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Abstract. Neural distance fields (NDF) have emerged as a powerful tool
for solving 3D computer vision and robotics downstream problems. While
significant progress has been made in learning NDF from point cloud
data obtained through a LiDAR scanner, a crucial aspect that demands
attention is the supervision of neural fields during training, as ground-
truth NDFs are not available for large-scale outdoor scenes. The existing
works have approximated signed distance to guide model learning. The
efficiency of the trained model heavily depends on the approximation of
the signed distance. To this end, we propose a novel methodology lever-
aging second-order derivatives of the NDF for a better approximation of
the signed distance that leads to improved neural field learning. To assess
the efficacy of our methodology, we conducted comparative evaluations
against prevalent methods for mapping and localization tasks. Our re-
sults demonstrate the superiority of the proposed approach compared to
the state-of-the-art techniques, highlighting its potential for advancing
the capabilities of neural distance fields in computer vision and graphics
applications.

Keywords: Neural Implicit Representation · Signed Distance Field · 3D
Mapping · Localization.

1 Introduction

The neural distance field is a fundamental 3D surface representation used in var-
ious downstream tasks of 3D computer vision and robotics, such as autonomous
driving and content creation for AR-VR applications. The appeal of NDF lies
in its ability to provide a continuous representation [22], unhindered by grid
resolution constraints [4], making it versatile. Moreover, NDF accurately cap-
tures high-frequency information and serves as a memory-efficient approach for
mapping and utilization in mobile tasks [29, 37]. Traditionally, NDF training in-
volves expensive calculations of ground-truth signed distance values [18]. While
supervising NDF with ground truth signed distances laid crucial foundations, ob-
taining such ground truth data for real-world scenes is challenging. The recent
approaches [36, 4] predict signed distances with only point clouds as the input,
eliminating the need for ground truth supervision where they leverage the prop-
erties of NDF to approximate expected ground truth values. However, some of
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these methods introduce geometric assumptions and train with sub-optimal ap-
proximation of the ground truth values, potentially leading to geometric artifacts
in the predicted NDF [29, 4, 18].
In this work, we introduce a novel NDF supervision method based on the second-
order derivative property of NDF for overcoming inherent geometric limitations
and ensuring a precise alignment of NDF properties with the estimated signed
distance. While higher-order derivatives have been explored for diverse applica-
tions, such as shape smoothing [34], the second-order properties of NDF have
yet to be tapped in the context of supervision of NDF learning. The effectiveness
of our approach is evaluated on two fundamental problems, mapping, and local-
ization, both of which extensively utilize NDF [37, 29]. Our findings indicate an
improvement over the current state-of-the-art geometrical techniques, affirming
the superiority of our proposed method.
In summary, we make the following contributions:

– We present a novel neural distance field supervision approach by exploiting
the second-order derivatives of the neural distance field.

– We develop a geometrical approach to ensure a precise alignment of neural
distance field properties with the estimated signed distances, which enhances
the accuracy and reliability of neural distance field models.

– We demonstrate that the proposed approach attains state-of-the-art (SOTA)
performance for mapping and localization on benchmark challenging datasets.

The rest of the paper is organized as follows. In Section 2, we review the relevant
literature and discuss the major research gaps. In Section 3, we describe the
proposed approach to solve the considered problem and discuss its geometric
significance. In Section 4, we present our results and compare the performance
of the proposed approach with that of the state-of-the-art approaches.

2 Related Work

The uses of signed distance fields (SDF) have been prevalent in computer graph-
ics and computational geometry for various applications [16, 19]. More recently,
neural fields have emerged as a prominent representation for modeling three-
dimensional environments and objects [13, 14, 17, 36]. The NDF extends the con-
cept of SDFs by using neural networks to represent and learn the implicit function
describing the surface of a scene or an object. Instead of using traditional math-
ematical formulations for surfaces, NDFs employ neural networks to model the
signed distance function [4]. NDFs have demonstrated significant success in ef-
ficiently representing room-scale 3D environments and are particularly useful in
real-time applications [18, 23, 38, 29]. The majority of the approaches that have
employed NDF have utilised multi-layer perceptron (MLP) and supervised them
either through density fields [25], normals [22, 30, 36], or directly through the
distance field [4]. Recently, few approaches investigated the possibility of relat-
ing NDF directly to sensor readings [29, 37, 2] or supervise NDF directly with
sensor readings of small batches while ignoring the entire geometry leading to a
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Curvature Constrained Neural Distance Fields 3

