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Abstract

Thanks to the use of convolution and pooling layers, con-

volutional neural networks were for a long time thought to

be shift-invariant. However, recent works have shown that

the output of a CNN can change significantly with small

shifts in input—a problem caused by the presence of down-

sampling (stride) layers. The existing solutions rely either

on data augmentation or on anti-aliasing, both of which

have limitations and neither of which enables perfect shift

invariance. Additionally, the gains obtained from these

methods do not extend to image patterns not seen during

training. To address these challenges, we propose adaptive

polyphase sampling (APS), a simple sub-sampling scheme

that allows convolutional neural networks to achieve 100%

consistency in classification performance under shifts, with-

out any loss in accuracy. With APS, the networks exhibit

perfect consistency to shifts even before training, making it

the first approach that makes convolutional neural networks

truly shift-invariant.

1. Introduction

The output of an image classifier should be invariant to

small shifts in the image. For a long time, convolutional

neural networks (CNNs) were simply assumed to exhibit

this desirable property [36, 37, 38, 39]. This was thanks to

the use of convolutional layers which are shift equivariant,

and non-linearities and pooling layers which progressively

build stability to deformations [6, 42]. However, recent

works have shown that CNNs are in fact not shift-invariant

[2, 58, 18, 34, 31]. Azulay and Weiss [2] show that the

output of a CNN trained for classification can change with

a probability of 30% with merely a one-pixel shift in input

images. Related works [31, 34] have also revealed that

CNNs can encode absolute spatial location in images: a

consequence of a lack of shift invariance.

Code available at https://github.com/achaman2/truly_

shift_invariant_cnns.
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Figure 1. (a) Conventional downsampling is not robust to shifts.

It samples image pixels at fixed locations on the grid (shown with

small squares). Shifting the image changes pixel intensities lo-

cated on the fixed grid, resulting in a different subsampled output.

(b) By choosing the sampling grid that supports pixels with highest

energy, our approach results in shift invariance.

One of the key reasons why CNNs are not shift-invariant

is downsampling1 [2, 58], or stride, which is a linear op-

eration that samples evenly spaced image pixels located

at fixed positions on the grid and discards the rest. As

shown in Fig. 1(a), the results of downsampling an image

and its shifted version can be significantly different. This

is because shifting an image can change the pixel intensi-

ties located over the sampling grid. Various measures have

been proposed in literature to counter this problem. With

data augmentation [48], the output of a CNN can be made

more robust to shifts by training it on randomly shifted ver-

sions of input images [2, 58]. This, however, improves

the network’s invariance only for image patterns seen dur-

ing training [2]. Anti-aliasing or blurring spreads sharp

image features across their neighbouring pixels which im-

proves structural similarity between subsampled outputs of

an image and its shifted version (Fig. 2(a)-(c)). One in-

stance of this technique are strided average pooling lay-

ers [38]. Azulay and Weiss [2] showed that anti-aliasing

1Layers like strided max-pooling in CNNs can be regarded as a combi-

nation of a dense max-pooling operation followed by downsampling.
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Figure 2. Anti-aliasing based solutions. (a) An image and its shift.

(b)-(c) Blurring spreads sharp features across their neighbouring

pixels. For the 2 images, the resulting pixel intensities over the

sampling grid become more similar improving shift invariance. (d)

Due to minor differences in the subsampled outputs in (c), they are

thresholded differently by ReLU and shift invariance is lost.

a linear convolutional network with global pooling in the

end completely restores shift invariance. Zhang [58] com-

bined a dense max pooling layer and strided blurred pool-

ing to boost shift invariance and accuracy of classification.

While blurring-based methods do improve the network’s ro-

bustness to shifts, they only achieve partial shift invariance.

Their performance is limited by the action of non-linear ac-

tivation functions such as ReLU [2]; we illustrate it in Fig.

2(d). Additionally, anti-aliasing beyond a certain point can

result in over-blurring and loss of accuracy [58].

