Modifying Non-Local Variations Across Multiple Views
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1. APPENDIX A: Derivation of the transformation update step under the transformation consis-
tency loss

In this Appendix, we start by briefly reviewing the formulation underlying the optical flow algorithm of Liu [3]. We then
extend this formulation to our multi-view setting by adding the correspondence term

Eoon(T3. T3) = / / (a2, y) — us(z, ) + o1 (2, 9) — va(2, 9)|?) dady, (1)

which forces small differences between the transformations 7; and 7.
1.1. Single image optical-flow

Let p = (z,y) denote the image coordinates and F} (p) = (u1(p),v1(p)) the flow field between image .J; and image I;.
The optical flow objective function addressed in [3] is given by

Eor(u,v) = /¢(|11(p+F1(p)) —Jl(p)\Q)dera/cb(IVm(p)lz+ Vo1 (p)|?)dp. )

In our case, we are interested in the robust penalty functions ¥(z) = V22 + €2 and ¢(2) = V22 + €2.
Under the incremental flow framework, assuming some initial estimate [ of the flow field is available, the goal is to find
the best increment dF; = (du, dv). The objective function in (2) can thus be written as

Eor(du, dv) = / G0 (p+ Fi(p) + dFL(p)) — 1 (p)P)dp
ta / B(19 (w1 (p) + dur ()2 + |V (01 (p) + dvns () ?)lp 3)

Let I.1(p) = Li(p+ Fi(p)) — J1(p), Ip1(p) = a%ll(p + Fi(p)), and I, 1(p) = 6%[1(]? + Fi(p)). Then the term
Ii(p+ Fi(p) + dFi(p)) — J1(p) can be linearized by a first order Taylor expansion as follows

Ii(p+ Fi(p) + dFi(p)) — Ji(p) = L.1(p) + Lu1(p)dusi(p) + Iy,1(p)dvi(p). 4)

Vectorizing wy, vy, duy, dvy, I 1, Iy 1, I, into Uy, Vi, dUy, dV7, fx}l, fy,l, fz’l, the energy function in (3) can be discretized
as

Eop(dUy,dVi) =Y (fp1) + @Y d(gp1); 5)
p p

where
fp’l = (517;(1;71 + Iw,ldUl + Iy71dV1))2 ©
gpa = (6] (De(Ur + dUL)))? + (67 (Dy(Ur + dUL)))* + (6 (D2 (Vi + dVA)))? + (67 (Dy (Vi +dV1)))> (D)

Here, §,, is a vector with 1 at the pth location and 0 everywhere else, D, D, are matrices that correspond to convolutions
with the horizontal and vertical derivative filters [—1 1], [—11]7, respectively, and I, ; = diag(l, 1), L1 = diag(l,1).



1.2. Multi-view optical-flow

In our multiview setting, we are seeking two flow fields. Our approach is to alternate between fixing the second flow field
and solving for the first, and vice versa. Without loss of generality, let us regard the second flow field Us, V5 as constant as
solve for dUy, dV;.

Adding the discretized correspondence term of (1) to (5), the multi-view optical flow loss for updating dU;, dV; can be
written as

Eyvor(dUy, dVy) ZZ/J Ip.1) +OZZ¢ gp,1) + o thlv 3

where

tp1 = (6, (Ur +dUy — Uz))* + (6] (Vi + dVi — V2))? 9)

and o = 5, o = 5¢.
o
The key 1dea behlnd the Iterative Re-weighted Least Squares (IRLS) method [ 1] is to linearize the functions v and ¢ and

regard their gradients as constant in each iteration. In our case,

Vo, Bwvor(dU, dVi) = Y 0 (1) Vo, fpa + @) 8 (9p1)Vurgp + 02 D Vintp, (10)
p p p
where
Vo, fp1 = 2(016,00 Ly 1dUy + 13 16,00 (11 + 1, 1dV7)), (11)
Vu,¢p,1 = 2((DL 6,6, Dy + D] 6,6 D) (dU; + Uy)), (12)
Vo, tp1 = 2(6,6))(dUy + Uy — Us). (13)

A similar expression can be derived for Vv, Emv.or(dU1, dV7). Equating Vi, Emv.or and Vv, Emv.or to zero and reorga-
nizing yields