distorted view [18], especially for large-scale environment representation.
Among the limited number of approaches that have directly utilised sensor read-
ings from LiDAR for mapping and localization [35, 21, 32, 31, 27, 20, 29, 18, 33, 23,
24, 28, 2], the SHINE-Mapping [37] and LocNDF [29] approaches have used im-
plicit surface representation for large-scale environments. NDF has also been
applied in the fields of motion planning [3], localization [29], navigating in neu-
ral field [1], and learning neural fields for deformable objects [33]. The objective

Ray
Surface

Distance along the surface normal
True signed distance
Proposed distance using the curvature of NDF
Distance along the normal in the closest surface direction
Distance to the nearest point in a batch
Ray distance

Fig. 1. Different methods for computing the signed distance to supervise NDF for a
point on a ray beam.

of our research is to introduce a novel technique for effectively learning the NDF
for large-scale environments by utilising the LiDAR sensor readings, which can
subsequently be applied to a range of tasks including path planning, mapping
and localization, and more. Our approach method leverages the geometric char-
acteristics of the environment and also contributes to the current properties of
NDF.
Geometric Drawbacks of Existing Methods: Several methodologies have
been devised to supervise NDF with estimated signed distances which frequently
use the ray distance as the approximated signed distance [37]. Subsequent ad-
vancements in this line of research involved refining the supervision of NDF
by incorporating the ray distance computed along the surface normal as the
estimated signed distance [18, 36]. The first-order derivative-based approaches
calculate the ray distance along the normal pointing towards the closest sur-
face [29]. However, no method has yet investigated the higher-order properties
of NDF to determine the expected NDF values and utilise them for network
supervision. In Fig. 1, we represent various approximations of the signed dis-
tances that have been used for supervising MLP where we illustrate the geo-
metric limitations of different distances. For instance, using the nearest point
to the sensor in a specific batch results in an underestimation of the ground
truth signed distance values because it does not account for the geometry of
the extended surface. Considering the distance along the surface normals as the
true signed distance results in significant errors on a wide scale [18]. Consid-
ering the distance along the ray directly provides a simple option but is not
particularly helpful for monitoring NDF as the ray distance is clearly not the
minimal distance to the surface. i-SDF [18] specifically designed to map room-
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scale environments directly calculated the closest distance to the surface in the
selected batch and determined it as the global minimum distance to the surface.
Though this technique was effective in a room-scale setting, gives sub-optimal
efficiency in a large-scale environment due to the extended geometry’s impact
on the NDF, which may not have been captured in the chosen batch. Another
seminal innovation in the estimation of the ground truth value was introduced
in [29], which uses the first-order derivative of NDF to determine the gradient to
the nearest surface. They then calculate the ray distance along this determined
gradient, resulting in a more accurate estimation of the signed distance value.
However, this method frequently produced inaccurate estimations for curvilinear
or complex surfaces. As in Fig. 1, we can clearly see that the distance along the
normal pointing towards the closest surface overshoots the true signed distance
field, resulting in error.
All other methods utilizing NDF rely on high-resolution images or require ground
truth SDF for NDF training [4, 25, 22]. These methods can further be improved,
particularly real-world applications, due to the lack of ground truth SDFs or
high-resolution images. Instead, we only have sensor readings available to build
the NDF. So for this work, we would directly use the raw LiDAR data for con-
structing NDF.
In this work, we introduced a new methodology for calculating the predicted
SDF values by utilising higher-order derivatives of the NDF. We then compare
our approach with existing approaches used to estimate SDF values in large-
scale environments. We specifically compare our results with ray distance [37]
and distance along the normal pointing towards the closest surface [29] as these
are the most widely used and latest approaches for determining signed distance
values, moreover they also provide the tightest bound for approximating signed
distances. Batch distance and normal distance along the surface normal are con-
sidered unsuitable for large-scale environments as they were originally designed
for small-scale environments and are not theoretically applicable to large-scale
settings.