Taking inspiration from the recent works of Azulay and

Weiss [2] and Zhang [58], we propose adaptive polyphase

sampling (APS)—a simple non-linear downsampling

scheme that provides substantial improvement in classifica-

tion consistency over blurring-based methods. In fact, with

only mild changes in the padding used by convolutional

layers we show that APS enables 100% consistency in

classification performance under shifts without any loss in

accuracy, making it the first approach that makes CNNs

truly shift-invariant.

APS achieves the aforementioned performance by

addressing the root cause of the problem—the use of a

fixed grid by current architectures to subsample an image,

when there actually exist multiple sampling grids to choose

from (Fig. 1(b)). The key idea used by APS is that shifting

an image simply translates its pixels from one grid to

the other. Therefore, instead of always choosing a fixed

sampling grid, one can select the grid adaptively—for

example by choosing the one which supports pixels with

the highest energy. The resulting subsampled outputs are

then identical for any shift in input.

With APS, the achieved boost in shift invariance is com-

pletely unaffected by the non-linear ReLU activations (or

any other point-wise activations) in the network, and the

improved robustness to shifts is consistent regardless of

whether the network is tested on in- or out-of-distribution

samples. Furthermore, CNNs using APS exhibit complete

shift invariance even before training, implying that the in-

variance prior is truly embedded in the architecture. This

prior also improves generalization, thus improving classi-

fication accuracy on CIFAR-10 [35] and ImageNet [14]

datasets. APS does not require any additional learnable

parameters, can be easily integrated into existing architec-

tures, and also eliminates the need for overblurring the net-

work’s feature maps to improve classification consistency

with respect to shifts.

2. Related work

Embedding invariance to shifts in the architecture

of neural networks has been studied already in the 1980s

[3, 38, 20, 39]. Robustness of neural networks to spatial and

geometric transformations has been quantitatively assessed

[33, 23, 18, 19, 2, 45, 43] and specialized neural network

architectures have been proposed to improve invariance

to transformations such as rotation, scaling and arbitrary

deformations [10, 16, 56, 13, 54, 11, 53, 27, 51, 32].

Theoretical works based on wavelet filter banks [7, 46, 42]

and multi-layer kernels [6, 5, 41] have addressed stability

of neural networks to deformations. A body of work has

also studied the robustness of CNNs to image corruptions

[28, 52, 17, 21, 22]. Our focus is rather on restoring shift

invariance lost due to subsampling.

A parallel line of work is adverserial training, whereby

specifically designed perturbations with small norms are

added to input images to yield large changes in the net-

work’s output [40, 50, 30, 24]. We focus on the robustness

of networks to shifts which are examples of more naturally

occurring transformations. Note that small shifts, despite

being imperceptible, may yield images comparably far

from the unshifted ones in lp norms.

Data augmentation has been shown to improve ro-

bustness and generalization [39, 4, 25, 55, 15, 26, 12].

However, the robustness gains do not carry over to pre-

viously unseen transformations and out-of-dataset image

distributions [22, 2]. Engstrom et al. [18] showed that

while data augmentation improves robustness to shifts and

rotations on average, there still exist transformations that

can adversely impact the performance of the trained models.

Lack of shift invariance due to downsampling was noted

early on by Simoncelli et al. [47]. They showed that shift

invariance in multi-scale convolutional transforms is not
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possible, and instead proposed the notion of shiftability, a

weaker form of invariance associated with anti-aliasing.

Zhang [58] showed that both consistency to shifts and

accuracy of classification can be improved by combining a

dense max pooling layer with anti-aliasing before sampling.

Zou et al. [59] used content-aware anti-aliasing to reduce

risk of signal loss from over-blurring. Instead of explic-

itly anti-aliasing the feature maps, Sundaramoorthi and

Wang [49] showed that by parameterizing convolutional

filters with smooth Gauss–Hermite basis functions, CNN

classifiers can attain translation insensitivity, a weak form

of shift invariance. Azulay and Weiss [2], on the other

hand, showed that while anti-aliasing can improve shift

invariance, it offers only a partial solution. This is because

the improved robustness to shifts is limited by the action of

non-linear activations like ReLU, and does not generalize

well to image patterns not seen during training.

