
1 Laplacian Mixture Model (LMM)

1.1 The maximum likelihood of the model

Let log(L(λ;X,Z)) be the log-ML of the model where X = {x1, x2, . . . , xN} are data points in RD,
Zi = k is the event of xi being associated with mixture component k and λ are the parameters of
the model.

log(L(λ;X,Z)) =

N
∑

i=1

log(

K
∑

k=1

I(zi = k)τk · f(xi;mk, sk))

=
N
∑

i=1

K
∑

k=1

I(zi = k) [log(τk) + log(f(xi;mk, sk)]

=
N
∑

i=1

K
∑

k=1

I(zi = k)

[

log(τk) + log

(

D
∏

d=1

(

1

2sk,d
exp

(

−|xi,d −mk,d|
sk,d

))

)]

=

N
∑

i=1

K
∑

k=1

I(zi = k)

[

log(τk) +

(

D
∑

d=1

(

− log (2sk,d)−
|xi,d −mk,d|

sk,d

)

)]

1.2 Expectation step (E step)

Let T
(t)
k,i be the conditional probability of sample xi being associated with component k, given the

sample xi and the current estimate of the parameters λ(t)

T
(t)
k,i = P (Zi = k|Xi = xi;λ (t))

=
P (Xi = xi|Zi = k;λ (t))P (Zi = k)

∑K
r=1 P (Xi = xi|Zi = r;λ (t))P (Zi = r)

=
τk · f (xi;mk, sk)

∑K
r=1 τr · f (xi;mr, sr)

LetQ
(

λ|λ(t)
)

be the expected value of the log likelihood function, with respect to the conditional

distribution of Z given X under the current estimate of the parameters λ(t)

Q
(

λ|λ(t)
)

= EZ|X,λ(t) [log (L (λ;X,Z))]

=
N
∑

i=1

K
∑

k=1

T
(t)
k,i

[

log(τk) +

(

D
∑

d=1

(

− log (2sk,d)−
|xi,d −mk,d|

sk,d

)

)]
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1.3 Maximization step (M step)

Compute λ
(t+1) = argmax

λ

Q(λ|λ(t))

1.3.1 Derive τk

Solve
∂Q(λ|λ(t))

∂τk
= 0 under the restriction

∑K
r=1 τr = 1. Using lagrange multipliers:

Q
(

λ|λ(t)
)

+ β ·
(

K
∑

r=1

τr − 1

)

= 0

Derive by τk:

1

τk
·

N
∑

i=1

T
(t)
k,i + β = 0

τk = − 1

β
·

N
∑

i=1

T
(t)
k,i

Derive by β:

K
∑

r=1

τr = 1

Therefore:

K
∑

r=1

− 1

β
·

N
∑

i=1

T
(t)
r,i = 1

β = −
K
∑

r=1

N
∑

i=1

T
(t)
r,i

τk =

∑N
i=1 T

(t)
k,i

∑K
r=1

∑N
i=1 T

(t)
r,i
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1.3.2 Derive mk,d

Solve
∂Q(λ|λ(t))

∂mk,d
= 0

N
∑

i=1

T
(t)
k,i · (−1)

∂

∂mk,d

{

mk,d − xi,d if mk,d > xi,d
xi,d −mk,d o.w.

= 0

N
∑

i=1

T
(t)
k,i

{

−1 if mk,d > xi,d
1 o.w.

= 0

∑

mk,d≤xi,d

T
(t)
k,i =

∑

mk,d>xi,d

T
(t)
k,i

1.3.3 Derive sk,d

Solve
∂Q(λ|λ(t))

∂sk,d
= 0

N
∑

i=1

T
(t)
k,i (−1) ·

(

1

sk,d
− |xi,d −mk,d|

s2k,d

)

= 0

N
∑

i=1

T
(t)
k,i |xi,d −mk,d| = sk,d ·

N
∑

i=1

T
(t)
k,i

sk,d =

∑N
i=1 T

(t)
k,i |xi,d −mk,d|
∑N

i=1 T
(t)
k,i
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1.4 Fisher Vector

Let X = x1, x2, . . . , xN be new samples and let λ = (m, s) be the parameters of the LMM that
were found by running the EM on the training samples XTrn. Let L (λ|X) be the log-likelihood of
the new samples given λ.

L (λ|X) =

N
∑

i=1

log

(

K
∑

k=1

τk · f (xi;mk, sk)

)

The fisher vector entries for x1, x2, . . . , xN are the gradients of L (λ|X) with respect to λ.

For convenience, let Tk,i =
τk·f(xi;mk,sk)∑K
r=1 τr·f(xi;mr,sr)

1.4.1 mk,d entries

∂

∂mk,d
L (λ|X) =

N
∑

i=1

∂
∂mk,d

∑K
r=1 τr · f (xi;mr, sr)

∑K
r=1 τr · f (xi;mr, sr)

=
N
∑

i=1

τk · ∂
∂mk,d

f (xi;mk, sk)
∑K

r=1 τr · f (xi;mr, sr)

=
N
∑

i=1

τk · ∂
∂mk,d

∏D
u=1

(

1
2sk,u

exp

(

−|xi,u−mk,u|
sk,u

))

∑K
r=1 τr · f (xi;mr, sr)

=

N
∑

i=1

τk ·
∏D

u 6=d

[(

1
2sk,u

exp

(

−|xi,u−mk,u|
sk,u

))]

∑K
r=1 τrf (xi;mr, sr)

· ∂

∂mk,d

(

1

2sk,d
exp

(

−|xi,d −mk,d|
sk,d

))

=
N
∑

i=1

τk · f (xi;mk, sk)
∑K

r=1 τr · f (xi;mr, sr)
· ∂

∂mk,d

(

−|xi,d −mk,d|
sk,d

)