3 Methodology

In this work, we learn the NDF representation of a scene from the LiDAR sensor
readings using a self-supervised approach. Our approach eliminates the need for
substantial processing of the sensor readings, creating specialized density fields,
and finding ground truth signed distance value manually, which makes it more
practical for real-world applications like mapping and localization. Our approach
does not rely on point cloud normals as normal estimation has inherent depen-
dence on the type of sensor, leading to potential errors in the process. In the
following text, we will discuss how we exploited the properties of NDF and the
environment’s geometry to learn the NDF from the LiDAR data.
Problem Formulation and Background: In this work, we address the prob-
lem of finding the implicit representation of the 3D surface of a scene from its
sequence of LiDAR scans of the scene. Inspired from [29], we term the implicit
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Curvature Constrained Neural Distance Fields 5

surface as neural distance field (NDF). The NDF D maps a point x ∈ R3 to a
scalar value D(x) ∈ R that represents the signed distance of the point x from
the surface of the underlying scene. We use [29] as a backbone with a better
approximation of the distance of a point from the surface that we discuss later
in this section. We first discuss the approach of LocNDF [29] to create a context.
LocNDF represents D as a multi-layer perceptron (MLP) that consumes a point
and returns it signed distance from the surface, i.e., it predicts D(x). Therefore,
the MLP learns a representation of the 3D geometry of the scene. Instead of
passing a point directly as an input to the MLP, LocNDF uses the positional
encoding of the points to learn the 3D surface geometry more efficiently as it
captures the high frequency details of the scene [14]. Positional encoding maps
the coordinates of a 3D point to a high-dimensional vector by utilizing periodic
activation functions helping to store high frequency information of points. The
positional encoding P : R3 → R6h+3 of a point is defined in Equation (1).

P(x) =
[
x sin(ω1x) cos(ω1x) · · · sin(ωhx) cos(ωhx)

]⊤
. (1)

In order to keep the surface thin, LocNDF uses truncated signed distance field
(TSDF) [15, 26] representation of the NDF. The structure of the multi-layer
perceptron is inspired from the SHINE [37] to learn the NDF from LiDAR scans
where the training is done in an unsupervised manner as we do not have the
ground-truth NDF available. A LiDAR scanner measures the distance of a scene
point from its origin and this distance is referred as the ray distance. To train the
MLP, LocNDF [29] proposed a self-supervised technique where a set of points
{x1, . . . , xni} are sampled on the ray between the sensor origin oi and the ray
endpoint ei (the scene point where the ray intersects the scene surface) as defined
in Equation (2).

xℓ = (1− tℓ)oi + tℓei and tℓ =
1

0.9

(
1− 10

ℓ
ni−1−1

)
, ℓ ∈ {1, . . . , ni}. (2)

Now, in order to train the MLP to learn the underlying surface, we require the
ground-truth signed distance of each sample point xℓ from the surface. Since
both surface and the signed distance of each sample point is unknown, it is a
chicken-and-egg problem to solve. This is a major challenge to address to solve
this problem. The LocNDF framework uses the ray distance dℓ = ∥ei − xℓ∥2
to approximate the signed-distance for each sample point from the surface that
itself we have to learn. The LocNDF approximates the signed distance d̄ℓ of the
xℓ from the surface, defined by NDF D, as

d̄ℓ =
n⊤ℓ (ei − xℓ)

∥nℓ∥2
, (3)

where nℓ represents the approximation of the direction towards the closest surface
and LocNDF defined it as nℓ = −∇xD(xℓ).

3.1 Curvature-Constrained Neural Distance Fields

Proposed Approach: In order to estimate the distance of a point from the
surface, we utilize the characteristics of NDF. Given that the NDF represents
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the distance of a point to the closest surface, and the iso-lines of the NDFs are
concentric to the surface of object, indicating that point xℓ will lie on isolines
of the NDF. Isolines represent the NDF and are formed by the distance to the
nearest surface. Fig. 2(a) shows that the object’s NDF are concentric, and the
radius of curvature (ROC) of isolines increases in magnitude as one moves away
from the surface. Based on this intuition, the radius of curvature of the isoline at

r
ℓ

Rℓ

nℓ = −∇xD(xℓ)

cℓ

xℓ

fℓ
gℓ

oi

ei

(a)

d̄ℓ = 1.75

d̂ℓ = 0.98

Rℓ = 2

d
ℓ =

1.4

rℓ = 1.02

x2 + y2 = 4

x2 + y2 = 1

xℓ cℓ
gℓ

ei

(b)