Removing stride layers from CNNs can restore shift in-

variance [2]. This is indeed the case with networks based

on à trous convolutions [57, 9, 8]. Alas, this leads to a dra-

matic increase in memory and computation requirements,

rendering it an impractical strategy for large networks. Shift

invariance in convolutional neural networks can also be lost

because of boundary and padding effects that arise due to

the finite support of input images [34, 31, 1]. This allows

CNNs to encode absolute spatial locations in images.

3. Our proposed approach

3.1. Preliminaries

Shift invariance. An operation G is said to be shift

invariant if for a signal x and its shifted version xs,

G(x) = G(xs). Similarly, it is shift equivariant if

G(xs) = (G(x))s. Convolution is an example of a shift

equivariant operator. We define G as sum-shift-invariant

if
∑

G(xs) =
∑

G(x), where the summation is over the

pixels of G(x) and G(xs) respectively.

Convolutional neural networks for classification contain

fully connected layers at the end which are not shift

invariant. As a result, any shifts in convolutional feature

maps of the final layer can impact the classifier’s final

output. Global average pooling, popularly used in CNN

architectures like ResNet [25] and MobileNet [29] can

solve this problem. These layers reduce the feature map of

each channel in the final convolutional layer to a scalar by

averaging. Thus, if the convolutional part of the network

is sum-shift-invariant, the overall classifier architecture can

be made shift invariant. Our analysis in subsequent sections

assumes the use of global average pooling layers.

Polyphase components. For simplicity, we will con-

sider downsampling of 1-D signals with stride 2. The

analysis easily generalizes to images and volumes. Con-

sider a 1-D signal x0(n) with discrete-time Fourier trans-

form (DTFT) X0(e
jω), which we will denote by X0(ω)

from hereon. The DTFT of a one-pixel-shifted version

x1(n) = x0(n − 1) is given by X0(ω)e
−jω . Given x0(n),

there are two ways to uniformly sample it with stride 2: we

can choose to retain samples at either even or odd locations

on the grid. These two possible downsampled outputs de-

noted by y0 and y1 are called the even and odd polyphase

components of x0, and can be expressed as y0(n) = x0(2n)
and y1(n) = x0(2n − 1). Notice that the even polyphase

component of x1 is the same as the odd counterpart of x0

and vice versa. The downsampled outputs y0(n) and y1(n)
have DTFTs given by

Y0(ω) =
X0(ω/2) +X0(ω/2 + π)

2
, (1)

Y1(ω) =
(X0(ω/2)−X0(ω/2 + π))e−jω/2

2
. (2)

The terms in (1) and (2) corresponding to (ω/2 + π) are

called aliased components. They arise when x0 contains

high frequencies, and can cause significant degradation of

the subsampled outputs. This is traditionally countered by

anti-aliasing [44], a signal processing technique which re-

moves high frequencies in x0 by blurring before sampling.

Global average pooling operation on a signal x0(n)
results in its mean and, ignoring a normalizing constant, is

equal to X0(ω = 0).

3.2. Key problem with downsampling

Downsampling is used in CNNs to increase the receptive

field of convolutions, and to reduce the amount of memory

and computation needed for training. With these goals, ei-

ther of the two polyphase components of a 1-D signal is a

‘valid’ result of downsampling. However, when using con-

ventional linear sampling, current neural network architec-

tures always select the even component, rejecting the odd

one. As a result, downsampling x0 and its shifted version

x1 always results in different signals y0 and y1 which are

highly unlikely to be equal [47] or sum-shift-invariant. In-

deed, we can see from (1) and (2) that Y0(0) 6= Y1(0). Anti-

aliasing based methods [58] attempt to improve invariance

by promoting similarity between y0 and y1. In particular,

they restore sum-shift-invariance by blurring before down-

sampling, resulting in outputs ya
0

and ya
1

with DTFTs,

Y a
0
(ω) =

X0(ω/2)

