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Proof of Proposition 1. The proof follows from a direct cal-
culation. We start with the definition of the biconjugate:

ρ∗∗(u) = sup
v∈Rk

〈u,v〉 −
(

min
1≤i≤k

ρi(u)

)∗
= sup

v∈Rk
〈u,v〉 − max

1≤i≤k
ρ∗i (u).

(1)

This shows the first equation inside the proposition. For
the individual ρ∗i we again start with the definition of the
convex conjugate:

ρ∗i (v) = sup
α∈[0,1]

〈α1i + (1− α)1i−1,v〉−

ρ(αγi+1 + (1− α)γi)

= sup
α∈[0,1]

〈1i−1,v〉+ αvi − ρ(γαi ).

(2)

Applying the substitution γαi = αγi+1 + (1 − α)γi and
consequently α =

γαi −γi
γi+1−γi yields:

ρ∗i (v) = sup
γαi ∈Γi

〈1i−1,v〉+
γαi − γi
γi+1 − γi

vi − ρ(γαi )

=〈1i−1,v〉 −
γi

γi+1 − γi
vi + sup

γαi ∈Γi

γαi
vi

γi+1 − γi
− ρ(γαi )

=〈1i−1,v〉 −
γi

γi+1 − γi
vi + (ρ+ δΓi)

∗
(

vi
γi+1 − γi

)
= : ci(v) + ρ∗i

(
vi

γi+1 − γi

)
.

(3)

∗Those authors contributed equally.

Proof of Proposition 2. It is easy to see that

σ∗(v) = max
i∈{1,...,L}

(
i−1∑
l=1

vl − ρ(γi)

)
.

To compute the biconjugate, we write any input argument
u =

∑k
i=1 µi1i+1, and use σ∗∗ = ρ∗∗ to obtain

ρ∗∗(u) = sup
v
〈u,v〉 − max

i∈{1,...,L}

(
i−1∑
l=1

vl − ρ(γi)

)

= sup
v

k∑
i=1

µi

i∑
l=1

vl − max
i∈{1,...,L}

(
i−1∑
l=1

vl − ρ(γi)

)
.

Instead of taking the supremum of all v, we might as well
take the supremum over all vectors p with pi =

∑i
l=1 vl.

Care has to be taken of the first summand in the second term
of the above formulation. We obtain

sup
v

k∑
i=1

µi

i∑
l=1

vl − max
i∈{1,...,L}

(
i−1∑
l=1

vl − ρ(γi)

)
,

= sup
p

k∑
i=1

µipi − max
i∈{2,...,L}

max(pi−1 − ρ(γi),−ρ(γ1)),

= sup
p

k∑
i=1

µipi − max
i∈{1,...,k}

max(pi − ρ(γi+1),−ρ(γ1)),

=

k∑
i=1

µi ρ(γi+1)

+ sup
p

k∑
i=1

µipi − max
i∈{1,...,k}

max(pi,−ρ(γ1)),

1



Note that for any µi being negative, the supremum imme-
diately yields infinity by taking pi → −∞. Similarly,
if
∑k
i=1 µi > 1 yields infinity by taking all pi → ∞.

For µi ≥ 0 for all i, and
∑k
i=1 µi ≤ 1, we know that∑k

i=1 µipi ≤ (maxi pi)
∑k
i=1 µi. Since equality can be

obtained by choosing pl = maxi pi for all l, we can reduce
the above supremum to

sup
z

(
z

k∑
i=1

µi −max(z,−ρ(γ1))

)
=

(
1−

k∑
i=1

µi

)
ρ(γ1),

where we used that the supremum over z is attained at z =

−ρ(γ1) (still assuming that
∑k
i=1 µi ≤ 1). Let us now undo

our change of variable. It is easy to see that µk = uk, and
µi = ui − ui+1 for i = 1, ..., k − 1. The latter leads to

k∑
i=1

µi ρ(γi+1) +

(
1−

k∑
i=1

µi

)
ρ(γ1)

= ρ(γk+1)uk +

k−1∑
i=1

(ui − ui+1) ρ(γi+1) + (1− u1)ρ(γ1)

= ρ(γ1) + 〈u, r〉,

for ri = ρ(γi+1) − ρ(γi). Considering the aforementioned
constraints of µi ≥ 0, and

∑k
i=1 µi ≤ 1, we finally find

ρ∗∗(u) =

ρ(γ1) + 〈u, r〉 if 1 ≥ u1 ≥ ... ≥ uk ≥ 0,

∞, else.

Proof of Proposition 3. For the special case k = 1 the bi-
conjugate from (1) is just:

ρ∗∗(u) = sup
v∈R

uv − ρ∗1(v) = ρ∗∗1 (u). (4)

Now using the first line in (3), ρ∗∗1 becomes:

ρ∗∗1 (u) = sup
v∈R

uv − sup
γ∈Γ

γ − γ1

γ2 − γ1
v − ρ(γ)

= sup
v∈R

v

(
u+

γ1

γ2 − γ1

)
− sup
γ∈Γ

γ
v

γ2 − γ1
− ρ(γ)

= sup
v∈R

v

(
u+

γ1

γ2 − γ1

)
− ρ∗

(
v

γ2 − γ1

)
= sup

ṽ∈R
ṽ(γ1 + u(γ2 − γ1))− ρ∗(ṽ)

= ρ∗∗(γ1 + u(γ2 − γ1)),
(5)

where we used dom(ρ) = Γ as well as the substitution v =

(γ2 − γ1)ṽ.