Fig. 2. (a) Various approximation of the signed distance of the point xℓ from the

surface: dℓ = ∥xℓ − ei∥2 for Ray distance, d̄ℓ = ∥xℓ − gℓ∥2 =
n⊤ℓ (ei−xℓ)

∥nℓ∥2
for LocNDF, and

proposed d̂ℓ = ∥xℓ− fℓ∥2 = Rℓ−rℓ for the proposed approach, (b) An example is shown
for all three approximation of the signed distance of the point xℓ. The true distance is
1 unit and the proposed distance is d̂ℓ = 0.98 as we use numerical approximation of
∇xD(xℓ) and Rℓ to calculate d̂ℓ using Equation (11).

a given point is the ROC of that point. As isolines are only formed to represent
the distance to the nearest surface, this would ensure that the ROC of a point
on the iso-line would be concentric with the ROC of the corresponding point
that is the nearest point on the surface from the query point. Consequently,
if the ROC of the corresponding point on the surface could be determined,
the difference between the two would provide a reliable approximation of the
signed distance. While NDFs can be affected by multiple surfaces, discontinuities
typically arise at significant distances. When closer to the surface, NDFs tend to
be concentric to the inquiry point [5]. To mitigate discontinuity effects, we have
sampled points log-linearly along the LiDAR ray, as defined in Equation (2),
assigning higher weights to those closer to the surface. This approach efficiently
reduces discontinuity impacts on distance calculation. Now, according to [8], the
ROC for any point in the implicit representation is defined as Rℓ =

1
|κℓ| . Here,

κℓ is the mean curvature at a point xℓ on the implicit surface and is defined as:

κℓ =
∇⊤

x D(xℓ)H(xℓ)∇xℓD(xℓ)− ∥∇xD(xℓ)∥22trace(H(xℓ))
2∥∇xD(xℓ)∥32

. (4)
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The mean curvature κℓ can be found by Equation (4) for calculating the ROC
for implicit surfaces if we have the analytical expression of D available with us.
The NDF is theoretically described as a scalar field representing the extrinsic
properties of the scene. The formula described in Equation (4) is intricate and
computationally demanding. A more computationally efficient way [8] to calcu-
late the mean curvature is defined in Equation (5).

κℓ =

∣∣∣∣∇⊤
x

(
∇xD(xℓ)

∥∇xℓD(x)∥2

)∣∣∣∣ = 1

Rℓ
⇒ Rℓ =

∣∣∣∣∇⊤
x

(
∇xD(xℓ)

∥∇xℓD(x)∥2

)∣∣∣∣−1

. (5)

Now, we establish a relationship between the ROC of a point and its closet point
on the surface. As depicted in Fig. 2 (a), we observe that the NDF comprises of
concentric spheres and when we apply the Equation (5) at any sampled query
point xℓ on the LiDAR beam having an origin at oi, we receive the ROC of
isoline at xℓ. As a property of NDF, we are assured that this ROC is concentric
with ROC of the point on the surface nearest to the query point. Here the
corresponding point on the surface to the query point xℓ is point fℓ. The formation
of the neural field at point xℓ is solely due to the point fℓ on the surface, as the
NDF is a representation of the distance to the nearest point.
Let the ROC of isoline at point xℓ be Rℓ, and let dℓ = ∥xℓ − ei∥2 be the known
ray distance to the surface, where ei is the point on the surface at which LiDAR
ray intersects. We approximate the signed distance value of the point xℓ from
the surface as d̂ℓ = ∥xℓ − fℓ∥2, i.e., the difference of the ROCs of the surface
at the query point and its the corresponding point fℓ. Using Equation (5), we
find the radius Rℓ. We exploit the geometry present to calculate the ROC rℓ at
the corresponding point fℓ as below. In Fig. 2 (a), we apply the cosine rule in
triangle △xℓeicℓ as follows:

∥ei − cℓ∥22 = ∥ei − xℓ∥22 + ∥cℓ − xℓ∥22 − 2∥ei − xℓ∥2∥cℓ − xℓ∥2 cos θ (6)

r2ℓ = d2ℓ +R2
ℓ − 2dℓRℓ

n⊤ℓ (ei − xℓ)