2
, Y a

1
(ω) =

X0(ω/2)e
−jω/2

2
. (3)

The resulting ya
0

and ya
1

do satisfy Y a
0
(0) = Y a

1
(0),

i.e.,
∑

ya
0

=
∑

ya
1

. This desirable equality, however,
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Figure 3. APS on single channel input. (a) Image and its shift. (b)

The two images share the same set of polyphase components (with

a potential shift between them). (c) By choosing the component

with the highest lp norm, APS returns the same output for both the

images. (d) Output of conventional sampling in contrast.

is spoiled by the action of ReLU in subsequent layers.

As Fig. 2(c) suggests, while ya
0

and ya
1

are similar, they

are not identical. Minor differences between the signals

become more prominent when they are thresholded by the

ReLU non-linearity, resulting in
∑

relu(ya
0
) 6=

∑
relu(ya

1
)

(see A.2 in supplementary material for a more formal

discussion). One could ask—can increasing the amount

of blurring alleviate this problem caused by ReLUs?

The answer is no. In fact, even ideal low-pass filtering

does not help. This is because irrespective of the type of

anti-aliasing used, ya
0

and ya
1

always have some differences

and, therefore, are thresholded differently by ReLU.

While various non-linearities can spoil sum-shift-

invariance similar to ReLU, exceptions like polynomial ac-

tivations do not cause this problem. We state this formally

in Theorem 1 (proof in A.1 in supplementary material).

Theorem 1. Given non-linear activation function g(y) =
ym with integer m > 1, and anti-aliased outputs of sam-

pling ya
0

and ya
1

as defined above, we have

∑

n∈Z

g(ya
0
)(n) =

∑

n∈Z

g(ya
1
)(n). (4)

Note that the above discussion and conclusions directly

apply to 2-D images, with the difference that instead of 2,

there exist 4 polyphase components to choose from.

3.3. Adaptive polyphase sampling

Consider stride-2 subsampling of a single channel image

x. As shown in Fig. 3(a)-(b), the image can be downsam-

pled along 4 possible grids, resulting in the set of 4 potential

candidates for subsampling. We refer to these candidate re-

sults of sampling as polyphase components and denote them

by {yij}
1

i,j=0
. Similarly, the polyphase components of a 1-

pixel shifted version of x, namely x̃ = x(m − 1, n − 1),
are denoted by {ỹij}

1

i,j=0
. Notice from Fig. 3(b) that {ỹij}

is just a re-ordered and potentially shifted version of the set

{yij}. More formally,

ỹ00 = y11(n1 − 1, n2 − 1), ỹ10 = y01(n1, n2 − 1), (5)

ỹ01 = y10(n1 − 1, n2), ỹ11 = y00(n1, n2).

As we saw in Section 3.2, the key reason why conven-

tional sampling is not shift invariant is that it always returns

the first polyphase component of an image as output. This

results in y00 and ỹ00 as subsampled outputs, which from

(5) are not equal. To address this challenge, we propose

adaptive polyphase sampling (APS). The key idea that APS

exploits is that {yij} and {ỹij} are sets of identical2 but

re-ordered images. Therefore, the same subsampled out-

put for x and x̃ can be obtained by selecting a polyphase

component from {yij} and {ỹij} in a permutation invariant

manner—for example choosing the one with the highest lp
norm. This is illustrated in Fig. 3(c). APS obtains its output

yAPS by using the following criterion with p = 2.

yAPS = yi1j1 , (6)

where i1, j1 = argmax
i,j

{||yij ||p}
1

i,j=0
.

For reference, conventional sampling returns yc = y00 as

the output for x. It can be observed that for a shift n0 > 1
between x and x̃, the resulting subsampled outputs yAPS

and ỹAPS are identical upto a shift ∼ ⌈n0

2
⌉, making the

operation sum-shift-invariant. Additionally, note that since

we did not use blurring in (6), yAPS will contain aliased

components if x has high frequencies. This indicates

that while anti-aliasing has been shown to improve shift

invariance [58, 2], it is not strictly necessary.

