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There are four parts in this supplementary material:
e The first part (part 1) presents the details of the optimization procedure.

e The second part (part 2) presents additional comparison results against state-of-
the-art methods.

e The third part (part 3) presents additional despeckled results produced from our
method.

e The last part (part 4) presents additional segmentation results with comparison.

Note that all the clinical images presented in this work are obtained from the public
ultrasound data set downloaded from the following webpage:
http://www.ultrasoundcases.info.
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Part 1. Details of Our Optimization Method

In this part, we present how we iteratively solve (minimize) the low-rank recovery
model presented in Eq. 10 of our submitted paper.

Rewriting the Low-rank Recovery Model. First, according to the definition of wj
(see Eq. 7 in our paper), we set w; to be zero for those smallest singular values, and
there are A\ of them. Hence, we can re-write the truncated and weighted nuclear norm
(TWNN) by skipping the first A terms in Eq. 7 in the paper as

M
1Wplli = D wioi(¥p), ()
i=A+1

where W is the low-rank component of input W; (see paper); M is the total number
of the singular values of W p; and w; is the weight on the i-th singular value o; of U p.

Next, we can devise an alternating direction method of multipliers (ADMM) method
to solve our low-rank recovery model (after substituting Eq. 1 above into Eq. 10 in our
submitted paper):

\gnig ¥pll; + E glloot <Y, U7 —Up — U, > +8||¥; — Up — T, |5, (2)
D,*n
gev,

where ||.|| is the Frobenious norm; « is a parameter set to be 1.0 in the current imple-
mentation; g is each 3 x 3 submatrix in W, (see paper); Y is the Lagrange multiplier; (3
is a parameter set to 2; and < . > denotes the inner product. Note that we set the initial
values of U and W, as W, and a zero matrix, respectively, and Y as:

Yo = sgn(P;)/ max(|lsgn(¥r)|[2, A~ [[sgn(¥1)||) . 3)

where sgn is the sign function; and ||.||« denotes the maximum absolute value of all
the matrix elements. For details about this initialization, readers may refer to [0, 5].

The core idea of the ADMM is to separate the optimization in Eq. 2 above into two
subproblems, and then to solve them iteratively by updating W and W, alternatively.
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Subproblem 1: Update (¥p):.;: Given (¥,); and Y;, we compute (¥ p);;; by solv-
ing (minimizing) the following objective function:

1
B

To solve Eq. 4, we need to expand the nonlinear term ||V p||,;,. Regarding this, we
first prove the following inequality, which is a generalization of Theorem 3.1 in [12]:

M
. 5
min > 1¥pllg + 51 = Tp — (L) — Vil . (4)

1=A+1

To prove: For any given matrix X € R”*" any matrices A € R™*", B € R™*", such
that AAT = I and BBT = 1, and any diagonal matrix () € R™*", for non-negative
integer r = rank(A) = rank(B) (where 0 < r < min(m,n)), we have

Tr(AXQBT) <> pioi(X) (5)

1=1

where o;(X) is the i-th singular value of X; and py, ..., p,, are diagonal elements in Q).

Proof: We start from the left hand side of Eq. 5:

Tr(AXQB") = Tr(XQB' A) (by trace rule: Tr(M; M,) = Tr(MyM;))
< |Tr(XQBTA)| (since z < |z| for any scalar x)
min(m,n)

< Z 0:(X)o;(QBTA) (by Von Neumann’s trace inequality [9])

i=1
(6)
By singular value decomposition, we know that the non-zero singular values of a
matrix (say M) are the square roots of the non-zero eigenvalues of M M*, where M*
denotes conjugate transpose. Since Q BT A is a real matrix, (QBT A)* is just (QBT A)T.
Let ¢ be the rank of matrix QBT A, where ¢ < r. The nonzero o;(QBT A) val-
ues are the square roots of the non-zero eigenvalues of (QBTA)(QBT A)T, which is
QBTAATBQT. Since AAT =T and BBT =1, QBT AAT BQT is simply a diagonal
matrix whose elements are p?, ..., p>. As a result, the nonzero o;(QBT A)’s are py, ...,
pq (fori € [1, q]), and the rest ([q¢ + 1, n]) are zeros.
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432 Therefore, putting this result into Eq. 6, we can obtain 486
433 487
434 min(m,n) 488
435 489
436 Tr(AXQBT) < Z Ui(X)Ui(QBTA) (from Eq. 6) 490
437 i=1 491
438 q m’m(m n) 492
o S 6i(X)oi(QBTA) + 2 0:(X)o:(QBTA) o
440 = i i i i