=
N
∑

i=1

Tk,i

sk,d
·
{

1 if xi,d > mk,d

−1 o.w.
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1.4.2 sk,d entries

∂

∂mk,d
L (λ|X) =

N
∑

i=1

∂
∂sk,d

∑K
r=1 τr · f (xi;mr, sr)

∑K
r=1 τr · f (xi;mr, sr)

=

N
∑

i=1

τk · ∂
∂mk,d

f (xi;mk, sk)
∑K

r=1 τr · f (xi;mr, sr)

=

N
∑

i=1

τk · ∂
∂sk,d

∏D
u=1

(

1
2sk,u

exp

(

−|xi,u−mk,u|
sk,u

))

∑K
r=1 τr · f (xi;mr, sr)

=
N
∑

i=1

τk ·
∏D

u 6=d

[(

1
2sk,u

exp

(

−|xi,u−mk,u|
sk,ud

))]

∑K
r=1 τrf (xi;mr, sr)

· ∂

∂sk,d

(

1

2sk,d
exp

(

−|xi,d −mk,d|
sk,d

))

=
N
∑

i=1

τk ·
∏D

u 6=d

[(

1
2sk,u

exp

(

−|xi,u−mk,u|
sk,ud

))]

∑K
r=1 τrf (xi;mr, sr)

·
[(

− 1

2s2k,d
exp

(

−|xi,d −mk,d|
sk,d

)

)

+

(

1

2sk,d
exp

(

−|xi,d −mk,d|
sk,d

)

·
(

|xi,d −mk,d|
s2k,d

))]

=

N
∑

i=1

Tk,i

(

|xi,d −mk,d|
s2k,d

− 1

sk,d

)
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1.5 Derivation of the Fisher Information Matrix

See 2.5.3 and 2.5.4 as the derivations are almost identical.
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2 Hybrid Gaussian-Laplacian Mixture Model (HGLMM)

2.1 The maximum likelihood of the model

Let log(L(λ;X,Z)) be the log-ML of the model where X = {x1, x2, . . . , xN} are data points in RD,
Zi = k is the event of xi being associated with mixture component k and λ are the parameters of
the model.

log(L(λ;X,Z)) =

N
∑

i=1

log(

K
∑

k=1

I(zi = k)τk · f(xi;µk, σk,mk, sk, bk))

=
N
∑

i=1

K
∑

k=1

I(zi = k) [log(τk) + log(f(xi;µk, σk,mk, sk, bk)]

=
N
∑

i=1

K
∑

k=1

I(zi = k)

[

log(τk) + log

(

D
∏

d=1

(

(

1

2sk,d
exp

(

−|xi,d −mk,d|
sk,d

))bk,d

·
(

1√
2πσk,d

exp

(

−(xi,d − µk,d)
2

2σ2
k,d

))(1−bk,d)












=
N
∑

i=1

K
∑

k=1

I(zi = k)

[

log(τk) +

(

D
∑

d=1

(bk,d)

(

− log (2sk,d)−
|xi,d −mk,d|

sk,d

)

+ (1− bk,d) ·
(

− log
(√

2πσk,d

)

− (xi,d − µk,d)
2

2σ2
k,d

))]

2.2 Expectation step (E step)

Let T
(t)
k,i be the conditional probability of sample xi being associated with component k, given the

sample xi and the current estimate of the parameters λ(t)

T
(t)
k,i = P (Zi = k|Xi = xi;λ (t))

=
P (Xi = xi|Zi = k;λ (t))P (Zi = k)

∑K
r=1 P (Xi = xi|Zi = r;λ (t))P (Zi = r)

=
τk · f (xi;µk, σk,mk, sk, bk)

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)
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LetQ
(

λ|λ(t)
)

be the expected value of the log likelihood function, with respect to the conditional

distribution of Z given X under the current estimate of the parameters λ(t)

Q
(

λ|λ(t)
)

= EZ|X,λ(t) [log (L (λ;X,Z))]

=

N
∑

i=1

K
∑

k=1

T
(t)
k,i

[

log(τk) +

(

D
∑

d=1

(bk,d)

(

− log (2sk,d)−
|xi,d −mk,d|

sk,d

)

+ (1− bk,d) ·
(

− log
(√

2πσk,d

)

− (xi,d − µk,d)
2

2σ2
k,d

))]

2.3 Maximization step (M step)

Compute λ
(t+1) = argmax

λ

Q(λ|λ(t))
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2.3.1 Derive τk

Solve
∂Q(λ|λ(t))

∂τk
= 0 under the restriction

∑K
r=1 τr = 1. Using lagrange multipliers:

Q
(

λ|λ(t)
)

+ β ·
(

K
∑

r=1

τr − 1

)

= 0

Derive by τk:

1

τk
·

N
∑

i=1

T
(t)
k,i + β = 0

τk = − 1

β
·

N
∑

i=1

T
(t)
k,i

Derive by β:

K
∑

r=1

τr = 1

Therefore:

K
∑

r=1

− 1

β
·

N
∑

i=1

T
(t)
r,i = 1

β = −
K
∑

r=1

N
∑

i=1

T
(t)
r,i

τk =

∑N
i=1 T

(t)
k,i

∑K
r=1

∑N
i=1 T

(t)
r,i

2.3.2 Derive µk,d

Solve
∂Q(λ|λ(t))

∂µk,d
= 0

N
∑

i=1

T
(t)
k,i (1− bk,d) ·

(

µk,d − xi,d

σ2
k,d

)