When x is an image with C channels given by x =
(xk)

C
k=1

, we define its polyphase components {yij}
1

i,j=0
,

by gathering the respective components for all channels, as

shown in Fig. 4. In particular, if we assume each channel

xk, to have components {xk,ij}
1

i,j=0
, then for i, j ∈ {0, 1},

yij = (xk,ij)
C
k=1

. (7)

The output of subsampling x using APS, denoted by yAPS,

can then be obtained similar to (6). The above method can

be extended to a general stride s, in a straightforward man-

ner by norm maximization over s2 polyphase components.

The overall approach is summarized in Algorithm 1.

2The images in the two sets could have some shifts between them as

well. However, this does not impact shift invariance for networks ending

with global average pooling.
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Figure 4. APS on multi-channel image tensor. The four polyphase

components for a multi-channel input are constructed by gathering

the components of the individual channels.

It is possible for APS to downsample inconsistently if

two polyphase components in the set {yij}
1

i,j=0
have equal

norms. However, in theory, assuming images to be drawn

from a continuous distribution, this is an event with proba-

bility zero. It is also very less likely in practice based on

our experiments. Note that it is for simplicity that APS

chooses polyphase components using norm maximization.

If needed, one could choose the components using more so-

phisticated permutation invariant ways as well.

3.3.1 Restoring shift invariance with APS

Downsampling an image and its shifted version with APS

results in outputs that are exactly alike (up to a shift). There-

fore, unlike the case with blurring, the action of any point-

wise non-linearity on these outputs continues to yield iden-

tical signals. As a result, for a network containing convolu-

tions, non-linear activations and APS layers, feature maps

obtained from an image and its shift are either identical or

shifted versions of each other, in all layers. When followed

by global average pooling, this results in exactly identical

outputs at the end and, therefore, perfect shift invariance.

3.4. Impact of boundary effects on shift invariance

While training CNNs to be shift invariant via data

augmentation, a standard practice is to show the networks

randomly shifted crops of images in the training set. The

shifted images obtained this way have minor differences

near their boundaries. After each layer these differences

are amplified and propagated across the whole image to

the point that shift invariance is lost even in the absence

of downsampling. One way to resolve this problem is by

padding images with enough zeros, though at the expense

of additional computational and memory requirements.

To separate the two sources of loss in shift invariance—

downsampling and boundary effects—while avoiding the

extra overhead, we use circular padded convolutions and

shifts in our experiments [58]. We show that with circular

padding, CNNs with APS yield 100% classification consis-

tency to shifts on CIFAR-10 and ImageNet datasets. We

Algorithm 1 Adaptive Polyphase Sampling with stride s

1: Input: An image x = {xk}
C
k=1

with C channels.

2: For i, j ∈ {0, 1, . . . s− 1}, polyphase components:

{yij} = x(sn1 + i, sn2 + j) = {xk,ij}
C
k=1

.
3: Output: yAPS = yi1j1

where i1, j1 = argmaxi,j{||yij ||p}
s−1

i,j=0

then train and evaluate the networks with standard padding

and random crop based shifts as well, to still observe supe-

rior performance of APS over other approaches. Note that

while circular padding helps reduce memory requirements,

it can result in additional boundary artifacts when sampling

odd sized images. However, even with these artifacts, APS

results in better robustness to shifts as compared to prior

methods (section E in supplementary material).

3.5. Combining APS with antialiasing

We saw in Section 3.3 that APS can achieve perfect shift

invariance without blurring the feature maps. While anti-

aliasing is not strictly needed for shift invariance, it is still

a useful tool to use before downsampling. This is because,

as discussed in Section 3.1, it reduces signal degradation

caused by aliased components during sampling. Hence,

combining APS with anti-aliasing can help us in reaping

the advantage of additional improvements in classification

accuracy. This can be done by slightly blurring the feature

maps before downsampling them with APS.