∥ei − xℓ∥2
(7)

= d2ℓ +R2
ℓ − 2Rℓn

⊤
ℓ (ei − xℓ) (8)

= d2ℓ +R2
ℓ + 2Rℓ(ei − xℓ)

⊤∇xD(xℓ). (9)

Here, θ = ∠cℓxℓei. Our proposed estimation d̂ℓ for the ground-truth signed
distance of the point xℓ from the surface is defined in Equation (11).

d̂ℓ = Rℓ − rℓ (10)

d̂ℓ = Rℓ −
√
d2ℓ +R2

ℓ + 2Rℓ(ei − xℓ)⊤∇xD(xℓ). (11)

We use this d̂ℓ to supervise the training of a multi-layer perception to learn the
NDF. In Fig. 2(b), we present an example for the approximation of d̂ℓ . By ob-
serving the projected NDF, which forms a circle at the inspection plane. The
ray distance (SHINE mapping) is 1.41 that we directly obtain from the LiDAR
measurements, the distance along the normal pointing toward the closest surface
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8 Singh et al.

d̄ℓ proposed by LocNDF [29] is 1.75 (Equation (3)), ROC of NDF is equal to 2,
approximated ROC of the surface is equal to 1.02 (Equation (5)), the distance
using our method is equal to 0.98, and the true signed distance is equal to 1. We
observe that the proposed distance (0.98) is very close to the ground-truth dis-
tance as compared to the Ray Distance (1.41) and the distance (1.75) proposed
by LocNDF.
Now, since the learning of NDF is supervised from estimated d̂ℓ which is es-
timated from the learned NDF. This is a chicken-and-egg problem to solve.
Therefore, better we estimate d̂ℓ, better we will learn NDF and vice-versa. Due
to this, the training of the MLP may not be stable as we initialize the MLP
with random weights leading to random SDF but neither we nor LocNDF [29]
witnessed this situation. The rationale for not observing any instability is that
the estimated error

ϵℓ = D(P(xℓ))−Rℓ +
√
d2ℓ +R2

ℓ + 2Rℓ(ei − xℓ)⊤∇xD(P(xℓ)) (12)

approaches zero when the query point xℓ is sampled closer to the surface, since
D(P(xℓ)) converge to zero, leading d̂ℓ to converge to zero as well. To ensure
this, we give higher weight wℓ = (dmax −D(P(xℓ)))

γ to the points xℓ with lower
D(P(xℓ)), as proposed in [29, 26]. Here, dmax is the largest distance in the batch,
while γ is a parameter that determines the degree of weighting given to the
nearby point. A larger value results in a greater influence from the nearby point.
Now to supervise the MLP to learn the NDF, we define the loss function in
Equation (13) where we use the proposed estimation of the signed distance d̂ℓ
for ray points xℓ along with the regularizers proposed in LocNDF [29].

L =
∑
ℓ

 wℓ|ϵℓ|∑
j wj

+ λ1|D(P(eℓ))|+ λ2|∥nℓ∥2 − 1|+ λ3

∑
j∈Nℓ

|n⊤ℓ nj |

 . (13)

Here, nj = −∇xD(xj) for the neighboring point xj ∈ Nℓ of xℓ, and λ1, λ2 and λ3

are hyper-parameters that we empirically determine.

3.2 Geometric Advantages

Equation (11) holds even for a complex and intricate surface as this equation
is defined for the differential element of NDF at a point. Previous methods for
estimating signed distances, like ray distances and ray distance along the surface
normal, only considered the characteristics of the endpoint on the surface (ei) to
estimate the signed distance. Theoretically, the NDF should not be dependent
on this point because it might not be the nearest point on the surface to the
query point; therefore, it is problematic to have an NDF that is dependent on
the characteristics of this point (ei). The ray distance along the normal to the
nearest surface incorporates specific attributes extracted from the nearest point
on the surface to the query point. By determining the direction to the closest
point and estimating the signed distance, this method improves NDF supervision
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Curvature Constrained Neural Distance Fields 9

by making the method reliant on the nearest point on the surface. However,
this approach solely depends on the directional (vector) characteristics of the
closest point on the surface, resulting in the estimated signed distance affected
by the directional attributes of the nearest point on the surface only. Our method
estimates the signed distance as the difference between the ROC at the query
point and the point closest to the query point on the surface. Using our method,
the NDF became more dependent on the scalar property of the nearest point on
the surface to the query point, which is directly accountable for generating the
neural field at that particular location. The dependence of NDF on the scalar
properties of the closest surface point to the query point enhances the reliability
and accuracy of NDF supervision.
For example, in the geometry shown in the inset figure, if the ray intersects at
point B, methods that rely on calculating signed distances based on attributes of
the endpoint (B), such as ray distance and ray distance along the surface normal,