= 0

N
∑

i=1

T
(t)
k,i (µk,d − xi,d) = 0

µk,d =

∑N
i=1 T

(t)
k,i · xi,d

∑N
i=1 T

(t)
k,i
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2.3.3 Derive σk,d

Solve
∂Q(λ|λ(t))

∂σk,d
= 0

N
∑

i=1

T
(t)
k,i (1− bk,d) ·

(

− 1

σk,d
+

(xi,d − µk,d)
2

σ3
k,d

)

= 0

N
∑

i=1

T
(t)
k,i (xi,d − µk,d)

2 = σ2
k,d ·

N
∑

i=1

T
(t)
k,i

σ2
k,d =

∑N
i=1 T

(t)
k,i (xi,d − µk,d)

2

∑N
i=1 T

(t)
k,i

2.3.4 Derive mk,d

Solve
∂Q(λ|λ(t))

∂mk,d
= 0

N
∑

i=1

T
(t)
k,i · (−bk,d)

∂

∂mk,d

{

mk,d − xi,d if mk,d > xi,d
xi,d −mk,d o.w.

= 0

N
∑

i=1

T
(t)
k,i

{

−1 if mk,d > xi,d
1 o.w.

= 0

∑

mk,d≤xi,d

T
(t)
k,i =

∑

mk,d>xi,d

T
(t)
k,i

2.3.5 Derive sk,d

Solve
∂Q(λ|λ(t))

∂sk,d
= 0

N
∑

i=1

T
(t)
k,i (−bk,d) ·

(

1

sk,d
− |xi,d −mk,d|

s2k,d

)

= 0

N
∑

i=1

T
(t)
k,i |xi,d −mk,d| = sk,d ·

N
∑

i=1

T
(t)
k,i

sk,d =

∑N
i=1 T

(t)
k,i |xi,d −mk,d|
∑N

i=1 T
(t)
k,i
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2.3.6 Derive bk,d

The contribution of bk,d to the log maximum likelihood is

N
∑

i=1

T
(t)
k,i

[

bk,d

(

− log (2sk,d)−
|xi,d −mk,d|

sk,d

)

+ (1− bk,d) ·
(

− log
(√

2πσk,d

)

− (xi,d − µk,d)
2

2σ2
k,d

)]

=

bk,d ·
N
∑

i=1

T
(t)
k,i

(

− log (2sk,d)−
|xi,d −mk,d|

sk,d

)

+ (1− bk,d) ·
N
∑

i=1

T
(t)
k,i

(

− log
(√

2πσk,d

)

− (xi,d − µk,d)
2

2σ2
k,d

)

Let

Lbk,d =

N
∑

i=1

T
(t)
k,i

(

− log (2sk,d)−
|xi,d −mk,d|

sk,d

)

Gbk,d =

N
∑

i=1

T
(t)
k,i

(

− log
(√

2πσk,d

)

− (xi,d − µk,d)
2

2σ2
k,d

)

Therefore under the restriction that 0 ≤ bk,d ≤ 1 we get that

bk,d =

{

1 if Lbk,d > Gbk,d

0 o.w.
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2.4 Fisher Vector

LetX = x1, x2, . . . , xN be new samples and let λ = (µ, σ,m, s, b) be the parameters of theHGLMM

that were found by running the EM on the training samples XTrn. Let L (λ|X) be the log-likelihood
of the new samples given λ.

L (λ|X) =

N
∑

i=1

log

(

K
∑

k=1

τk · f (xi;µk, σk,mk, sk, bk)

)

The fisher vector entries for x1, x2, . . . , xN are the gradients of L (λ|X) with respect to λ.

For convenience, let Tk,i =
τk·f(xi;µk,σk,mk,sk,bk)∑K
r=1 τr·f(xi;µr,σr,mr,sr,br)

2.4.1 µk,d entries

∂
∂µk,d

L (λ|X) = 0 if bk,d = 1. Otherwise (i.e. bk,d = 0):

∂

∂µk,d
L (λ|X) =

N
∑

i=1

∂
∂µk,d

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

=

N
∑

i=1

τk · ∂
∂µk,d

f (xi;µk, σk,mk, sk, bk)
∑K

r=1 τr · f (xi;µr, σr,mr, sr, br)

=
N
∑

i=1

τk · ∂
∂µk,d

∏D
u=1

[

(

1
2sk,u

exp

(

−|xi,u−mk,u|
sk,u

))bk,u

·
(

1
σk,u

√
2π

exp

(

−(xi,u−µk,u)
2

2σ2
k,u

))(1−bk,u)
]

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

=
N
∑

i=1

τk ·
∏D

u 6=d

[

(

1
2sk,u

exp

(

−|xi,u−mk,u|
sk,u

))bk,u

·
(

1
σk,u

√
2π

exp

(

−(xi,u−µk,u)
2

2σ2
k,u

))(1−bk,u)
]

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

·
(

1

2sk,u
exp

(

−|xi,d −mk,d|
sk,d

))bk,d ∂

∂µk,d





(

1

σk,d
√
2π

exp

(

−(xi,d − µk,d)
2

2σ2
k,d

))(1−bk,d)




=

N
∑

i=1

τk · f (xi;µk, σk,mk, sk, bk)
∑K

r=1 τr · f (xi;µr, σr,mr, sr, br)
· ∂

∂µk,d

(

−(xi,d − µk,d)
2

2σ2
k,d

)

=
N
∑

i=1

Tk,i ·
xi,d − µk,d

σ2
k,d
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2.4.2 σk,d entries

∂
∂σk,d

L (λ|X) = 0 if bk,d = 1. Otherwise (i.e. bk,d = 0):

