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There are four parts in this supplementary material:

• The first part (part 1) presents the details of the optimization procedure.

• The second part (part 2) presents additional comparison results against state-of-
the-art methods.

• The third part (part 3) presents additional despeckled results produced from our
method.

• The last part (part 4) presents additional segmentation results with comparison.

Note that all the clinical images presented in this work are obtained from the public
ultrasound data set downloaded from the following webpage:
http://www.ultrasoundcases.info.
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Part 1. Details of Our Optimization Method

In this part, we present how we iteratively solve (minimize) the low-rank recovery
model presented in Eq. 10 of our submitted paper.

Rewriting the Low-rank Recovery Model. First, according to the definition of wi
(see Eq. 7 in our paper), we set wi to be zero for those smallest singular values, and
there are λ of them. Hence, we can re-write the truncated and weighted nuclear norm
(TWNN) by skipping the first λ terms in Eq. 7 in the paper as

||ΨD||t̃w =
M∑

i=λ+1

wiσi(ΨD), (1)

where ΨD is the low-rank component of input ΨI (see paper); M is the total number
of the singular values of ΨD; and wi is the weight on the i-th singular value σi of ΨD.

Next, we can devise an alternating direction method of multipliers (ADMM) method
to solve our low-rank recovery model (after substituting Eq. 1 above into Eq. 10 in our
submitted paper):

min
ΨD,Ψη

||ΨD||t̃w + α
∑
g∈Ψη

||g||∞+ < Y,ΨI −ΨD −Ψη > +β||ΨI −ΨD −Ψη||2F , (2)

where ||.||F is the Frobenious norm; α is a parameter set to be 1.0 in the current imple-
mentation; g is each 3× 3 submatrix in Ψη (see paper); Y is the Lagrange multiplier; β
is a parameter set to 2; and < . > denotes the inner product. Note that we set the initial
values of ΨD and Ψη as ΨI and a zero matrix, respectively, and Y as:

Y0 = sgn(ΨI)/max(||sgn(ΨI)||2, λ−1||sgn(ΨI)||∞) , (3)

where sgn is the sign function; and ||.||∞ denotes the maximum absolute value of all
the matrix elements. For details about this initialization, readers may refer to [6, 5].

The core idea of the ADMM is to separate the optimization in Eq. 2 above into two
subproblems, and then to solve them iteratively by updating ΨD and Ψη alternatively.

3
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Subproblem 1: Update (ΨD)t+1: Given (Ψη)t and Yt, we compute (ΨD)t+1 by solv-
ing (minimizing) the following objective function:

min
ΨD

M∑
i=λ+1

||ΨD||t̃w +
β

2
||ΨI −ΨD − (Ψη)t −

1

β
Yt||2F . (4)

To solve Eq. 4, we need to expand the nonlinear term ||ΨD||t̃w. Regarding this, we
first prove the following inequality, which is a generalization of Theorem 3.1 in [12]:

To prove: For any given matrix X ∈ Rm×n, any matrices A ∈ Rm×n, B ∈ Rm×n, such
that AAT = I and BBT = I, and any diagonal matrix Q ∈ Rn×n, for non-negative
integer r = rank(A) = rank(B) (where 0 ≤ r ≤ min(m,n)), we have

Tr(AXQBT ) ≤
r∑
i=1

ρiσi(X) , (5)

where σi(X) is the i-th singular value of X; and ρ1, ..., ρn are diagonal elements in Q.

Proof: We start from the left hand side of Eq. 5:

Tr(AXQBT ) = Tr(XQBTA) (by trace rule: Tr(M1M2) = Tr(M2M1))

≤ |Tr(XQBTA)| (since x ≤ |x| for any scalar x)

≤
min(m,n)∑

i=1

σi(X)σi(QB
TA) (by Von Neumann’s trace inequality [9])

(6)
By singular value decomposition, we know that the non-zero singular values of a

matrix (say M ) are the square roots of the non-zero eigenvalues of MM ∗, where M ∗

denotes conjugate transpose. SinceQBTA is a real matrix, (QBTA)∗ is just (QBTA)T .
Let q be the rank of matrix QBTA, where q ≤ r. The nonzero σi(QB

TA) val-
ues are the square roots of the non-zero eigenvalues of (QBTA)(QBTA)T , which is
QBTAATBQT . Since AAT = I and BBT = I, QBTAATBQT is simply a diagonal
matrix whose elements are ρ2

1, ..., ρ2
n. As a result, the nonzero σi(QBTA)’s are ρ1, ...,

ρq (for i ∈ [1, q]), and the rest ([q + 1, n]) are zeros.