4. Experiments

We evaluate the performance of APS on CIFAR-10 [35]

and ImageNet [14] datasets. For CIFAR-10, a 0.9/0.1 train-

ing/validation fractional split is used over the 50k training

set with the final results reported over the test set of size

10k. For models trained on ImageNet, we report the best

results evaluated on 50k validation set. APS is compared

with 2 types of subsampling methods: (i) BlurPool (anti-

aliased sampling) [58], and (ii) conventional subsampling,

which we regard as baseline. We also evaluate models that

combine APS and blurring. Filters of size 2× 2, 3× 3 and

5× 5 have been used for anti-aliasing. The experiments are

performed on different variants of the ResNet architecture

[25] whose standard stride layers are replaced by the above

subsampling modules. ResNet model embedded with filter

size j × j is denoted by ResNet-LPFj. Similarly, ResNet-

APSj denotes models containing APS and blur filter of size

j. ResNet-18 is used as a running example in our experi-

ments. We compare the models on four metrics.

• Classification consistency on test set. Likelihood of

assigning an image and its shift to the same class.

• Classification accuracy on unshifted test set. The
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Consistency Accuracy (unshifted images)

Model ResNet-20 ResNet-56 ResNet-18 ResNet-50 ResNet-20 ResNet-56 ResNet-18 ResNet-50

Baseline 90.83% 91.89% 90.88% 88.96% 89.76% 91.40% 91.96% 90.05%

APS 100% 100% 100% 100% 90.88% 92.66% 93.97% 94.05%

LPF-2 94.68% 94.44% 95.06% 92.47% 90.99% 92.07% 93.47% 91.61%

APS-2 100% 100% 100% 100% 91.69% 92.28% 94.38% 94.27%

LPF-3 95.23% 95.07% 97.19% 95.63% 91.01% 92.24% 94.01% 93.65%

APS-3 100% 100% 100% 100% 91.78% 92.72% 94.53% 93.80%

LPF-5 96.53% 96.90% 98.19% 97.38% 91.56% 92.98% 94.28% 94.12%

APS-5 100% 100% 100% 100% 91.75% 92.93% 94.48% 94.07%

Table 1. Classification consistency and accuracy (on unshifted images) evaluated on CIFAR-10 test set with ResNet models using blurring

(LPF) and APS based downsampling. Circular padding was used in convolutional layers and circular shifts were used for consistency

evaluation. The models were not shown any shifted images during training.

top-1 accuracy evaluated on unshifted images of the

test dataset.

• Invariance to out-of-distribution image patterns.

We measure classification consistency of the trained

networks over image patterns not seen during training.

• Stability of convolutional feature maps to small

shifts. We measure the extent to which a 1-pixel shift

in input changes the feature maps inside convolutional

neural networks. With yl and ỹl as the feature maps

for image x and its shift x̃ at depth l in a CNN, we

use a shift compensated error δ(yl, ỹl) as the stability

measure. It is defined as

δ(yl, ỹl) = |ỹl − Tj(yl)|
2, (8)

where j = argmin
j1∈S

‖ỹl − Tj1(yl)‖2,

| · |2 represents the squared magnitude function, Tj is

an operator that shifts yl by j ∈ S, and S is a set of all

one pixel translations.

To separate the impact of boundary effects and downsam-

pling on shift invariance, we first implement CNNs with

circular padding and evaluate consistency on CIFAR-10 and

ImageNet with random circular shifts up to 3 and 32 pixels

respectively. All networks are trained with random horizon-

tal flips and without any shifts unless mentioned otherwise.

Models trained with random shifts are labelled DA. See sup-

plementary material for more details on implementation.

4.1. Classification consistency and accuracy on test
test

We first evaluate 4 ResNet architectures, namely

ResNet-20, 56, 18 and 50, with different downsampling

modules on CIFAR-10 dataset. Originally used in [25]

for CIFAR-10 classification, ResNet-20 and 56 are small

models that downsample twice with stride 2 and contain
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Figure 5. Classification consistency evaluated after each epoch on

the CIFAR-10 validation set for 4 variants of Resnet-18: (i) Base-

line, Blurpool with filter size (ii) 3 and (iii) 5, and (iv) APS.