∂

∂σk,d
L (λ|X) =

N
∑

i=1

∂
∂σk,d

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

=
N
∑

i=1

τk · ∂
∂σk,d

f (xi;µk, σk,mk, sk, bk)
∑K

r=1 τr · f (xi;µr, σr,mr, sr, br)

=
N
∑

i=1

τk · ∂
∂σk,d

∏D
u=1

[

(

1
2sk,u

exp

(

−|xi,u−mk,u|
sk,u

))bk,u

·
(

1
σk,u

√
2π

exp

(

−(xi,u−µk,u)
2

2σ2
k,u

))(1−bk,u)
]

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

=

N
∑

i=1

τk ·
∏D

u 6=d

[

(

1
2sk,u

exp

(

−|xi,u−mk,u|
sk,u

))bk,u

·
(

1
σk,u

√
2π

exp

(

−(xi,u−µk,u)
2

2σ2
k,u

))(1−bk,u)
]

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

·
(

1

2sk,u
exp

(

−|xi,d −mk,d|
sk,d

))bk,d ∂

∂σk,d





(

1

σk,d
√
2π

exp

(

−(xi,d − µk,d)
2

2σ2
k,d

))(1−bk,d)




=
N
∑

i=1

τk ·
∏D

u 6=d

[

(

1
2sk,u

exp

(

−|xi,u−mk,u|
sk,u

))bk,u

·
(

1
σk,u

√
2π

exp

(

−(xi,u−µk,u)
2

2σ2
k,u

))(1−bk,u)
]

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

·
(

1

2sk,u
exp

(

−|xi,d −mk,d|
sk,d

))bk,d
[

1

σk,d
√
2π

exp

(

−(xi,d − µk,d)
2

2σ2
k,d

)(

(xi,d − µk,d)
2

σ3
k,d

)

− 1

σ2
k,d

√
2π

exp

(

−(xi,d − µk,d)
2

2σ2
k,d

)]

=

N
∑

i=1

τk · f (xi;µk, σk,mk, sk, bk)
∑K

r=1 τr · f (xi;µr, σr,mr, sr, br)

(

(xi,d − µk,d)
2

σ3
k,d

− 1

σk,d

)

=

N
∑

i=1

Tk,i

(

(xi,d − µk,d)
2

σ3
k,d

− 1

σk,d

)
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2.4.3 mk,d entries

∂
∂mk,d

L (λ|X) = 0 if bk,d = 0. Otherwise (i.e. bk,d = 1):

∂

∂mk,d
L (λ|X) =

N
∑

i=1

∂
∂mk,d

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

=
N
∑

i=1

τk · ∂
∂mk,d

f (xi;µk, σk,mk, sk, bk)
∑K

r=1 τr · f (xi;µr, σr,mr, sr, br)

=
N
∑

i=1

τk · ∂
∂mk,d

∏D
u=1

[

(

1
2sk,u

exp

(

−|xi,u−mk,u|
sk,u

))bk,u

·
(

1
σk,u

√
2π

exp

(

−(xi,u−mk,u)
2

2σ2
k,u

))(1−bk,u)
]

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

=

N
∑

i=1

τk ·
∏D

u 6=d

[

(

1
2sk,u

exp

(

−|xi,u−mk,u|
sk,u

))bk,u

·
(

1
σk,u

√
2π

exp

(

−(xi,u−µk,u)
2

2σ2
k,u

))(1−bk,u)
]

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

·
(

1

σk,d
√
2π

exp

(

−(xi,d − µk,d)
2

2σ2
k,d

))(1−bk,d)
∂

∂mk,d

[

(

1

2sk,u
exp

(

−|xi,d −mk,d|
sk,d

))bk,d
]

=
N
∑

i=1

τk · f (xi;µk, σk,mk, sk, bk)
∑K

r=1 τr · f (xi;µr, σr,mr, sr, br)
· ∂

∂mk,d

(

−|xi,d −mk,d|
sk,d

)

=
N
∑

i=1

Tk,i

sk,d
·
{

1 if xi,d > mk,d

−1 o.w.
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2.4.4 sk,d entries

∂
∂sk,d

L (λ|X) = 0 if bk,d = 0. Otherwise (i.e. bk,d = 1):

∂

∂sk,d
L (λ|X) =

N
∑

i=1

∂
∂sk,d

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

=
N
∑

i=1

τk · ∂
∂sk,d

f (xi;µk, σk,mk, sk, bk)
∑K

r=1 τr · f (xi;µr, σr,mr, sr, br)

=
N
∑

i=1

τk · ∂
∂sk,d

∏D
u=1

[

(

1
2sk,u

exp

(

−|xi,u−mk,u|
sk,u

))bk,u

·
(

1
σk,u

√
2π

exp

(

−(xi,u−µk,u)
2

2σ2
k,u

))(1−bk,u)
]

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

=

N
∑

i=1

τk ·
∏D

u 6=d

[

(

1
2sk,u

exp

(

−|xi,u−mk,u|
sk,u

))bk,u

·
(

1
σk,u

√
2π

exp

(

−(xi,u−µk,u)
2

2σ2
k,u

))(1−bk,u)
]

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

·
(

1

σk,d
√
2π

exp

(

−(xi,d − µk,d)
2

2σ2
k,d

))(1−bk,d)
∂

∂sk,d

[

(

1

2sk,u
exp

(

−|xi,d −mk,d|
sk,d

))bk,d
]

=
N
∑

i=1

τk ·
∏D

u 6=d

[

(

1
2sk,u

exp

(

−|xi,u−mk,u|
sk,u

))bk,u

·
(

1
σk,u

√
2π

exp

(

−(xi,u−µk,u)
2

2σ2
k,u

))(1−bk,u)
]

∑K
r=1 τr · f (xi;µr, σr,mr, sr, br)