A D

B
C

E

result in significant geometric errors. Conversely, us-
ing ray distance along the normal to the closest surface
overestimates the distance by presuming the geometry
to be linear, as it only examines the direction to the
closest surface for estimating the distance. Whereas,
our method relies on the concentric properties of NDF
to calculate the concentric ROC at points A and C,
resulting in a better estimate for the signed distance
represented as segment AC. It is important to high-
light that our method heavily depends on point C and its magnitude properties,
which are the actual cause of the neural field at point A, allowing us to incor-
porate extended geometric characteristics that would not be feasible if we only
focused on properties of B.

4 Results and Evaluation

Our evaluation strategy involved comparing our approach with other relevant
methodologies on two fundamental problems: mapping and localization. Given
that geometric techniques within NDF are employed for diverse purposes, from
motion planning to localization, and each model utilizing these approaches serves
distinct objectives, direct model-to-model comparisons may not be the most suit-
able approach. Instead, our evaluation strategy involved comparing different geo-
metric approaches under unified conditions. This allowed for a more appropriate
and insightful assessment, considering the diverse applications and objectives of
these methodologies within the NDF framework.
Training Setup. For all the experiments conducted in this study, consistent
parameters were employed. The positional encoding parameter, denoted as h,
was set to 30. The implementation of the MLP utilized the SIREN architec-
ture [22], with the hidden feature dimension size set to 128. During training,
ni, representing the number of intervals between the sensor’s starting point and
endpoint, was set to 40. The coefficients for various loss components, as indicated
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loss equation 13, were set as follows: α1 = 10−1, α2 = 10−4, α3 = 10−3, and
γ = 3. The optimization algorithm utilized is AdamW, with an initial learning
rate set to 10−4. The experiments have been developed on a desktop PC with
Intel @ Xeon(R) Gold 6226R CPU @ 2.90GHz × 32 and an Nvidia RTX A6000.
Mapping: We evaluate our method on the Apollo Southbay ColumbiaPark-3
mapping run [12] and the KITTI Sequence [7], utilizing provided poses for dif-
ferent batches of scans, each comprising over 700 scans. Our approach involves
direct training of the MLP for the entire scene, utilizing a bounding box of
size 50m. The network was trained for 10 epochs, a process that took approxi-
mately 20 minutes. Scan registration followed the same procedure as employed
by LocNDF [29]. For visualization purposes, we solely utilized the mesh obtained
from marching cubes [11], and not for registration. The evaluation involved a
comparative analysis of our results with other geometrical distances that have
been previously employed in similar contexts. In Fig. 3 and Fig. 4, we present
a qualitative comparison highlighting the geometric enhancements achieved by
our method on different sequences from the Apollo ColumbiaPark-3 dataset [12]
and KITTI dataset [7], respectively. The results clearly illustrate the limitations
of supervision by ray distance, where the representation lacks detail and exhibits
significant gaps. In the mapping obtained through supervision by ray distance
along the normal towards the closest surface, we observe an improvement with
finer details, a clearer path, and visible surrounding buildings. The results of
our approach demonstrate a significant increase in detail. Our model effectively
captures finer details, such as cars and nearby trees, that were previously miss-
ing. The visual comparison across all methods highlights the effectiveness of our
proposed model. Fig. 5 represents the front view mapping of the sequence show-
casing geometrical features captured by different approaches on the Southbay
ColumbiaPark-3 dataset [12].
Localization: The rationale behind evaluating NDF based on localization stems
from the fact that, while mapping lacks ground truth for evaluation, localiza-
tion provides a means of comparison with available ground truth locations. The
premise is that if localization performs well, it implies good mapping and, by
extension, well-constructed NDF. To quantitatively analyze our methods, we
employed global 2D Monte Carlo Localization (MCL). In order to compare our
approach, we utilized the sequence as given by Kuang et al. [10]. The particle
filter transitions to pose tracking mode with 10,000 particles when the standard
deviation of particles falls below 30 cm. The particles are reweighted and resam-
pled if the agent moves by 5 cm or 0.1 radians. The detailed implementation of
localization followed the same procedure as employed by the authors of LocNDF
[29], ensuring consistency in process and technicality. For method comparison,
we utilized root mean squared error (RMSE) and mean average error (MAE)
between ground truth and estimated positions. The reported metrics represent
averages over 5 runs, with metrics reported only if at least one run converges;
otherwise, they are represented as "-". We conducted a comparative analysis of
our approach against the current SOTA geometrical approach under unified con-
ditions. Table 1 presents the comparison between the MCL results obtained by
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Curvature Constrained Neural Distance Fields 11