{16, 32, 64} filters in different layers. ResNet-18 and

50 on the other hand, downsample thrice with stride 2

and contain {64, 128, 256, 512} filters. Table 1 shows

consistency and accuracy of the models trained with cir-

cular padding. As expected, all networks containing APS

modules exhibit perfect robustness to shifts evident from

100% classification consistency. Note that this is despite

training the networks without showing any shifted versions

of images. In contrast, the baseline ResNet-18 model is

consistent 90.88% times, whereas its anti-aliased variants

LPF-2, 3 and 5 show consistencies of 95.06%, 97.19%,

98.19% respectively. Similar to Zhang [58], we also

observe increase in classification accuracy on unshifted test

images with improving shift invariance. For instance, APS

increases the accuracy of baseline ResNet-18 from 91.96%
to 93.97%. We also observe that for a given blur filter size,

accuracy obtained by combining APS and anti-aliasing is

typically higher than the case with only blurring. As per

Section 3.5, we believe this to be a result of combining the

perfect shift invariance prior from APS, and anti-aliasing’s
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Baseline APS LPF-2 APS-2 LPF-3 APS-3 LPF-5 APS-5

Consistency 80.39% 100% 84.35% 100% 86.54% 99.996% 87.88% 99.98%

Accuracy (unshifted images) 64.88% 67.05% 67.03% 67.60% 66.96% 67.43% 66.85% 67.52%

Table 2. Classification consistency and accuracy (on unshifted images) on ImageNet validation set obtained with ResNet-18 models con-

taining circular padded convolutions and different subsampling modules. Networks were trained without any shifts during training.

Consistency Accuracy (unshifted images)

Model ResNet-20 ResNet-56 ResNet-18 ResNet-50 ResNet-20 ResNet-56 ResNet-18 ResNet-50

Baseline 88.89% 91.43% 90.81% 90.42% 90.06% 91.14% 91.60% 91.46%

APS 92.51% 94.04% 95.12% 95.21% 91.49% 92.89% 93.88% 93.63%

LPF-2 91.60% 92.30% 94.10% 91.81% 90.67% 91.80% 93.25% 91.93%

APS-2 93.62% 94.51% 95.82% 96.08% 91.44% 93.04% 93.63% 94.54%

LPF-3 91.84% 92.63% 94.82% 93.58% 91.73% 92.35% 94.15% 92.66%

APS-3 93.45% 94.59% 95.58% 96.23% 91.70% 93.02% 94.31% 94.66%

LPF-5 93.46% 93.53% 95.13% 94.70% 91.51% 92.55% 94.22% 93.61%

APS-5 94.08% 94.61% 96.25% 96.01% 92.03% 92.97% 94.81% 94.37%

Table 3. Classification consistency and accuracy (on unshifted images) obtained from ResNet models containing APS and blur based sub-

sampling modules. Standard zero padded convolutions were used in the networks and random-crop based shifts were used for consistency

evaluation. Networks were trained without any shifts during training.

ability to reduce signal degradation during sampling.

To understand the role of learned model weights on

robustness to shifts, we compare how classification con-

sistency on CIFAR-10 validation set varies while training

ResNet-18 with the different sub-sampling methods. Fig.

5 shows that unlike the baseline and anti-aliased models,

the validation consistency for APS is 100% throughout

training. In fact, we observe perfect consistency in models

with APS even before training, implying that APS truly

embeds shift invariance into the CNN architecture.

We similarly compare the different downsampling meth-

ods on ImageNet with ResNet-18 architecture. The results

are shown in Table 2. As expected, APS outperforms other

methods with higher accuracy and near 100% consistency.