·
(

1

σk,d
√
2π

exp

(

−(xi,d − µk,d)
2

2σ2
k,d

))(1−bk,d) [
1

2sk,d
exp

(

−|xi,d −mk,d|
sk,d

)

(

|xi,d −mk,d|
s2k,d

)

− 1

2s2k,d
exp

(

−|xi,d −mk,d|
sk,d

)

]

=

N
∑

i=1

τk · f (xi;µk, σk,mk, sk, bk)
∑K

r=1 τr · f (xi;µr, σr,mr, sr, br)

(

|xi,d −mk,d|
s2k,d

− 1

sk,d

)

=
N
∑

i=1

Tk,i

(

|xi,d −mk,d|
s2k,d

− 1

sk,d

)
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2.5 Derivation of the Fisher Information Matrix

Similarly to [1], our derivations are based on two assumptions. The first one is that the number
of low-level features xi extracted from each sample is constant and equal to N . The second one is
that for each observation xi, the distribution of the occupancy probability Tk,i is sharply peaked.
This means that there is one index k such that Tk,i ≈ 1 and that ∀r 6= k, Tr,i = 0. This second
property is based on empirical observation. Therefore, T 2

k,i ≈ Tk,i.

For convenience let Hbk,d (x) =

{

G (x|µk,d, σk,d) if bk,d = 1
L (x|mk,d, sk,d) o.w.

Where G is the univariate Gaussian distribution and L is the univariate Laplacian distribution.

Let us denote by fµk,d
, fσk,d

, fmk,d
and fsk,d the terms on the diagonal of the Fisher informa-

tion matrix F which correspond respectively to L(X|λ)
∂µk,d

, L(X|λ)
∂σk,d

, L(X|λ)
∂mk,d

and L(X|λ)
∂sk,d

.

Our derivations follow Appendix A in [1].
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2.5.1 Fµk,d

The normalization is only interesting if bk,d = 0

Using the definition of the fisher kernel and the value of ∂L(Y |λ)
∂µk,d

we get:

fµk,d
=
∫

Y
p (Y |λ)

[

∑N
i=1

∂L(yi|λ)
∂µk,d

]2
dY

Let Ai (k, d) =
∂L(yi|λ)
∂µk,d

= Tk,d

(

yi,d−µk,d

σ2
k,d

)

then:

fµk,d
=
∑

t=1...N
u=1...N
t 6=u

∫

yt,yu
At(k, d)Au(k, d)p (yt, yu|λ) dytdyu +

∑N
t=1

∫

yt
At(k, d)

2p (yt|λ) dyt

For t 6= u, using independence of yt and yu, we get:
∫

yt,yu
At(k, d)Au(k, d)p (yt, yu|λ) dytdyu =

∫

yt
At(k, d)p (yt|λ) dyt ·

∫

yu
Au(k, d)p (yu|λ) dyu

Using the definition of Tk,i we get:

At(k, d)p (yt|λ) = Tk,t

(

yt,d−µk,d

σ2
k,d

)

p (yt|λ) = τkpk(yt|λ)
p(yt|λ)

(

yt,d−µk,d

σ2
k,d

)

p (yt|λ) = τkpk(yt|λ)
(

yt,d−µk,d

σ2
k,d

)

Therefore:

∫

yt

At(k, d)p (yt|λ) dyt =
∫

yt

τkpk(yt|λ)
(

yt,d − µk,d

σ2
k,d

)

dyt

= τk ·





∏

c 6=d

∫

yt,c

pk,d(yt,c|λ)dyt,c





∫

yt,d

pk,d(yt,d|λ)
(

yt,d − µk,d

σ2
k,d

)

dyt,d

= τk ·





∏

c 6=d

∫

yt,c

Hbk,d (yt,c) dyt,c





∫

yt,d

pk,d(yt,d|λ)
(

yt,d − µk,d

σ2
k,d

)

dyt,d

= τk ·
∫

yt,d

pk,d(yt,d|λ)
(

yt,d − µk,d

σ2
k,d

)

dyt,d

=
τk
√
2

σ2
k,d

√
2π

·
∫

yt,d

exp



−
(

yt,d − µk,d√
2σk,d

)2




(

yt,d − µk,d√
2σk,d

)

dyt,d

=
τk
√
2σk,d

σ2
k,d

√
π ·
∫

v

exp
(

−v2
)

vdv

= 0
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At(k, d)
2p (yt|λ) = T 2

k,t

(

yt,d−µk,d

σ2
k,d

)2

p (yt|λ) ≈ Tk,t

(

yt,d−µk,d

σ2
k,d

)2

p (yt|λ) = τkpk(yt|λ)
(

yt,d−µk,d

σ2
k,d

)2

Therefore:

∫

yt

At(k, d)
2p (yt|λ) dyt =

∫

yt

τkpk(yt|λ)
(

yt,d − µk,d

σ2
k,d

)2

dyt

= τk ·





∏

c 6=d

∫

yt,c

pk,d(yt,c|λ)dyt,c





∫

yt,d

pk,d(yt,d|λ)
(

yt,d − µk,d

σ2
k,d

)2

dyt,d

= τk ·





∏

c 6=d

∫

yt,c

Hbk,d (yt,c) dyt,c





∫

yt,d

pk,d(yt,d|λ)
(

yt,d − µk,d

σ2
k,d

)2

dyt,d

= τk ·
∫

yt,d

pk,d(yt,d|λ)
(

yt,d − µk,d

σ2
k,d

)2

dyt,d

=
2τk

σ3
k,d

√
2π

·
∫

yt,d

exp



−
(

yt,d − µk,d√
2σk,d

)2




(

yt,d − µk,d√
2σk,d

)2

dyt,d

=
2
√
2τkσk,d

σ3
k,d

√
2π

·
∫

v

exp
(

−v2
)

v2dv

=
2τk

σ2
k,d

√
π

√
π

2

=
τk

σ2
k,d

Finally: fµk,d
= 0 +N · τk

σ2
k,d

= Mτk
σ2
k,d
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2.5.2 Fσk,d

The normalization is only interesting if bk,d = 0

Using the definition of the fisher kernel and the value of ∂L(Y |λ)
∂σk,d

we get:

fσk,d
=
∫

Y
p (Y |λ)

