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In this supplementary note we provide the derivation of Equation (12) in the main paper for updating the parameters
𝑊 ∈ ℝ

𝐷×𝐷 of our non-linear function 𝜓(𝑊𝒙𝑡). Let us remind the reader that we are given a function of the form

𝒖★(𝑊 ) = argmin
𝒖

{
1

2
∥𝒖∥2 + 𝐶

2

𝐽∑
𝑡=1

[
∣𝑡− 𝒖𝑇𝜓(𝑊𝒙𝑡)∣ − 𝜖

]2
≥0

}
(1)

which we need to differentiate (with respect to 𝑊 ). We start with a lemma.

Lemma 1.: Let 𝑓 : ℝ×ℝ
𝑛 → ℝ be a conitunous function with first and second derivatives. Let 𝒈(𝑥) = argmin𝒚∈ℝ𝑛 𝑓(𝑥,𝒚).

Then

𝒈′(𝑥) = −𝑓𝑌 𝑌 (𝑥, 𝒈(𝑥))
−1𝑓𝑋𝑌 (𝑥, 𝒈(𝑥)).

where 𝑓𝑌 𝑌
.
= ∇2

𝒚𝒚𝑓(𝑥,𝒚) ∈ ℝ
𝑛×𝑛 and 𝑓𝑋𝑌

.
= 𝑑

𝑑𝑥∇𝒚𝑓(𝑥,𝒚) ∈ ℝ
𝑛.

Proof. We have:

𝑓𝑌 (𝑥, 𝒈(𝑥))
.
= ∇𝑌 𝑓(𝑥,𝒚)∣𝒚=𝒈(𝑥) = 0 (2)

𝑑

𝑑𝑥
𝑓𝑌 (𝑥, 𝒈(𝑥)) = 0 (3)

∴ 𝑓𝑋𝑌 (𝑥, 𝒈(𝑥)) + 𝑓𝑌 𝑌 (𝑥, 𝒈(𝑥))𝒈
′(𝑥) = 0 (4)

𝑑

𝑑𝑥
𝒈(𝑥) = −𝑓𝑌 𝑌 (𝑥, 𝒈(𝑥))

−1
𝑓𝑋𝑌 (𝑥, 𝒈(𝑥)) (5)

Now let

𝑓(𝑊,𝒖) =
1

2
∥𝒖∥2 + 𝐶

2

𝐽∑
𝑡=1

[
∣𝑡− 𝒖𝑇𝜓(𝑊𝒙𝑡)∣ − 𝜖

]2
≥0

(6)

Let 𝒗𝑡 = 𝜓(𝑊𝒙𝑡). Then

∇𝒖
1

2

[∣𝑡− 𝒖𝑇𝒗𝑡∣ − 𝜖
]2
≥0

=

⎧⎨⎩
(𝒖𝑇𝒗𝑡 − 𝑡+ 𝜖)𝒗𝑡, if 𝑡− 𝒖𝑇𝒗𝑡 ≥ 𝜖

(𝒖𝑇𝒗𝑡 − 𝑡− 𝜖)𝒗𝑡, if 𝒖𝑇𝒗𝑡 − 𝑡 ≥ 𝜖

0, otherwise

(7)

∇2
𝒖𝒖

1

2

[∣𝑡− 𝒖𝑇𝒗𝑡∣ − 𝜖
]2
≥0

=

{
𝒗𝑡𝒗

𝑇
𝑡 , if ∣𝑡− 𝒖𝑇𝒗𝑡∣ ≥ 𝜖

0, otherwise
(8)

∂

∂𝑊𝑖𝑗
∇𝒖

1

2

[∣𝑡− 𝒖𝑇𝒗𝑡∣ − 𝜖
]2
≥0

=

⎧⎨⎩
(𝒖𝑇 ∂𝒗𝑡

∂𝑊𝑖𝑗
)𝒗𝑡 + (𝒖𝑇𝒗𝑡 − 𝑡+ 𝜖) ∂𝒗𝑡

∂𝑊𝑖𝑗
, if 𝑡− 𝒖𝑇𝒗𝑡 ≥ 𝜖

(𝒖𝑇 ∂𝒗𝑡

∂𝑊𝑖𝑗
)𝒗𝑡 + (𝒖𝑇𝒗𝑡 − 𝑡− 𝜖) ∂𝒗𝑡

∂𝑊𝑖𝑗
, if 𝒖𝑇𝒗𝑡 − 𝑡 ≥ 𝜖

0, otherwise

(9)

1



Now, let

𝑒𝑡 =

⎧⎨⎩
𝑡− 𝒗𝑇

𝑡 𝒖
★ − 𝜖, if 𝑡− 𝒖𝑇𝒗𝑡 ≥ 𝜖

𝑡− 𝒗𝑇
𝑡 𝒖

★ + 𝜖, if 𝒖𝑇𝒗𝑡 − 𝑡 ≥ 𝜖

0, otherwise.