(W2 | + Ly + @ Id)dU; + W 1, L 1dVi = 0,1 L1 — (oL + oZ1d)U; + i Us (14)
U 1,10, 1dUy + (W)L, + aly + of1d)dV; = —U 1,11, 1 — (aLy 4+ o’ 1d)V; + o Va (15)

where Id is the identity matrix and L; = DY ®|D, + D;‘/F@;Dy, with ®) and ¥} denoting diagonal matrices with {¢’(g,.1)}
and {¢'(fp,1)} on their diagonals. Writing this system of equations in matrix form, we get

( U2 +aLy + o L7285 Y ) ( du, > _ < U L1 4 oy Uy + of (U — Uy) )
1728 WY PR U +aly + o dvy UL, L +aly Vi +ai (Vi — Va)

The idea in IRLS is to regard ®’, ¥ as fixed (computed from the flow in the previous iteration), and obtain dU7, dV; as the
solution to this linear set of equations. Then ®', ¥’ are updated based on the new dU7, dU>, leading to a new set of equations,
etc.

Once U;, V; are determined, we keep them fixed and update Us, V5 in a similar manner.



2. Appendix B : Appearance consistency
Recall that the overall multiview NLV objective is defined as
Emvaiy (71, J1, DBy, Tz, J2, DB2) = Enwv (71, J1,DB1) + Exwy (72, J2, DB2) + acEeon(T1, T2, J1, J2).  (16)
The correspondence term to maintain appearance consistency across views is
Eeor(T1, J1, T2, J2) =
2 [[o 07 ) - T aHa) ) dady + [ [0 (19wale,)|? + 190, 2,0)|?) dady, (1)

where wT(:E,y) = Ul(Z,y) - UQ(I’,y) and wy(z7y) = ’Ul(gjvy) - UZ(I7y)'
Since T1 {11 }(2,y) = I (x+uy(x,y), y+v1(z,y)) and the flow field u1, v; is smooth, we can approximate 7, *{.J; }(x, y) ~

Ji(a —ur(z,y),y —vi(2,y)). Similarly, 75~ {Jo} (2, y) = Jo(z — uz(@,y),y — va(z,y))-
2.1. Image update
As we show later on in Appendix C, setting the gradient of the objective w.r.t. J; to zero, leads to

Ji(z,y) =y (2, y) Z1(x,y) + 01 (z, y) I (2, y) + (1 — v (z,y) — 01z, y)) 21 (2, ), (18)

where J>_,1 is the image Jo warped to the coordinate system of J1, and

Wdlma(w y)

m (LL', y) = 3
Wdlata(x7 y) + Mz + ]}\7’422 ]Wdlgnd(xvy) C( )
h?
R - ’ (19)

2
W(ildtd(x y) + M2 + JCLI2 M"f‘ag,zic(%y)

with M, (2,y) = 2(| 1 (2,y) — oot (2,9)[1?)-

Here, Z; is an image obtained by replacing each patch in J; by a weighted combination of its K Nearest Neighbor (NN)
patches from the database DBy, Wy, (z,y) = +9(||J1(z,y) — I5(x,y)[/?), and C is an occlusion mask indicating for which
pixels in I3 we could find a good match in I; with high confidence. Since Zi, ; and d; are nonlinear functions of the
unknown J;, we iterate between computing .J; according to (18), and updating ; and &; according to (19). This whole
process is done while regarding J»_,1 as constant. The update of .J5 is done similarly, by regarding .J;_,» as constant.

2.2. Transformation update

For this formulation, the term F,,,, contains two parts which depend on 7T, as described below:

E(U1,U17U2,U2) =

/\/ D(IT (@ y) = L) 1?) + (1T (e y) = B, y)?) + (T i, y) = Ty oz, y)|1?) dady
ar/ S| Vur (@, y)lI* + IIVvl(fan)II2)dxdy+ac/ V([ Vwe (@, )1 + [Vwy (2, 9)|%)dedy.  (20)

Here (w,,w,) is the correction field that is added to the second view. We minimize this objective w.r.t. to 7; and 75 by
extending the IRLS method [3]. See Appendix D for detailed description.