[

∑N
i=1

∂L(yi|λ)
∂σk,d

]2
dY

Let Ai (k, d) =
∂L(yi|λ)
∂σk,d

= Tk,d

(

(yi,d−µk,d)
2

σ3
k,d

− 1
σk,d

)

then:

fσk,d
=
∑

t=1...N
u=1...N
t 6=u

∫

yt,yu
At(k, d)Au(k, d)p (yt, yu|λ) dytdyu +

∑N
t=1

∫

yt
At(k, d)

2p (yt|λ) dyt

For t 6= u, using independence of yt and yu, we get:
∫

yt,yu
At(k, d)Au(k, d)p (yt, yu|λ) dytdyu =

∫

yt
At(k, d)p (yt|λ) dyt ·

∫

yu
Au(k, d)p (yu|λ) dyu

Using the definition of Tk,i we get:

At(k, d)p (yt|λ) = Tk,t

(

(yi,d−µk,d)
2

σ3
k,d

− 1
σk,d

)

p (yt|λ) = τkpk(yt|λ)
p(yt|λ)

(

(yi,d−µk,d)
2

σ3
k,d

− 1
σk,d

)

p (yt|λ) =

τkpk(yt|λ)
(

(yi,d−µk,d)
2

σ3
k,d

− 1
σk,d

)

Therefore:

∫

yt

At(k, d)p (yt|λ) dyt =
∫

yt

τkpk(yt|λ)
(

(yi,d − µk,d)
2

σ3
k,d

− 1

σk,d

)

dyt

= τk ·





∏

c 6=d

∫

yt,c

pk,d(yt,c|λ)dyt,c





∫

yt,d

pk,d(yt,d|λ)
(

(yi,d − µk,d)
2

σ3
k,d

− 1

σk,d

)

dyt,d

= τk ·





∏

c 6=d

∫

yt,c

Hbk,d (yt,c) dyt,c





∫

yt,d

pk,d(yt,d|λ)
(

(yi,d − µk,d)
2

σ3
k,d

− 1

σk,d

)

dyt,d

= τk ·
∫

yt,d

pk,d(yt,d|λ)
(

(yi,d − µk,d)
2

σ3
k,d

− 1

σk,d

)

dyt,d

=
2τk
σk,d

·
∫

yt,d

pk,d(yt,d|λ)
(

yi,d − µk,d√
2σk,d

)2

dyt,d −
τk

σk,d

=
2τk

σ2
k,d

√
2π

·
∫

yt,d

exp



−
(

yt,d − µk,d√
2σk,d

)2




(

yt,d − µk,d√
2σk,d

)

dyt,d −
τk

σk,d

=
2
√
2τkσk,d

σ2
k,d

√
2π

·
∫

v

exp
(

−v2
)

vdv − τk

σk,d

=
2
√
2τkσk,d

σ2
k,d

√
2π

·
√
π

2
− τk

σk,d

= 0
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At(k, d)
2p (yt|λ) = T 2

k,t

(

(yi,d−µk,d)
2

σ3
k,d

− 1
σk,d

)2

p (yt|λ) ≈ Tk,t

(

(yi,d−µk,d)
2

σ3
k,d

− 1
σk,d

)2

p (yt|λ) =

τkpk(yt|λ)
(

(yi,d−µk,d)
4

σ6
k,d

− 2
(yi,d−µk,d)

2

σ4
k,d

+ 1
σ2
k,d

)

Therefore:

∫

yt

At(k, d)
2p (yt|λ) dyt =

∫

yt

τkpk(yt|λ)At(k, d)
2dyt

= τk ·





∏

c 6=d

∫

yt,c

pk,d(yt,c|λ)dyt,c





∫

yt,d

pk,d(yt,d|λ)At(k, d)
2dyt,d

= τk ·





∏

c 6=d

∫

yt,c

Hbk,d (yt,c) dyt,c





∫

yt,d

pk,d(yt,d|λ)At(k, d)
2dyt,d

= τk ·
∫

yt,d

pk,d(yt,d|λ)
(

(yi,d − µk,d)
4

σ6
k,d

− 2
(yi,d − µk,d)

2

σ4
k,d

+
1

σ2
k,d

)

dyt,d

We’ll split this expression to three parts:
1)

= τk ·
∫

yt,d

pk,d(yt,d|λ)
1

σ2
k,d

dyt,d

=
τk

σ2
k,d
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2)

= τk ·
∫

yt,d

pk,d(yt,d|λ)
(yi,d − µk,d)

4

σ6
k,d

dyt,d

=
τk

σk,d
√
2π

·
∫

yt,d

exp



−
(

yt,d − µk,d√
2σk,d

)2




(yi,d − µk,d)
4

σ6
k,d

dyt,d

=
4τk

σ3
k,d

√
2π

·
∫

yt,d

exp



−
(

yt,d − µk,d√
2σk,d

)2




(

yi,d − µk,d√
2σk,d

)4

dyt,d

=
4
√
2τk

σ2
k,d

√
2π

∫

v

exp
(

−v2
)

v4dv

=
4
√
2τk

σ2
k,d

√
2π

3
√
π

4

=
3τk
σ2
k,d

3)

