Bounds relating the two formulations

1 Notations and problem formulation

Denote by D1, Dy two n X n symmetric pairwise geodesic distance matrices of two corresponding
shapes. Assume that the shapes are nearly isometric, with some unknown correspondence. Ds can
be thought of some perturbation of PD;PT, denoted by Dy = PD;PT 4+ AD, where P encodes the
correspondence. Denote by

D1 = Q1MQT
Dy = @Q202Q3 (1)

the eigendecomposition of Dy and Dj. Define the elements of the n x n matrix W to be W;; = \/E
for both shapes. Define X; = QW7 and X9 = (Q3W>, and note that D; = XlXif and Dy = XQXQT.
Denote by 7(n) the group of n x n permutation matrices, by U (n) the group of n x n unitary matrices,
and by O(n) the group of n xn orthogonal matrices. Here, the norm || F'||2 ~ stands for max{|| f;||2}7,,
where {f;} are the rows of F'.

Consider the minimization

argmin | PD;PT — Ds||so, (2)
Pen(n)

and the related form,
argmin HPch—Xg”gpo. (3)

Pen(n),CeO(n)

We claim that the minimal value of (2), which approximates the Gromov-Hausdorff distance, is small
if and only if the value of (3) is small. Hence, for nearly isometric shapes, the alternative form could
be used. In the following sections, we present the relative bounds supporting this claim.

2 First direction

Let A1 and Ay be two matrices of the same size, and define By = AlAlT and By = AzAg. Denote by
ai,; row ¢ in Ay and by ag; row ¢ in Ao, such that By ;; = al,ialTJ» and By ;; = a27,~a2T7j. Suppose that
Aq and A, satisfy

A1 — Azll2,00 <€ (4)
Hence, for any 1,
a1, — az;ll2 <e. (5)
Denote e; = a1; — a2, then, we have
|Biij — Bagj| = laiiai; — ag.as ;]

= [(az; +ei)(a; +e;)" —ag.a3;

\ag’ieji + eiag%—i— eie;‘-F\ .

lag,iej | + |eiag ;| + |eiej | ,

laz,qll2[le;]|2 + Heinllag,j |2 + [€3]]2

ellaz,ql|2 + €llaz ;]2 + €, (6)

AVARRYA

where we used the triangle inequality and Cauchy—-Schwarz inequality. Since it applies for any ¢ and
j, we obtained that

1By — Balos < €| A]l2,00 + €]l A2l2,00 + €



— 2¢]|Asllz0 + (7)
Returning back to our problem, assume we have found a solution such that
|IPX:1C — Xall2,00 < €. (8)
By plugging A; = PX,C and As = X5, we obtain

A AT = pPx,cc™XTpT = px, XTPT = PD, PT
A AL = X, XTI = Dy, (9)

where we used the fact that C' is orthogonal. Finally,
|PD1PT — Doloo < 2¢|| Xal|2,00 + €% (10)
Furthermore, notice that

[Xall2,00 = 1Q2W2ll2,00 < [|Q2]|2,00 [IW2]]2,00
= ||W2H27oo: Amax(DQ) (11)

Thus, if we manage to find a good solution to (3), it guaranties some bound on the minimum of (2).

3 Second direction

Let H and H be some n x n real symmetric matrices and assume that H is a small perturbation of
H, H=H + AH. Denote by H = UANU"T and H = UAUT the eigendecompositions of H and H.
Suppose we denote the eigendecompositions by

_ Ay 0] [Uf
H=[Up U) [ 0 AQ] [UQT (12)
and ~ -
~ ~ ~.|A 0| |U
H = - 1 13
o afy ) .
such that
Al = diag(Al))‘Qv"w)\k)
Ay = diag(Akr1, Akt2s s An)
1}1 - diag(%‘l)AQL"‘uAk) ~
Ay = diag(Akt1, Akt2, s An), (14)
where we construct the split as follows. Assume we choose an eigenvalue A € A(A) and split A into
A1, Ay, such that A =X = Xy = ... = A\ and A & A(Az). So, if we define
0= min |\ — ]|, (15)
A2€A(A2)

then & > 0. Then, we split A into Aj, As, such that A; contains the eigenvalues that are nearest to A,
or, in other words, we would like to maximize d;, where

d1= _min |A— A (16)
AEA(A2)

