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1. Gibbs sampling for the HTGMM model
This supplementary material presents the derivation for inferring the hidden variables in the HTGMM of the submitted

paper. We follow the notation of the paper if we do not particularly mention about it. To derive the inference procedure in
HTGMM, we need to compute the joint pdf of the HTGMM. By considering the dependency among the random variables in
the model, the joint pdf can be derived as

p(φ, q,T , z,θ, θ̄, c,µ,S,π|α, β, γ, τ, µo, κo, So) =

K∏
k=1

p(φk | β)p(qk | γ)∗

[

D∏
d=1

{
N∏
l=1

p(T
(d)
l | φ

z
(d)
l

, q
z
(d)
l

)p(z
(d)
l | θ(d))}p(θ(d) | µc(d) , τ)p(θ̄(d) | µc(d) , Sc(d))p(c

(d) | π)]∗

M∏
m=1

p(µm | Sm, µo, κo)p(Sm, So) ∗ p(π | α),

(1)

where the bold character denotes the set of the corresponding elements indexed as in the right-hand side of the equation (1).
We note that p(θ̄(d) | µc(d) , Sc(d) , θ

(d)) = p(θ̄(d) | µc(d) , Sc(d)) when p(θ̄(d) | θ(d)) = 1 as mentioned in the paper. To infer
the posterior probability for each hidden variable, we should compute an integral to marginalize other variables. However,
this equation is not tractable because c, z are natural numbers and the domain of this pdf is not Lebesgue Integrable [1].

Therefore, we use gibbs sampling approach [2] to infer the hidden variables in the proposed HTGMM. The problem is that
our model has many random variables and hence has a large sample space. Accordingly, it is required to reduce the sample
space for efficient solving of the problem. To reduce the sample space, we will pre-marginalize out some random variables
before the sampling, which is referred to as collapsed gibbs sampling [5]. To utilize the collapsed gibbs sampling method
in the proposed HTGMM, we first divide our models into two blocks by using blocked gibbs sampling approach [7]. This
method can be applied to our model because the set of variables {φ, q, z} and {c,µ,S,π} are conditionally independent
given θ. This independency can be easily checked by applying Bayes ball algorithm [8] to the proposed HTGMM. By
using the blocked gibbs sampler, we infer the random variables through iteration of the following two steps: step 1; update
{φ, q, z,θ} given {c,µ,S,π} and step 2; update {c,µ,S,π} given {φ, q, z,θ}. For each update step, we marginalize
all the random variables except the intractable variables z and c. We can analytically compute the marginalizing calculation
because the random variables are designed to satisfy the conjugate prior by introducing the augmented variable θ̄ as described
in the paper. The detailed description of the update procedure is given in the following.

In step 1, we will sample only the random variable set z. For simplicity, in the below, we will use the redefined notation
of T and z by eliminating the chunk index d, that is, z = {z1, ..., zi, ..., zNo

} and T = {T1, T2, ..., Ti, ..., TNo
}, where No

indicates the number of all trajectories, i.e., No = N ∗D. zi indicates the assignment variable to assign a pattern index to Ti,
and Ti is defined by using the words as Ti = {wi1, wi2, ..., , win, ..., wiNi}, where Ni indicates the number of words in Ti.
The chunk including Ti is indexed by di. Then, by the Bayes’ rule, the conditional posterior distribution for zi is given by

P (zi = j | z−i,T ) ∝ p(Ti | zi = j,z−i,T−i)P (zi = j | z−i), (2)

where z−i is the set z excluding zi, and this notation is also applied to the other variables in the same manner. The first term
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in the right-hand side in (2) is a likelihood, and the second is a prior. For the first term, we have

p(Ti | zi = j,z−i,T ) =

∫ ∫
p(Ti|zi = j, φj , qj) · p(φj , qj |, z−i,T−i)dφjdqj (3)

=

∫ ∫ Ni∏
n=1

p(win | zi = j, φj)

Ni−1∏
m=1

p(wi(m+1) | zi = j, qj(wim, :)) · p(φj |z−i,T−i)p(qj |z−i,T−i)dφjdqj (4)