= −2τk ·
∫

yt,d

pk,d(yt,d|λ)
(yi,d − µk,d)

2

σ4
k,d

dyt,d

=
−2τk

σk,d
√
2π

·
∫

yt,d

exp



−
(

yt,d − µk,d√
2σk,d

)2




(yi,d − µk,d)
2

σ4
k,d

dyt,d

=
−4τk

σ3
k,d

√
2π

·
∫

yt,d

exp



−
(

yt,d − µk,d√
2σk,d

)2




(

yi,d − µk,d√
2σk,d

)2

dyt,d

=
−4

√
2τk

σ2
k,d

√
2π

∫

v

exp
(

−v2
)

v2dv

=
−4

√
2τk

σ2
k,d

√
2π

√
π

2

=
−2τk
σ2
k,d

Finally: fσk,d
= 0 +N ·

(

τk
σ2
k,d

− 2τk
σ2
k,d

+ 3τk
σ2
k,d

)

= 2Nτk
σ2
k,d
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2.5.3 Fmk,d

The normalization is only interesting if bk,d = 1

Using the definition of the fisher kernel and the value of ∂L(Y |λ)
∂mk,d

we get:

fmk,d
=
∫

Y
p (Y |λ)

[

∑N
i=1

∂L(yi|λ)
∂mk,d

]2
dY

Let Ai (k, d) =
∂L(yi|λ)
∂mk,d

=
Tk,d

sk,d
·
{

1 if yt,d > mk,d

−1 o.w.
then:

fmk,d
=
∑

t=1...N
u=1...N
t 6=u

∫

yt,yu
At(k, d)Au(k, d)p (yt, yu|λ) dytdyu +

∑N
t=1

∫

yt
At(k, d)

2p (yt|λ) dyt

For t 6= u, using independence of yt and yu, we get:
∫

yt,yu
At(k, d)Au(k, d)p (yt, yu|λ) dytdyu =

∫

yt
At(k, d)p (yt|λ) dyt ·

∫

yu
Au(k, d)p (yu|λ) dyu

Using the definition of Tk,i we get:

At(k, d)p (yt|λ) = Tk,t

sk,d
·
{

1 if yt,d > mk,d

−1 o.w.
p (yt|λ) = τkpk(yt|λ)

p(yt|λ)sk,d

{

1 if yt,d > mk,d

−1 o.w.
p (yt|λ) =

τkpk(yt|λ)
{

1 if yt,d > mk,d

−1 o.w.

Therefore:

∫

yt

At(k, d)p (yt|λ) dyt =
∫

yt

τk

sk,d
pk(yt|λ)

{

1 if yt,d > mk,d

−1 o.w.
dyt

=
τk

sk,d
·





∏

c 6=d

∫

yt,c

pk,d(yt,c|λ)dyt,c





∫

yt,d

pk,d(yt,d|λ)
{

1 if yt,d > mk,d

−1 o.w.
dyt,d

=
τk

sk,d
·





∏

c 6=d

∫

yt,c

Hbk,d (yt,c) dyt,c





∫

yt,d

pk,d(yt,d|λ)
{

1 if yt,d > mk,d

−1 o.w.
dyt,d

=
τk

sk,d
·
∫

yt,d

pk,d(yt,d|λ)
{

1 if yt,d > mk,d

−1 o.w.
dyt,d

=
τk

2s2k,d
·
∫

yt,d

exp

(

−|yt,d −mk,d|
sk,d

){

1 if yt,d > mk,d

−1 o.w.
dyt,d

=
τk

2s2k,d

[

−
∫

yt,d<mk,d

exp

(

−|yt,d −mk,d|
sk,d

)

+

∫

yt,d>mk,d

exp

(

−|yt,d −mk,d|
sk,d

)

]

= 0

At(k, d)
2p (yt|λ) =

T 2
k,t

s2
k,d

[{

1 if yt,d > mk,d

−1 o.w.

]2

p (yt|λ) ≈ Tk,t

s2
k,d

p (yt|λ) = τk
s2
k,d

pk(yt|λ)
Therefore:
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∫

yt

At(k, d)
2p (yt|λ) dyt =

∫

yt

τk

s2k,d
pk(yt|λ)dyt

=
τk

s2k,d
·





∏

c 6=d

∫

yt,c

pk,d(yt,c|λ)dyt,c





∫

yt,d

pk,d(yt,d|λ)dyt,d

=
τk

s2k,d

Finally: fmk,d
= 0 +N · τk

s2
k,d

= Nτk
s2
k,d
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2.5.4 Fsk,d

The normalization is only interesting if bk,d = 1

Using the definition of the fisher kernel and the value of ∂L(Y |λ)
∂sk,d

we get:

fsk,d =
∫

Y
p (Y |λ)

[

∑N
i=1

∂L(yi|λ)
∂sk,d

]2
dY

Let Ai (k, d) =
∂L(yi|λ)
∂sk,d

= Tk,d

(

|yi,d−mk,d|
s2
k,d

− 1
sk,d

)

then:

fsk,d =
∑

t=1...N
u=1...N
t 6=u

∫

yt,yu
At(k, d)Au(k, d)p (yt, yu|λ) dytdyu +

∑N
t=1

∫

yt
At(k, d)

2p (yt|λ) dyt

For t 6= u, using independence of yt and yu, we get:
∫

yt,yu
At(k, d)Au(k, d)p (yt, yu|λ) dytdyu =

∫

yt
At(k, d)p (yt|λ) dyt ·

∫

yu
Au(k, d)p (yu|λ) dyu

Using the definition of Tk,i we get:

At(k, d)p (yt|λ) = Tk,t

(

|yt,d−mk,d|
s2
k,d

− 1
sk,d

)

p (yt|λ) = τkpk(yt|λ)
p(yt|λ)

(

|yt,d−mk,d|
s2
k,d

− 1
sk,d

)

p (yt|λ) =

τkpk(yt|λ)
(

|yt,d−mk,d|
s2
k,d

− 1
sk,d

)

Therefore:
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∫

yt

At(k, d)p (yt|λ) dyt =
∫

yt

τkpk(yt|λ)
(

|yt,d −mk,d|
s2k,d

− 1

sk,d

)

dyt

= τk ·





∏

c 6=d

∫

yt,c

pk,d(yt,c|λ)dyt,c





∫

yt,d

pk,d(yt,d|λ)
(

|yt,d −mk,d|
s2k,d

− 1

sk,d

)

dyt,d

= τk ·





∏

c 6=d

∫

yt,c

Hbk,d (yt,c) dyt,c





∫

yt,d

pk,d(yt,d|λ)
(

|yt,d −mk,d|
s2k,d

− 1

sk,d

)

dyt,d

= τk ·
∫

yt,d

pk,d(yt,d|λ)
(

|yt,d −mk,d|
s2k,d

− 1

sk,d

)

dyt,d

=
τk

sk,d
·
∫

yt,d

pk,d(yt,d|λ)
( |yt,d −mk,d|

sk,d

)

dyt,d −
τk

sk,d

=
τk

2s2k,d
·
∫

yt,d

exp

(

−|yt,d −mk,d|
sk,d

)( |yt,d −mk,d|
sk,d

)

dyt,d −
τk

sk,d

=
τk

2s2k,d
·
[∫ yt,d<mk,d

−∞
exp

(

−mk,d − yt,d

sk,d

)(

mk,d − yt,d

sk,d

)

dyt,d

+

∫ ∞

yt,d>mk,d

exp

(

−yt,d −mk,d

sk,d

)(

yt,d −mk,d

sk,d

)

dyt,d

]

− τk

sk,d

=
τk

2sk,d
·
[

−
∫ v>0

∞
exp (−v) (v) dv +

∫ ∞

v>0
exp (−v) (v) dv

]

− τk

sk,d

=
τk

sk,d
·
∫ ∞

v>0
exp (−v) (v) dv − τk

sk,d

= 0

At(k, d)
2p (yt|λ) = T 2

k,t

(

|yt,d−mk,d|
s2
k,d

− 1
sk,d

)2

p (yt|λ) ≈ Tk,t

(

|yt,d−mk,d|
s2
k,d

− 1
sk,d

)2

p (yt|λ) =

τkpk(yt|λ)
(

|yt,d−mk,d|2
s4
k,d

− 2
|yt,d−mk,d|

s3
k,d

+ 1
s2
k,d

)

Therefore:
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∫

yt

At(k, d)
2p (yt|λ) dyt =

∫

yt

τkpk(yt|λ)At(k, d)
2dyt

= τk ·





∏

c 6=d

∫

yt,c

pk,d(yt,c|λ)dyt,c





∫

yt,d

pk,d(yt,d|λ)At(k, d)
2dyt,d

= τk ·





∏

c 6=d

∫

yt,c

Hbk,d (yt,c) dyt,c





∫

yt,d

pk,d(yt,d|λ)At(k, d)
2dyt,d

= τk ·
∫

yt,d

pk,d(yt,d|λ)
(

|yt,d −mk,d|2
s4k,d

− 2
|yt,d −mk,d|

s3k,d
+

1

s2k,d

)

dyt,d

We’ll split this expression to three parts:
1)

= τk ·
∫

yt,d

pk,d(yt,d|λ)
1

s2k,d
dyt,d

=
τk

s2k,d
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2)

= τk ·
∫

yt,d

pk,d(yt,d|λ)
|yt,d −mk,d|2

s4k,d
dyt,d

=
τk

2sk,d
·
∫

yt,d

exp

(

−|yt,d −mk,d|
sk,d

) |yt,d −mk,d|2
s4k,d

dyt,d

=
τk

2s3k,d
·
∫

yt,d

exp

(

−|yt,d −mk,d|
sk,d

) |yt,d −mk,d|2
s2k,d

dyt,d

=
τk

2s3k,d
·
∫

yt,d

exp

(

−|yt,d −mk,d|
sk,d

) |yt,d −mk,d|2
s2k,d

dyt,d

=
τk

2s3k,d
·
[

∫ yt,d<mk,d

−∞
exp

(

−mk,d − yt,d

sk,d

)(

mk,d − yt,d

sk,d

)2

dyt,d

+

∫ ∞

yt,d>mk,d

exp

(

−yt,d −mk,d

sk,d

)(

yt,d −mk,d

sk,d

)2

dyt,d

]

=
τk

2s2k,d
·
[

−
∫ v>0

∞
exp (−v)

(

v2
)

dv +

∫ ∞

v>0
exp (−v)

(

v2
)

dv

]

=
τk

s2k,d
·
∫ ∞

v>0
exp (−v)

(

v2
)

dv

=
2τk
s2k,d

3)

= −2τk ·
∫

yt,d

pk,d(yt,d|λ)
|yt,d −mk,d|

s3k,d
dyt,d

=
−τk

s3k,d
·
∫

yt,d

exp

(

−|yt,d −mk,d|
sk,d

) |yt,d −mk,d|
sk,d

dyt,d

=
−2τk
s2k,d

Finally: fsk,d = 0 +N ·
(

2τk
s2
k,d

− 2τk
s2
k,d

+ τk
s2
k,d

)

= Nτk
s2
k,d
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