4
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Therefore, putting this result into Eq. 6, we can obtain

Tr(AXQBT ) ≤
min(m,n)∑

i=1

σi(X)σi(QB
TA) (from Eq. 6)

=

q∑
i=1

σi(X)σi(QB
TA) +

min(m,n)∑
i=q+1

σi(X)σi(QB
TA)

=

q∑
i=1

σi(X)ρi +

min(m,n)∑
i=q+1

σi(X) · 0

≤
r∑
i=1

σi(X)ρi (since q ≤ r and ρi ≥ 0) .

(7)

This proves Eq. 5. Moreover, following [12], Tr(AXQBT ) attains maximum when

A = (
√
ρ1u1, . . . ,

√
ρrur,0)T and B = (

√
ρ1v1, . . . ,

√
ρrvr,0)T . (8)

whereU1Σ1V1 is the singular value decomposition (SVD) ofX; U1 = (u1, . . . , umin(m,n));
V1 = (v1, . . . , vmin(m,n)); and Σ1 is a diagonal matrix [End of Proof].

By setting X as ΨD amd ρi in Q as

ρi =
θ
√
K + 1√

σi(ΨD) + ε
, (9)

where θ, K and ε are defined in paper, we can employ Eq. 5 and rewrite TWNN of
Eq. 1 as:

||ΨD||t̃w =
M∑

i=λ+1

wiσi(ΨD) (by Eq. 1)

=
M∑
i=1

ρiσi(ΨD)−
λ∑
i=1

ρiσi(ΨD)

≈
M∑
i=1

ρiσi(ΨD)− max
AAT=I,BBT=I

Tr(AΨDQB
T ), (by Eq. 5)

(10)

From Eq. 7 in paper, ρi = wi when i ≥ λ + 1. By replacing TWNN of Eq. 1 with

5
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Eq. 10, we can reformulate the optimization in Eq. 4 as

min
ΨD

M∑
i=1

ρiσi(ΨD)− max
AAT=I,BBT=I

Tr(AΨDQB
T ) +

β

2
||ΨI −ΨD − (Ψη)t −

1

β
Yt||2F .

(11)
According to [12], we can solve Eq. 11 by an efficient two-step scheme to update

ΨD, and (A,B) in an iterative manner. In the j-th (j ∈ [1, J ]) iteration, the two-step
scheme is described as:

Step 1.1 Let Θj be (ΨD)t+1 in the j-th iteration, and [(U2)j(Σ2)j(V2)j] = svd(Θj),
where (U2)j = (u1, . . . , uM)T and (V2)j = (v1, . . . , vM)T . Then we can estimate Aj

and Bj using the following equation:

Aj = (
√
ρ1u1, . . . ,

√
ρλuλ,0)T and Bj = (

√
ρ1v1, . . . ,

√
ρλvλ,0)T . (12)

Step 1.2 After obtaining Aj and Bj in Step 1.1, Θj+1 at the (j+1)-th iteration is
computed as:

min
ΨD

M∑
i=1

ρiσi(ΨD)− Tr(AjΨDQB
T
j ) +

β

2
||ΨI −ΨD − (Ψη)t −

1

β
Yt||2F . (13)

Now, we can employ the accelerated proximal gradient line search method (APGL) [12]
to minimize Eq. 13 above. Let f(ΨD) = −Tr(AΨDQB

T ) + β
2 ||ΨI − ΨD − (Ψη)t −

1
βYt||

2
F , and e(ΨD) =

∑M
i=1 ρiσi(ΨD). For a given paramter s > 0, by introducing an

auxiliary variable Z, APGL method constructs an approximation of Eq. 13 as:

Q(ΨD, Z) = f(Z)+ < ΨD − Z,∇f(Z) > +
1

2s
||ΨD − Z||2F + e(ΨD) . (14)

Then, APGL method uses another iteration (k ∈ [1, K2]) to iteratively update ΨD, Z
and s. The initial value of Z and s are set as Θj and 1, respectively. Assuming that Γk

6
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is the k-th iteration for computing Θj+1, Γk+1 in the (k+1)-th iteration is computed as:

Γk+1 = argmin
ΨD

Q(ΨD, Zk) (from Eq. 14)

=< ΨD − Zk,∇f(Zk) > +
1

2sk
||ΨD − Zk||2F + g(ΨD)

(by removing terms with Zk from Eq. 14)

= argmin
ΨD

1

2sk
||ΨD − (Zk − sk∇f(Zk))||2F +

M∑
i=1

ρiσi(ΨD)(
by adding

sk(∇f(Zk))
2

2

)
= argmin

ΨD

1

2sk
||ΨD −<k||2F +

M∑
i=1

ρiσi(ΨD) , (by calculating∇f(Zk))

(15)

where <k = Zk + sk(A
T
j BjQ

T − β
2 (ΨI − (Ψη)t − 1

βYt)). Now, according to [3], the
closed-formed solution of Eq. 15 is given by:{

(U3,Σ3, V3) = svd(<k)
(Γ)k+1 = U3(Ω(Σ3))V

T
3 ,

(16)

where the singular value shrinkage operator Ω(Σ3)ii is:

Ω(Σ3)ii = max(Σii − 2ρisk, 0), (17)

where Σii is the i-th largest singular values in the diagonal matrix Σ3.
Meanwhile, according to [4] [12], Zk+1 and sk+1 are computed as:

Zk+1 = Γk+1 +
sk − 1

sk
(Γk+1 − Γk), and sk+1 =

1 +
√

1 + 4(sk)2

2
. (18)

Subproblem 2: Update (Ψη)t+1: Given (ΨD)t+1 and Yt, (Ψη)t+1 is updated by the
minimization below:

min
Ψη

α
∑
g∈Ψη

||g||∞ +
β

2
||ΨI − (ΨD)t+1 −Ψη −

1

β
Yt||2F , (19)

where α and g are defined in Eq. 10 of our paper. According to [7], the solution
of Eq. 19 is the proximal operator related with a structured sparsity-inducing norm,

7



756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809

810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863

CVPR

#2395
CVPR

#2395
CVPR 2017 Submission #2395. CONFIDENTIAL REVIEW COPY. DO NOT DISTRIBUTE.

Algorithm 1 Our ADMM procedure to recover ΨD from ΨI

Input: a patch group matrix ΨI from input image
1: for t=0:T do
2: for j=0:J do
3: compute Aj and Bj using Eq. 12
4: for k=0:K2 do
5: update Γk+1 using Eq. 16
6: update Zk+1 and sk+1 using Eq. 18
7: end for
8: end for
9: compute (Ψη)t+1 by solving Eq. 19 using the method proposed in [7]

10: Yt+1 = Yt + ρ(ΨI − (ΨD)t+1 − (Ψη)t+1)
11: end for
Output: ΨD

and it can be exactly computed by solving a quadratic min-cost flow problem [7] in
polynomial time. Algorithm 1 summaries the whole procedure for the low-rank matrix
recovery. For all the experiments, we empirically set both J and K2 as 2, and T as [3,
10], with a large T for a high speckle noise level in the input ultrasound image.
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Part 2. Additional Comparison Results