Fig. 3. Visual comparison of results of the proposed approach with that of SHINE-
Mapping [37] and LocNDF [29] on the Apollo Southbay ColumbiaPark-3 dataset [12].

supervising the NDF with expected distances calculated through our proposed
method and when using ray distance along the normal pointing towards the
closest surface. The results clearly indicate that our approach outperformed the
SOTA geometrical approach, as evidenced by lower values of MAE and RMSE.
Furthermore, the smaller differences in MAE and RMSE values suggest that our
approach generated fewer outliers. The MCL results when the NDF is super-
vised with ray distance showcase randomized and incoherent outcomes. In many
cases, the results fail to converge to pose tracking mode at all. This outcome was
anticipated due to the inherent challenges in mapping when supervised by ray
distance, as seen in the previous subsection. The ineffective mapping adversely
impacts localization. To comprehensively evaluate our approach, we conducted
tests against various baseline localization methods, including AMCL[6], SRRG
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Fig. 4. Visual comparison of results of the proposed approach with that of SHINE-
Mapping [37] and LocNDF [29] on a KITTI Sequence [7].

Fig. 5. Illustration of front-view mappings obtained using SHINE-Mapping [37], Loc-
NDF [29], and the proposed approach on the KITTI Sequence [7].

[9], IR-MCL[10], and LocNDF [29]. This comparative analysis aimed to pro-
vide a more holistic view of our model in comparison to established baselines.
The results are reported in Table 2, and our findings suggest that our method
outperformed the baseline models. A noteworthy observation from our results
is that, unlike other models where RMSE values continue to increase with an
increment in the threshold from 5 to 20 cm, our values exhibit convergence and
demonstrate a saturating behavior. We attribute this phenomenon to a better
continuous map representation facilitated by our avoidance of grid resolution
limitations and supervision with improved geometrical distances.

5 Discussion, Limitations and Future work

Geometrical Insights Leading to Improved Performance. Our method
excelled due to the effect of the incorporation of expanded geometry, as men-
tioned. Moreover, the observed superior performance can be attributed to a
macroscopic event, which is especially advantageous in large-scale environments.
This macro-event is a consequence of the formation and behavior of neural fields
over substantial distances. Remarkably, the neural fields tend to approximate a
circular form as the distance increases. This phenomenon is attributed to the cor-
ners of the object acting as centers for arcs within the neural field. The intensity
of this event increases when the corners are rounded, making this phenomenon
more observable in real-world situations. Furthermore, when the inquiry point
is positioned at a sufficiently large distance from the surface, the significance
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Table 1. MCL Results and Comparative Analysis of Different Geometrical Approaches

Error Metric Distance Seq-1 Seq-2 Seq-3 Seq-4 Seq-5
Closest point along normal 4.90 4.20 5.30 6.90 7.10

RMSE Ray Distance 4.42 3.80 4.42 4.55 4.63
Proposed Distance 1.40 1.80 3.40 5.30 4.90

Closest point along normal 4.4 3.8 4.6 5.7 6.5
MAE Ray Distance 1.31 1.97 2.93 4.57 4.57

Proposed Distance 1.3 1.9 2.9 4.6 4.6

Table 2. MCL results and comparison of the performance of the proposed approach
with that of AMCL [6], SRRG [9], IR-MCL [10], and LocNDF [29].