=

∫ Ni∏
n=1

p(win | zi = j, φj)p(φj |z−i,T−i)dφj

∫ Ni−1∏
m=1

p(wi(m+1) | zi = j, qj(wim, :))p(qj(wim, :)|z−i,T−i)dqj (5)

=

∫ Ni∏
n=1

p(win | zi = j, φj)p(φj |z−i,w−in)dφj

∫ Ni−1∏
m=1

p(wi(m+1) | zi = j, qj(wim, :))p(qj(wim, :)|z−i,w−im)dqj (6)

=

∫ Ni∏
n=1

p(win | zi = j, φj)p(φj |z−i,w−in)dφj∗ (7)

[

Ni−1∏
m=1

∫
p(wi(m+1) | zi = j, qj(wim, :))p(qj(w−im, :)|z−i,w−im)dqj(wim, :)]. (∵ ∀qj(ws, :) ⊥ qj(wl, :), s 6= l) (8)

Note that φ and q are conditionally independent given T which has been applied to the procedure from (3) to (4). From
Bayes’ Rule, the second term in (7) becomes

p(φj |z−i,w−in) ∝ p(w−in | φj , z−i)p(φj). (9)

Since p(φj) is Dirichlet(β) and conjugate to p(w−in | φj , z−i), the posterior p(φj |z−i,w−in) will be Dirichlet(β+n
(w)
−in,j)

as shown in the textbook [6], where n(w)
−in,j is the number of instances of word w assigned to pattern j, excluding win. The

first term p(win | zi = j, φj) in (7) is just φ(j)win according to the definition of HTGMM. Then, by following the multinomial-
Dirichlet prior calculation given in the tutorial [3], we can easily complete the integral in (7) with∫ Ni∏

n=1

p(win | zi = j, φj)p(φj |z−i,w−in)dφj =

Ni∏
n=1

n
(w)
−in,j + β

n
(·)
−in,j +Wβ

, (10)

where W is the total number of words. n(·)−in,j is the total number of instances of all the words in w assigned to pattern j,
excluding win. We can compute the integral in (8) using the similar derivation. From Bayes’ Rule, the second term in (8)
becomes

p(qj(win, :)|z−i,w−in) ∝ p(z−i,w−in | qj(win, :))p(qj(win, :)). (11)

Subsequently, from the tutorial [3], the posterior p(qj(win, :)|z−i,w−in) is Dirichlet(γ+n
(w)
−in(win)). The term n

(w)
−in,j(win)

is the number of instances of word w assigned to the transition probability starting from win for pattern j, excluding the
current word win. By following the same procedure in (10), the integral in (8) is computed as

[

Ni−1∏
m=1

∫
p(wi(m+1) | zi = j, qj(wim, :))p(qj(wim, :)|z−i,w−im)dqj(wim, :)] =

Ni−1∏
m=1

n
(w)
−im(wim) + γ

n
(·)
−im(wim) +Wγ

, (12)

where n(·)−im(wim) is the total number of instances of all the words assigned to the transition probability starting from win

for pattern j, excluding the current word win. Therefore, from the (10),(12), the probability p(Ti | zi = j,z−i,T ) in (3) is
derived as

p(Ti | zi = j,z−i,T ) ∝
Ni∏
n=1

n
(w)
−in,j + β

n
(·)
−in,j +W ∗ β

Ni−1∏
m=1

n
(w)
−im(wim) + γ

n
(·)
−in(wim) +Wγ

. (13)
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In addition, we can find p(zi = j | z−i) in (2) with the same procedure as in (10). We have

P (zi = j | z−i) =

∫
P (zi = j | θ(di))p(θ(di) | z−i)dθ

(di)

=
nt

(di)
−i,j + τµc(j)

nt
(di)
−i,· +Kτ

∑K
k=1 µc(k)

,

(14)

when c(di) = c, because p(θ(di)) is defined as Dirichlet(τµc). The term nt
(di)
−i,j is the total number of trajectories in chunk

di assigned to pattern j, excluding the current one. Therefore, from the (13),(14), the posterior (2) is solved as