According to the Bauer-Fike theorem [1], for any \; € A(A) there exists A; € A(A) such that
i = M| S U lT 2l AH 2 = |AH|l2, (17)
and vice-versa - for any \; € A(A) there exists A; € A(A) such that

A — M| < [JAH]]s. (18)



Note that when ||AH|jz — 0, we have A; — A; and §; — 4.
Therefore, assuming ||AH |2 is small enough, §; can be bounded by

61> 6 — ||AH|j2 > 0. (19)

Next, let ©(Uy,U;) = arccos (uf o,ufo)Y ?) be the canonical angle between the column spaces of
U, and Uy, where the arccos acts as a matrix operator [4]. Then, according to [2], which based its

results on [3], .
_ AT

IE|IF = ||sin(©(U1, U1) I F 5 (20)
where we defined E = sin(0(Uy, U)).
Since U; holds k orthonormal columns, ||U;||% = k, and we have
IAHUL|F < [AH|p|ULllF = VE|AH]|F. (21)
Define € = \/EH6A71HHF7 so that we finally get
IE|lF <e. (22)

Matrix operators such as sin, cos and square-root on some matrix A can be defined as applying them
element-wise on the eigenvalues of A. Define B = U{’ U, UIT U,. B is symmetric, and hence, it is easy
to see that © = arccos(B'/?) and E = sin(f) must be symmetric matrices as well.

Denote by Ag, Ag and Ap the diagonal eigenvalues matrices of E/,© and B and by Ag;, Ae; and
AB,i the i-th eigenvalue of the corresponding terms. We have,

[Agllr = [IE|r <e (23)

Suppose that [|[AH||p — 0. Since 6; — ¢ > 0 is bounded, we get ¢ — 0, and ||Ag|r — 0, and
consequently, for any i, Ag; — 0.
By definition, Ag; = arcsin(Ag;). Since arcsin is continuous around 0, Ag; — 0. Similarly, cos and
square are continuous so Ap; — 1 and consequently Ap — I(n). B is symmetric and hence it can be
written as an eigendecomposition

B = CpApCh, (24)

where Cp is orthogonal. We have
B =Ul'U,UfU, = CgARCE. (25)
Moving the orthogonal matrix Cp to the left, and denoting V = ﬁlT U,Cp, we obtain
vIv = cLul o, u,Cs = Ap. (26)

This implies that the columns of V' are orthogonal and their squared norms are equal to the eigenvalues
of B. Therefore, there exists some orthogonal matrix Cy such that V = Cy+/Ap. We have

V =U[U,Cp = Cy\/Ap, (27)
and since U7 and [71 are orthogonal,
UL = Cy/AgCLUT . (28)
or )
U\Cy = U, (29)

where Cpy = CB\/ABC?;.
Next, recall that by our construction, all values in the diagonal of A; are equal, or in other words,
Ay = M. Similarly, /A7 = VA, so it can be swapped with any matrix. We obtain

UM Cy = U Cy/A = Ur/Ay. (30)



Define Cy = C’BC"?, and note that if ¢ — 0 then A — I and hence Cy = CB\/ABC‘:’; — Ch.
Therefore, there exists some orthogonal matrix C) such that for e — 0,

[71\/ ./~\1 — (71\/[\1 = U1\/A1C'U — U1\/ Alc')\. (31)

To recap, after choosing some A € A(A) and splitting the eigendecomposition of H and H accordingly,
we obtained that there exists some orthogonal matrix C'y such that

ﬁl\/li—> Ul\//Tch. (32)

for |AH||r — 0. It is possible now to choose a different A € A(A) and repeat this process. The
obtained matrices C\ can be then collected and inserted as blocks into the diagonal of a large matrix
C, such that

VA — UVAC. (33)

for |AH||p — 0. .
Back to our problem, define H = PD{ P and H = Dy = PD{P" + AD. Then by construction, there
exists some orthogonal matrix C such that

Q2v A2 = Q1M C, (34)
or

[PX1C — Xa[[2,00 — 0, (35)
for ||[ADJ| — 0.
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