Proof of Proposition 4. We compute the individual conju-
gate as:

Φ∗i,j(q) = sup
g∈Rd×k

〈g, q〉 −Φi,j(q)

= sup
α,β∈[0,1]

sup
ν∈Rd

〈q, (1αi − 1βj )νT〉 −
∣∣∣γαi − γβj ∣∣∣ |ν|2

= sup
α,β∈[0,1]

sup
ν∈Rd

〈qT(1αi − 1βj ), ν〉 −
∣∣∣γαi − γβj ∣∣∣ |ν|2

= sup
α,β∈[0,1]

sup
ν∈Rd

〈qT(1αi − 1βj ), ν〉 −
∣∣∣γαi − γβj ∣∣∣ |ν|2.

(6)
The inner maximum over ν is the conjugate of the `2-
norm scaled by

∣∣∣γαi − γβj ∣∣∣ evaluated at qT
(
1αi − 1βj

)
. This

yields:

Φ∗i,j(q) =


0, if

∣∣∣qT (1αi − 1βj

)∣∣∣
2
≤
∣∣∣γαi − γβj ∣∣∣ ,
∀α, β ∈ [0, 1],

∞, else.
(7)

For the overall biconjugate we have:

Φ∗∗(g) = sup
q∈Rk×d

〈q, g〉 − max
1≤i,j≤k

Φ∗i,j(q)

= sup
q∈K
〈q, g〉.

(8)

Since we have the max over all 1 ≤ i, j ≤ k conjugates,
the setK is given as the intersection of the sets described by
the individual indicator functions Φi,j :

K =
{
q ∈ Rk×d |∣∣∣qT(1αi − 1βj )

∣∣∣
2
≤
∣∣∣γαi − γβj ∣∣∣ ,

∀ 1 ≤ i ≤ j ≤ k, ∀α, β ∈ [0, 1]
}
.

(9)

Proof of Proposition 5. First we rewrite (9) by expanding
the matrix-vector product into sums:∣∣∣∣∣∣

i−1∑
l=j

ql + αqi − βqj

∣∣∣∣∣∣
2

≤
∣∣∣γαi − γβj ∣∣∣ ,

∀ 1 ≤ j ≤ i ≤ k, ∀α, β ∈ [0, 1].

(10)

Since the other cases for 1 ≤ i ≤ j ≤ k in (9) are equivalent
to (10), it is enough to consider (10) instead of (9).

Let γ1 < γ2 < . . . < γL. In the following, we will show
the equivalences:



(10)

⇔

∣∣∣∣∣∣
i∑
l=j

ql

∣∣∣∣∣∣
2

≤ γi+1 − γj , ∀ 1 ≤ j ≤ i ≤ k. (11)

⇔

|qi|2 ≤ γi+1 − γi, ∀ 1 ≤ i ≤ k. (12)

The direction “(10)⇒ (11)” follows by setting α = 1 and
β = 0 in (10), and “(11)⇒ (12)” follows by setting i = j

in (11).

The direction “(12) ⇒ (11)” can be proven by a quick
calculation:∣∣∣∣∣∣

i∑
l=j

ql

∣∣∣∣∣∣
2

≤
i∑
l=j

|ql|2 ≤
i∑
l=j

γl+1 − γl = γi+1 − γj . (13)

It remains to show “(11) ⇒ (10)”. We start with the case
j = i:

|αqi − βqi|2 = |α− β||qi|2
≤ |α− β|(γi+1 − γi)

= |(γi+1 − γi)α− (γi+1 − γi)β|

= |(α− β)(γi+1 − γi)| = |γαi − γ
β
i |.

(14)

Now let j < i. Since γj < γi it also holds that γβj ≤ γαi ,
thus it is equivalent to show (10) without the absolute value
on the right hand side.

First we show that “(11) ⇒ (10)” for β ∈ {0, 1} and
α ∈ [0, 1]: ∣∣∣∣∣∣

i−1∑
l=j+1

ql + αqi + (1− β)qj

∣∣∣∣∣∣
2

≤

∣∣∣∣∣∣
i−1∑
l=j+1

ql + (1− β)qj

∣∣∣∣∣∣
2

+ α|qi|2

for β=0 or β=1

≤ γi − γβj + α(γi+1 − γi)

= γαi − γ
β
j .

(15)

Using a similar argument we show that, using the above,

“(11)⇒ (10)” for all α, β ∈ [0, 1].∣∣∣∣∣∣
i−1∑
l=j+1

ql + αqi + (1− β)qj

∣∣∣∣∣∣
2

≤

∣∣∣∣∣∣
i−1∑
l=j+1

ql + αqi

∣∣∣∣∣∣
2

+ (1− β)|qj |2

using (15),β=1

≤ γαi − γj+1 + (1− β)(γj+1 − γj)

= γαi − γ
β
j .

(16)