3. APPENDIX C : Derivation of the image update step under the appearance consistency loss

We present the mathematical procedure for the first view, a similar procedure is applied to the second view. Minimizing
the objective function

Enxivaniv(T1, J1, DBy, Tz, J2, DBy) =
Exwv(Th, J1,DB1) + Enty (T2, J2,DB2) + acEeore(Th, T2, J1, J2), 21
with respect to J; requires setting the gradient of Eec(J1,DB1) + AEgaa(T1{1}, J1) + acEcorr(Tfl{Jl}, 7'2’1{J2}) with

respect to Jp to zero. In the following, I{ and J; denote the column-vector representations of 71{/;} and J;(x, y), respec-
tively. We can express the recurrence term and the data term as
2)) : (22)

Erec(J1,DB1) = Zlog (ZGXP a1,

Boaa(Ti{I1}, 1) :Zw (64 (i = ID)), (23)
k

where ¢ ; is the ith patch in DB, @); is the matrix that extracts jth M x M patch from the image, and ¢, is as in (7). The
correspondence term that depends on .J; is:

Eoon(Ti, 1, Ty J2) = A/ v (1T A @, y) = T {2} @, y)|?) dedy (24)
Assuming a smooth flow field (u, v) yields:

T N y)—T; {2z, y)
~ Ji(z —u(z,y),y —v(z,y) — J2(z —u(z,y) + we(z,y),y — v(@, y) + wy(z,y))
~ Ji(z,y) — Ja(z + we(z,9), y + wy(z,9)). (25)

To simplify the exposition we define Jo_,1 (2, y) = Jo(z +we(z,y), y +wy(x,y)). Substituting (25) into (24) and discretiz-
ing, we get

Beon(Ti, J1, T2, J2) = A0 (Cr(0F (Jaa — J1))?) (26)
k

where C, = 1 if the kth pixel has been warped correctly with high precision and C, = 0 otherwize. We compute the gradient
of the above components with respect to J; and set the total sum to zero.

3.1. Derivations

As shown in [2],

Ere = 2 ZQ Qjh — 7, @7

exp(575 11Q5 T —a1.1.1%)
> exp(75 Qs 1 —ar kll?)
as follows. The image Z; is constructed from patches {z; ; }. The patch z; ; is a weighted average of the K nearest neighbors
of the jth patch in J;, weighted according to their similarity to this patch. Here, M is the patch width.
The gradient of the data term is given by

where, 71 = 1= > QT 215, 215 = ) Wkjqu k- and wy; = . This expression can be interpreted

8p0L (Jy — I€
AV, Egwa = w (28)
k Wy

where

1
w;,data _ X\/(ég(lf_Jl))Q_FEQ' 29)



Finally, the gradient of the correspondence term is given by

Crbi0L (J1 — Jas1)

AV Eeorr = Z T,data G0
k My
where
o 1
mi’d ta _ X\/((Sg(a]z—ﬂ — J1))2 + €2, 31

Setting Fo zero the sum of the grgdi§nts of.these thr.ee energy terms, and noting that up to boundary effects, ﬁ > j QJTQj
equals the identity matrix, we obtain (in spatial coordinates)

M? 1 C(J?, y) ) M? c C(ﬂ?, y)

M2y i Ji(z,y) = M7 (x,y)+ Iz, y) + ——2 9 ().
( h? Wl,data (1'7 y) Ml,data (xv y) 1( y) h? 1( y) 1,data ! ( y) Ml,data (LC, y) 2t ( y)

(32)
Similarly, for the second view,
2 1 C(z,y) ) 2 1 C(z,y)

M ’ M c )

M2 + To(z,y) = M2 7o (2, y) + (z,y) + ——22 J o(x,y). (33)
( h? W2,data(xa y) MZ,data(x; ZJ) 2< y) h 2( y) WQ,data 2( y) M2,data(x; y) 1_>2( y)



4. APPENDIX D: Derivation of the transformation update step under the appearance consistency
loss

To minimize the objective function

E(ui,vi,us,v2) =

A / / ST () — L)) + (1T @ y) — D )12 + w7 (@) — T3 V(e y) |2 dady

o / / B(I[Vur (@, )2 + [|Vor (z, 9)|2)dady + a / / V(I Vwa e, I + |V (2, 9)|P)dady  (34)

with respect to 77 and 72 we set the gradient with respect to 77 and 73 to zero. We follow Liu’s [3] IRLS approach to
simultaneously update the two flow fields.
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