p (yeN) dye - [, Au(k, d)p (yulA) dyu

Tk,4

Sk,d

Let A; (k,d) = then:

{4

Fona = (k. d) Au (b, d)p (y, yul ) dyedye + S0 [, Arh, d)p (ye|A) dye

Using the definition of T}, ; we get:

T 1 if Yt.d > Mi.d A 1 if Yt,d > Mi.d
Akl = L N plul) =z [ i p (il =
1 if Yt.d > Mk.d

TkPk (Y| A) { 1

O0.W.

Therefore:

if yrq >mpa dy,

{4

[ Akdp@iNdn = [ Ty

Yt Yt k,d o.W.
Tk 1 if g g > my .d
=— |11/ praecNdyec / Ph.d(Yr.al ) { . o dyy.q
Sk,d c7éd Yt,c Yt,d o 0.w.
Tk 1 if yr.qg > my d
=—|\II /| Horulvee) dyre / Pr,d(Ye.dlA) { 1 o dyt,a
Sk,d c#d Yt,c Yt,d o.w.
Tk 1 if e g > mg.d
=— / pk,d(yt,dl/\){ 1 - dyt,d
Sk,d Yt.d — 0. W.
—-m 1 if
_ 7'5 / exp <_yt,d l<:7d|> { 1t Yd > Mid dy,
25ka Jya Sk,d -1 0.w.
_ Tk / exp ( |Yt,a — mk,d\) +/ exp < |Yt,a — mk,d|>
25%,d Yt,d<Mp,d Sk,d Yt,d>Mi,d Sk,d

if yr.a > mpq

OW. (yt!)\)

2 2
Ak, () = T | bt =

Therefore:

kdpk(yt’)‘)
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/ Ak, d)p (3l ) dye = / P (e Ny
d

Yt

Tk
= — Ph,d(Yt,e|N)dye / Pr.d(Ye,a|N)dYt,d
Y

Sk d c;éd yt c t,d
Tk

2
Sk.d

Finally: fi, , =0+ N - = = &

d Sk.,d
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254 F

Sk,d

The normalization is only interesting if by 4 = 1
Using the definition of the fisher kernel and the value of oL

fona = Fyp () [, 2500 av

(Y|’\) we get:

Let A (k d) a[«(yzp\) Tk,d (W — skl’d> then:

Osk,d 53 4

Fora = 2ot=tnv [y, Ar(ks D) Au(k, d)p (5, yulA) dyedyu + iy Sy, Ak, d)?p (yel A) dyr
t#u
For t # u, using independence of y; and y,, we get:
Sy Atk d)Au(k, d)p (ye, yulA) dyedyu = [, Ae(k, d)p (yelN) dye - [, Au(k; d)p (yul) dyu
YtsYu Yyt Yu

Using the definition of T}, ; we get:
Ak, dp (0 = T (”"‘ ) (wlA) = (’yt’d;’"’“d‘ - ) p(uilA) =

Sk,d 574 Sk,d
TkPk (Y| ) (W - s,k1d>

Therefore:
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m
/ Ak, d)p (1] dys kdl

Yt

/ TPk (Ye|A)

1/

C;éd Yt,c

[I

c#d 7 Yte

Tk - pkd Y, c’)\ dytc

Tk - kud ytc) dytc

/ < |Yt.d
pk,d
Yt,d

|[Yt,a — my, B
2
Sk.d

Ytd — ,
Tk'/ P, (Yt,a|\) “27
Sk

|ytd — myg d\

1
o
Sk,d
/ Pra(yeal) (
Yt,d

/ Pk,d(Ye,d|\) (
Yt,d

meal 1

- — | Wra
d Sk,d
—m
i
Sk.d Sk.d

\yt,d - mk,d|

| exp(
Yt,d

2
23kd

)

Sk,d

)(

Sk,d

> dyt.d
Sk,d

M d|
2

|yt,d -
Sk.d

’ytd mg d|

2
Sk,d

Yt,d<Mk,d
—00

Yt,d — Mkd

2
23k;d

)

Sk,d

exp (—
Sk,d

o0
+ /
Yt,d>Mk,d

- [_ / " exp (<v) (0)
_ ;.lfoexp<—v>< v) dv -

=0

Ag(k,d)?p (ye]A) =

|yt,d*mk,d|2 9 |yt,d*mk,d|
Sh.a B 3

TPk (Ye|A) <

Therefore:

25

2
Yt,d—Mk,
7, <w - Sk1d> p (elA) = T

exp (—v)

[ee)
dv + /
v>0

Tk

Sk,d

|yt,d_mk,d
t 2 -
’ Sk,d

Mid — yt,d) <mk,d - yt,d) dy
td
, Skd

Yt.d — Mk.d
Sk.d

Tk

Sk,d

) -

Tk

Sk,d

(v)

2
S,jd> Pl =

1
- ) dy.q
Skd

1
)dytd
Sk.d



/ Ay(k, d)?p (3| \) dy, = / i (el \) Ay (k, d)2dys

Prd(YealN) Ae(k, d)?dy: g

Prd(ealN) Ae(k, d)*dyt g

Yt Yt
=T H/ Pr,d(Yt,e| N Ay, /
c;éd Yt,c Yt,d
=Tk H Hy, , (Yt.c) dy,c
c#d "V Yte Yt,d
_ Y4 — Mial”
=T - Pr.d(Yt,a|N) 1
Yt,d Sk,d

We'll split this expression to three parts:
1)

-m 1
_ ol¥ed - kal 1 Ay
Sk,d k: d

1
=Tg- / Pr,d(Ye,dlA) 5—dYi.a
Yt,d S

k.d
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2
_ A |yt,d — Mgkd
=T Pr,d(Ytal\) = dYrq
Yt,d Sk,d
2
Tk Y. — Mrdl\ [Ye,a — Mia p
=5 exp | — 7} Yt.d
Sk.d Yt.d Sk,d Sk,d
2
_ Tk [Yt,a — Midl \ [Ye,d — Mi.d
=93 exp | — 3 dyt,q
Skd  Jyra Sk,d Sk,d
2
Tk \yt,d — Mkd \yt,d - mk,d! d
=53 exp | — 5 Yt.d
Skd  Jyra Sk,d Sk.d
Tk Ye,d <Mk, Med— Ye.d \ [ Mkd — Yt.d
23k’d — oo Sk.d Sk,d
00 2
Yt.d — Mkd Yt.d — Mkd
+ exp | — dyt,q
Yt,d>Mk d Sk,d Sk,d

2
) dyiq

Tk v>0 00
=52 [/ exp (—v) (v2) dv +/ exp (—v) (v2) dv}
Skd 0o v>0
Tk > 9
= - exp (—v) (v*) dv
Skd Jv>0
_ 27T
- 2
Sk.d
3)
|yt,d — Mgd
= =27 / pk,d(yt,dp\)gi‘dyt,d
Yt,d Sk,d
Tk 1Ye.d — Midl \ Yt — Mid
=—- exp | — d
Skd  Jyra Sk,d Sk,d
_ —27%
- 2
Sk.d
Finally: f5, , =0+ N - <227k _ 2 Tk) — N
’ Sk.,d Sk.,d Sk.,d Sk.,d
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