Figure 1: Additional comparison result #1. (a) input clinical ultrasound image with an inhomogeneous mass in the liver
hilum. Top row of (b)-(g): despeckled results produced from SRAD [11], SBF [8], OBNLM [1], ADLG [2], NLMLS [10],
and our method, respectively. Bottom row of (b)-(g) shows the noise components of these despeckled results.
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Figure 2: Additional comparison result #2. (a) input clinical ultrasound image with an enlarged hypoechoic inguinal lymph
node. Top row of (b)-(g): despeckled results produced from SRAD [11], SBF [8], OBNLM [1], ADLG [2], NLMLS [10],
and our method, respectively. Bottom row of (b)-(g) shows the noise components of these despeckled results.
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Figure 3: Additional comparison result #3. (a) input clinical ultrasound image with mulitiple common bile duct stones. Top
row of (b)-(g): despeckled results produced from SRAD [11], SBF [8], OBNLM [1], ADLG [2], NLMLS [10], and our
method, respectively. Bottom row of (b)-(g) shows the noise components of these despeckled results.
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Figure 4: Additional comparison result #4. (a) input clinical ultrasound image with dilatated intrahepatic bile ducts. Top row
of (b)-(g): despeckled results produced from SRAD [11], SBF [8], OBNLM [1], ADLG [2], NLMLS [10], and our method,
respectively. Bottom row of (b)-(g) shows the noise components of these despeckled results.
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Figure 5: Additional comparison result #5. (a) input clinical ultrasound image with dilatated bile ducts.. Top row of (b)-(g):
despeckled results produced from SRAD [11], SBF [8], OBNLM [1], ADLG [2], NLMLS [10], and our method, respectively.
Bottom row of (b)-(g) shows the noise components of these despeckled results.
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Figure 6: Additional comparison result #6. (a) input clinical ultrasound image with dilatated bile ducts. Top row of (b)-(g):
despeckled results produced from SRAD [11], SBF [8], OBNLM [1], ADLG [2], NLMLS [10], and our method, respectively.
Bottom row of (b)-(g) shows the noise components of these despeckled results.
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Figure 7: Additional comparison result #7. (a) input clinical ultrasound image with an enlarged hypoechoic inguinal lymph
node. Top row of (b)-(g): despeckled results produced from SRAD [11], SBF [8], OBNLM [1], ADLG [2], NLMLS [10],
and our method, respectively. Bottom row of (b)-(g) shows the noise components of these despeckled results.
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Figure 8: Additional comparison result #8. (a) input clinical ultrasound image with an enlarged hypoechoic inguinal lymph
node. Top row of (b)-(g): despeckled results produced from SRAD [11], SBF [8], OBNLM [1], ADLG [2], NLMLS [10],
and our method, respectively. Bottom row of (b)-(g) shows the noise components of these despeckled results.
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Figure 9: Additional comparison result #9. (a) input clinical ultrasound image with a highly vascularized compressible mass
in the lower leg. Top row of (b)-(g): despeckled results produced from SRAD [11], SBF [8], OBNLM [1], ADLG [2],
NLMLS [10], and our method, respectively. Bottom row of (b)-(g) shows the noise components of these despeckled results.
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Figure 10: Additional comparison result #10. (a) input clinical ultrasound image with a highly vascularized compressible
mass in the lower leg. Top row of (b)-(g): despeckled results produced from SRAD [11], SBF [8], OBNLM [1], ADLG [2],
NLMLS [10], and our method, respectively. Bottom row of (b)-(g) shows the noise components of these despeckled results.
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Part 3. Additional Ultrasound Speckle Reduction Results

Input images Output results

Figure 11: Additional ultrasound speckle reduction results produced from our method.
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Input images Output results

Figure 12: Additional ultrasound speckle reduction results produced from our method.
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Input images Output results

Figure 13: Additional ultrasound speckle reduction results produced from our method.
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Input images Output results

Figure 14: Additional ultrasound speckle reduction results produced from our method.
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Input images Output results

Figure 15: Additional ultrasound speckle reduction results produced from our method.
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Input images Output results

Figure 16: Additional ultrasound speckle reduction results produced from our method.
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Input images Output results

Figure 17: Additional ultrasound speckle reduction results produced from our method.
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Input images Output results

Figure 18: Additional ultrasound speckle reduction results produced from our method.
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Input images Output results

Figure 19: Additional ultrasound speckle reduction results produced from our method.
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Input images Output results

Figure 20: Additional ultrasound speckle reduction results produced from our method.
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Part 4. Additional Segmentation results

Figure 21: Additional segmentation comparison #1. (a) top row: segmentation result on the raw input breast ultrasound image
with a benign fibroadenoma; bottom row: zoom-in view. Top row of (b)-(g): segmentation results on despeckled ultrasound
images produced from SRAD [11], SBF [8], OBNLM [1], ADLG [2], NLMLS [10], and our method, respectively; bottom
row of (b)-(g): associated zoom-in views. Blue color: the ground truth delineated by clinical doctors; and Red color:
segmentation results produced on different inputs.
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Figure 22: Additional segmentation comparison #2. (a) top row: segmentation result on the raw input breast ultrasound image
with a carcinoma tumor; bottom row: zoom-in view. Top row of (b)-(g): segmentation results on despeckled ultrasound
images produced from SRAD [11], SBF [8], OBNLM [1], ADLG [2], NLMLS [10], and our method, respectively; bottom
row of (b)-(g): associated zoom-in views. Blue color: the ground truth delineated by clinical doctors; and Red color:
segmentation results produced on different inputs.
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