(10)

Then

𝑓𝑈𝑈 (𝑊,𝒖
★) = 𝐼 + 𝐶

∑
𝑡:𝑒𝑡 ∕=0

𝒗𝑡𝒗
𝑇
𝑡 (11)

∂

∂𝑊𝑖𝑗
𝑓𝑈 (𝑊,𝒖

★) = −𝐶
∑

𝑡:𝑒𝑡 ∕=0

𝑒𝑡
∂𝒗𝑡

∂𝑊𝑖𝑗
− ⟨𝒖★,

∂𝒗𝑡

∂𝑊𝑖𝑗
⟩𝒗𝑡 (12)

∴ ∂𝒖★(𝑊 )

∂𝑊𝑖𝑗
=

⎛⎝𝐼 + 𝐶
∑

𝑡:𝑒𝑡 ∕=0

𝒗𝑡𝒗
𝑇
𝑡

⎞⎠−1 ⎛⎝𝐶 ∑
𝑡:𝑒𝑡 ∕=0

𝑒𝑡
∂𝒗𝑡

∂𝑊𝑖𝑗
− ⟨𝒖★,

∂𝒗𝑡

∂𝑊𝑖𝑗
⟩𝒗𝑡

⎞⎠ (13)

Now, 𝒗𝑡 = 𝜓(𝑊𝒙𝑡) where 𝜓(⋅) operates element-wise. Therefore,(
∂𝒗𝑡

∂𝑊𝑖𝑗

)
𝑘

=

{
𝜓′(𝑊𝒙𝑡)[𝑘]𝒙𝑡[𝑗], if 𝑘 = 𝑖

0, otherwise
(14)

Moreover, let us approximate Equation 11 by a diagonal matrix. Then,

∂𝒖★
𝑘(𝑊 )

∂𝑊𝑖𝑗
=

1

1 + 𝐶
∑

𝑡:𝑒𝑡 ∕=0 𝜓
2
𝑘(𝑊𝒙𝑡)

𝐶
∑

𝑡:𝑒𝑡 ∕=0

([[𝑘 = 𝑖]]𝑒𝑡 − 𝒖★
𝑖𝜓𝑘(𝑊𝒙𝑡))𝜓

′
𝑖(𝑊𝒙𝑡)𝒙𝑡[𝑗] (15)

Remember that the score function for class 𝑐 is given by ℎ𝑐 = 𝒘𝑇
𝑐 𝒖

★(𝑊 ). Then,

∂ℎ𝑐
∂𝑊𝑖𝑗

=
∂ℎ𝑐
∂𝒖★

⋅ ∂𝒖
★

∂𝑊𝑖𝑗
(16)

= 𝒘𝑇
𝑐

∂𝒖★(𝑊 )

∂𝑊𝑖𝑗
(17)

Now define the scaled classifier parameters 𝒘̂𝑐 by

𝒘̂𝑐[𝑖] =
𝒘𝑐[𝑖]

1 + 𝐶
∑

𝑡:𝑒𝑡 ∕=0 𝜓
2
[𝑖](𝑊𝒙𝑡)

(18)

∂ℎ𝑐
∂𝑊𝑖𝑗

= 𝒘̂𝑇
𝑐

⎛⎝𝐶 ∑
𝑡:𝑒𝑡 ∕=0

𝑒𝑡
∂𝒗𝑡

∂𝑊𝑖𝑗
− 𝒖𝑇 ∂𝒗𝑡

∂𝑊𝑖𝑗
𝒗𝑡

⎞⎠ (19)

Let 1 be the all-ones vector of size 𝑛. Then let 𝐾𝑡 =
∂𝒗𝑡

∂𝑊 where (𝐾𝑡)[𝑖𝑗]
.
=

∂𝒗𝑡[𝑖]

∂𝑊𝑖𝑗
. Let 𝑠𝑡 = 𝒘̂𝑇

𝑐 𝒗𝑡 be a scalar. Then

∂ℎ𝑐
∂𝑊𝑖𝑗

= 𝐶
∑

𝑡:𝑒𝑡 ∕=0

𝑒𝑡(𝐾𝑡)[𝑖𝑗]𝒘̂𝑐[𝑖] − 𝑠𝑡(𝐾𝑡)[𝑖𝑗]𝒖
★
[𝑖] (20)

which gives our result

∇𝑊ℎ𝑐 = 𝐶

𝐽∑
𝑡=1

𝑒𝑡 ∕=0

𝑒𝑡𝐾𝑡 ⊙ (𝒘̂𝑐 ⋅ 1𝑇 )− 𝑠𝑡𝐾𝑡 ⊙ (𝒖★ ⋅ 1𝑇 ) (21)

where ⊙ is the Hadamard product.
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