441 i1 i—gt1 495
442 . (7) 496
443 q min(m,n) 497
444 — . . . . 498
e = Z oi(X)pi + .Z ai(X) -0 s
446 =1 i=q+1 500
447 T 501
448 . . 1 . 502
e < Z oi(X)p; (since ¢ < randp; >0) . o
450 i=1 504
:Z; This proves Eq. 5. Moreover, following [12], Tr(AX QB7) attains maximum when 232
453 507
- A= (\/pru1, .., /prur, 0)F and B = (\/proy, - . ., /prvy, 0)T ® s
:gs where U, ¥, V] is the singular value decomposition (SVD) of X; Uy = (u1, - - ., Umin(m.n) )} :1:’
s V1= (V1,. .., Unmin(m,n))s and X is a diagonal matrix [End of Proof]. 512
459 513
:g? By setting X as W amd p; in () as ::
s OVE +1 517
464 Pi = ; 9) 518
465 oi(¥p) +¢ 519
225 where 0, K and ¢ are defined in paper, we can employ Eq. 5 and rewrite TWNN of :z?
a8 Eq. 1 as: 522
469 523
470 M 524
2 1Wpllm = ) wioi(¥p) (by Eq. 1) e
473 i=A+1 527
474 M A 528
475 529
= pioi(¥p) = > pioi(¥p) 10) s
477 i=1 i=1 531
478 M 532
o ~ Zp-a-(\llp) —  max  Tr(AVpQBT), (by Eq.5) o
e e~ AAT=I,BBT=I ’ ' .
482 536
as3 From Eq. 7 in paper, p; = w; when ¢ > A\ + 1. By replacing TWNN of Eq. 1 with 537
484 538
485 539
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Eq. 10, we can reformulate the optimization in Eq. 4 as

M
- ST o Biw o - — Ly
min ;pm(%) a8, TH(AYDQBT) + JI%r = ¥p — (Ty): = FYillf.

(11)

According to [12], we can solve Eq. 11 by an efficient two-step scheme to update

Up, and (A, B) in an iterative manner. In the j-th (j € [1,.J]) iteration, the two-step
scheme 1s described as:

Step 1.1 Let ©; be (Up),4; in the j-th iteration, and [(Us);(X2);(V2)j] = svd(©),
where (Us); = (w1, ...,up)” and (Va); = (v1,...,var)?. Then we can estimate A;
and B; using the following equation:

Aj = (\/Euh o/ PAt, O)T and B; = <\/EU1, A/ PAU, O)T. (12)

Step 1.2 After obtaining A; and B; in Step 1.1, ©,; at the (j-+1)-th iteration is
computed as:

M
: 1
min g pioi(Up) — Tr(A; ¥ pQB]) + gH\I’I —Up— (), — =Y|[F (13)
1=1

Up < &
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Now, we can employ the accelerated proximal gradient line search method (APGL) [12]  ©*

to minimize Eq. 13 above. Let f(¥p) = —Tr(AVp,QBT) + §||\If[ —Up— (V) —
%YH 2,and e(Up) = S p;0;(Vp). For a given paramter s > 0, by introducing an
auxiliary variable Z, APGL method constructs an approximation of Eq. 13 as:

Qp,2)=f(Z)+ <Vp—-Z,Vf(Z)> +2i51|\I/D — Z||5% +e(¥p) . (14)

Then, APGL method uses another iteration (k € [1, K3)) to iteratively update ¥ p, Z
and s. The initial value of Z and s are set as ©; and 1, respectively. Assuming that I';,
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is the k-th iteration for computing ©,. 1, ', in the (k+1)-th iteration is computed as:

[pi1 =arg r%in Q(Up, Z;) (from Eq. 14)
D

1
=<Vp — Z;,,V(Z) > +2—Sk\|‘I’D — Zyl|% + 9(¥p)

(by removing terms with Z; from Eq. 14)

= argmin ?H\IID — (Z, — iV F(Z)||% + szaz (Tp) (15)
VfZ
(by adding 4! f2( 1)) )
M
= arg mm —H\IJD — )3+ Z pioi;(¥p), (by calculating V f(Z;))
1=1

where R, = Z; + sk(AJTBjQT — g(\IJI — (U,); — %Yt)) Now, according to [3], the
closed-formed solution of Eq. 15 is given by:

{ (Us, 33, V3) = svd(Ry) (16)
(D)1 = Us(QS3)) V5
where the singular value shrinkage operator €2(X3);; is:

Q(233); = max(X;; — 2p;8, 0), (17)

where >.;; 1s the ¢-th largest singular values in the diagonal matrix >.3.
Meanwhile, according to [4] [12], Z;.1 and s;.1 are computed as:

14+ /14 4(sp)? (18)
5 :

Sk—l

Ziy1 = Ty + (Fgs1 — k), and s =

Sk

Subproblem 2: Update (V,);,,: Given (Vp);y1 and Y;, (V,):41 is updated by the
minimization below:

1
min oy [lglls + H\Iff —(Up)pyr — T,y — EY;H% , (19)
gev,

where o and g are defined in Eq. 10 of our paper. According to [7], the solution
of Eq. 19 1s the proximal operator related with a structured sparsity-inducing norm,

7
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Algorithm 1 Our ADMM procedure to recover ¥ p from U,

Input: a patch group matrix ¥; from input image
i: for t=0:7"do

2:

3:

4:

8:

9:

10:

for j=0:J do
compute A; and B; using Eq. 12
for k=0: K5 do
update 'y, 1 using Eq. 16
update 7y, and s, using Eq. 18
end for
end for
compute (¥, ), by solving Eq. 19 using the method proposed in [7]
Yin =Y+ p(¥7 — (Yp)es1 — (¥y)er1)

11: end for
Output: Vp

and it can be exactly computed by solving a quadratic min-cost flow problem [7] in
polynomial time. Algorithm 1 summaries the whole procedure for the low-rank matrix
recovery. For all the experiments, we empirically set both J and K as 2, and 7" as [3,
10], with a large 7" for a high speckle noise level in the input ultrasound image.
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