P (zi = j | z−i,T ) ∝ {
Ni∏
n=1

n
(w)
−in,j + β

n
(·)
−in,j +W ∗ β

Ni−1∏
m=1

n
(w)
−im(wim) + γ

n
(·)
−in(wim) +Wγ

}{
nt

(di)
−i,j + τµc(j)

nt
(di)
−i,· +Kτ

∑K
k=1 µc(k)

}. (15)

We highlight that this derivation is possible by employing the augment variable θ̄ of which prior is the Gaussian distribution
N (µc, Sc). If we naively define the prior of θ(d) as N (µc, Sc), the integral in (14) is intractable because the Gaussian
distribution is not a conjugate prior for the multinomial θ(d). However, since we employ θ̄(d) which is given by deterministic
mapping from θ(d) and make θ̄(d) have the Gaussian prior, we can let θ(d) has Dirichlet prior satisfying the conjugate prior.
In step 2, we compute update equation considering both θ(d) and θ̄(d).

For step 2, we will sample only c(d), the assignment of the θ(d), to infer the hidden variables {µ,S,π}. Similar to the
equation (2), we compute the posterior distribution for c(d) as

P (c(d) = c | c−d, θ̄,θ) ∝ P (c(d) = c | c−d)p(θ̄,θ | c(d) = c, c−d)

= P (c(d) = c | c−d)p(θ̄(d), θ(d) | θ̄−d,θ−d, c
(d) = c, c−d)p(θ̄−d,θ−d | c(d) = c, c−d)

∝ P (c(d) = c | c−d)(θ̄(d), θ(d) | θ̄−d,θ−d, c
(d) = c, c−d).

(16)

The equation (16) is further derived as

P (c(d) = c |c−d, θ̄,θ) ∝ P (c(d) = c | c−d)p(θ̄(d), θ(d) | θ̄−d,θ−d, c
(d) = c, c−d) (17)

∝ P (c(d) = c | c−d)p(θ̄(d) | θ̄−d,θ−d, c
(d) = c, c−d, θ

(d))p(θ(d) | θ̄−d,θ−d, c
(d) = c, c−d) (18)

∝ P (c(d) = c | c−d)p(θ̄(d) | θ̄−d, c
(d) = c, c−d)p(θ(d) | θ̄−d, c

(d) = c, c−d), (∵ p(θ̄(d)|θ(d)) = 1). (19)

By using the same derivation step with (10), the first term in (19) is given by

P (c(d) = c | c−d) =
nm−d,c + α

nm−d,(·) +Mα
, (20)

Since θ̄(d) is drawn from Gaussian distribution, the second term in (19) is equivalent to Gaussian posterior distribution.
Accordingly, by following the tutorial [4, 6], the second term is given as

p(θ̄(d) | θ̄−d, c
(d) = c, c−d) = ζ(θ̄(d) | µ−d,c,

κn + 1

κn(υn −D + 1)
S−d,c, υn −D + 1), (21)

where ζ(·) is standard-t distribution. The µ−d,c, S−d,c, κn and υn are given by

µ−d,c =
κoµo +

∑D
d=1 θ̄

(d)I(c(d) = c)

κn
,

κn = κo +

D∑
d=1

I(c(d) = c),

υn = υo +

D∑
d=1

I(c(d) = c),

S−d,c = So + Sc + κoµoµ
T
o − κnµ−d,cµ

T
−d,c,

Sc =

D∑
d=1

θ̄(d)θ̄(d)
T

I(c(d) = c),

(22)
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where I(·) is an indicator function. As defined in our paper, the third term in (19) is Dirichlet distribution over τµ−d,c and so
given as

p(θ(d) | θ̄−d, c
(d) = c, c−d) = Dirichlet(θ(d) | τµ−d,c). (23)

Therefore, from (20),(21),(23), the posterior equation (17) is solved as

P (c(d) = c |c−d, θ̄,θ) ∝
nm−d,c + α

nm−d,(·) +Mα
· ζ(θ̄(d) | µ−d,c,

κn + 1

κn(υn −D + 1)
S−d,c, υn −D + 1) ·Dirichlet(θ(d) | τµ−d,c).

(24)

By iteratively resampling z and c by the equations (15) and (24), we can infer the hidden variables of the proposed HT-
GMM.
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