Error Metric Method Seq-1 Seq-2 Seq-3 Seq-4 Seq-5
AMCL [6] − 3.7 3.8 3.4 −
SRRG [9] 3.4 3.4 3.3 3.5 3.5

RMSE (5cm) IR-MCL [10] 3.3 2.9 3.3 3.3 3.2
LocNDF [29] 3.1 2.8 2.8 3.1 2.7

Proposed 1.4 1.9 2.9 3.4 3.4
AMCL [6] − 6.1 6.6 4.8 −
SRRG [9] 4.7 5.9 5.0 5.2 5.1

RMSE (10cm) IR-MCL [10] 4.7 4.8 4.3 5.4 5.7
LocNDF [29] 4.1 3.2 3.4 4.6 3.2

Proposed 1.4 1.9 3.4 4.5 4.9
AMCL [6] − 8.9 9.9 5.9 −
SRRG [9] 4.9 6.3 7.5 5.8 5.5

RMSE (20cm) IR-MCL [10] 5.2 5.4 5.4 9.1 6.4
LocNDF [29] 4.7 4.2 5.3 6.9 7.1

Proposed 1.4 1.9 3.4 5.3 4.9

of the gradient diminishes while the importance of the ROC remains, providing
an accurate scalar value. Notably, the gradient effectively aligns along the ray
direction for any point far from the surface due to the diminishing difference
between the ray’s endpoint and the closest point on the surface. In contrast,
the significance of the ROC persists, remaining dependent on the closest point.
This characteristic ensures that the ROC provides an accurate scalar value, a
crucial attribute in our context. Notably, with increased distance, neural fields
tend to adopt a rounded configuration. This effect becomes more prominent in
real-world scenarios, especially when the corners are rounded. Additionally, po-
sitioning the inquiry point at a considerable distance from the surface reveals an
interesting dynamic. Here, the significance of the gradient diminishes while the
importance of the ROC persists, providing a reliable scalar value. Specifically,
the gradient effectively aligns along the ray direction for points at a significant
distance from the surface due to the diminishing difference between the ray’s
endpoint and the closest point on the surface. In contrast, the significance of the
ROC remains, maintaining dependence on the closest point. This characteristic
ensures the ROC furnishes an accurate scalar value, a crucial attribute in our
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context.
Despite employing a logarithmic linear sampling strategy that assigns height-
ened importance to distances computed near the surface, the observed signifi-
cance of distances calculated from distant points remains crucial. This observed
phenomenon contributes to the stability of our training process and strengthens
our approach’s credibility. Additionally, it underscores the pivotal role of the
ROC in effectively supervising the NDF.
Geometric Limitation. The sole geometric constraint encountered in our
methodology arises when the LiDAR ray fails to intersect the ROC at the clos-
est point on the surface. For instance, in Fig. 2(a), if the ray from oi to ei does
not intersect the ROC at point fℓ, the calculated ROC at fℓ may introduce an
error. However, the practical significance of this limitation is mitigated by our
approach’s emphasis on sampling more points in close proximity to the surface.
In large-scale environments, where the ROC of objects is sufficiently large, in-
coming rays intersect the ROC at the closest point, minimizing the impact of
this limitation. Additionally, for points farther from the surface, the NDF be-
haves akin to a sphere, further mitigating the consequences of this limitation.
The alignment of this limitation with its predecessors is inherent, as the sam-
pling of points near the surface is a common practice in effectively supervising
the NDF across various methodologies.
Future Work. This work was conducted within an offline setting, and the
prospect of extending this approach to an online setting presents an interesting
future aspect. Additionally, the exploration of alternative deep learning models
to model the NDF holds promise for further advancing the efficiency.

6 Conclusion

In this work, we introduced a novel geometric approach for supervising NDF.
Our method was evaluated on two pivotal problems: mapping and localization,
where NDF plays a fundamental role. We compared our approach with state-
of-the-art geometric methods commonly used for NDF supervision. The results
indicate that our method surpasses current techniques in performance and is
more geometrically and mathematically aligned with the inherent properties of
NDF. By leveraging higher-order properties of NDF for supervision, we estab-
lished a foundation for further exploration of these properties to enhance NDF’s
versatility in various tasks. Our methodology advances the field and opens av-
enues for future research into higher-order properties of NDF.
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