Note that the minuscule fall in consistency for APS-3 and 5

occurred due to 2 and 10 images respectively (out of 50k)

having polyphase components with the same l2 norm. If

needed, this rare occurrence can be avoided by using more

robust polyphase component selection methods3.

Boundary effects. As discussed in Section 3.4, evaluat-

ing consistency with random crop based shifts can result in

shift invariance loss even in the absence of downsampling.

Here, we investigate the impact of these boundary effects on

the performance of APS. ResNet models with standard zero

padding and different subsampling modules are trained and

3For eg., it is much less likely for two images to have the same lp and

lq norms for p 6= q. One could therefore maximize a sum of two norms to

further reduce the likelihood of inconsistent sampling.

evaluated on CIFAR-10 dataset. For consistency evaluation,

images are padded with zeros of size 3 on all sides, and a

crop of size 32× 32 is randomly chosen. Results in Table 3

reveal that for a given blur filter size, combining APS with

anti-aliasing consistently provides better robustness and ac-

curacy compared to blurring alone. In fact, in most cases,

the consistency boost provided by APS with no anti-aliasing

is still higher than the models that only use blurring.

4.2. Shift invariance on outofdistribution images

Azulay and Weiss [2] showed that robustness to shifts

achieved via data augmentation and anti-aliasing gets

worse when the trained models are evaluated on images

that differ substantially from the training distribution. In

our experiments, we make a similar observation. On clean

CIFAR-10 images, we train 4 variants of ResNet-18: model

with (i) APS, (ii) LPF-5, (iii) APS + blur (APS-5), and (iv)

model with vanilla subsampling but trained with random

circular shifts of training set (referred to as DA). The

trained networks are then evaluated for consistency on test

images with small patches of pixels randomly erased from

different locations. Fig. 6 shows that anti-aliased and data

augmentation based models progressively lose robustness

to shifts with increasing size of erased patches. On the

other hand, models containing APS remain 100% shift

invariant. In addition, the network with APS and blurring

combined exhibits highest accuracy for all sizes of erasures.

We also evaluate these networks on a vertically flipped

version of CIFAR-10 test set and observe similar results.

Table 4 shows that, unlike data augmentation and blurring,
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Figure 6. Classification consistency and accuracy on CIFAR-10

test images with randomly erased square patches. Unlike APS,

models with data augmentation and blurring alone lose robustness

to shifts as the images move away from training distribution.

Consistency Accuracy (unshifted)

Models Unflipped Flipped Unflipped Flipped

APS-5 100% 100% 94.48% 47.55%

APS 100% 100% 93.97% 44.79%

LPF-5 98.19% 89.21% 94.28% 46.21%

DA 97.84% 84.94% 94.22% 44.97%

Table 4. Classification consistency and accuracy evaluated on ver-

tically flipped CIFAR-10 test dataset. Unlike the case with data

augmentation and blurring, models with APS continue to remain

shift invariant on vertically flipping the dataset.

models based on APS continue to exhibit 100% consistency

to shifts. Since, vertically flipping the dataset semantically

pushes them further away from training set, all the models

are expected to show poor accuracy. However, despite that,

we observe APS-5 to show higher classification accuracy

than other models.

4.3. Stability of internal convolutional feature maps
to small shifts

We compare the impact of diagonally shifting an input

image by 1-pixel on the feature maps of ResNet-18 models

(a) ResNet18–LPF5

Strided Layer-1 Strided Layer-2 Strided Layer-3

(b) ResNet18–APS

Figure 7. Stability of internal feature maps. A 1-pixel shift in input

results in small differences in the feature maps for ResNet-18 with

LPF-5 sampling. However, shift invariant nature of APS results in

perfect stability in the feature maps of ResNet18-APS.

containing LPF-5 and APS modules. We compute feature

maps for a CIFAR-10 test image and its shift, and compare

them using shift compensated error δ from (8). Fig. 7 shows

the errors for feature maps from the last 3 residual layers

of the models (stride-2 sampling used in each layer). For

each layer, we plot the errors for channels with the highest

energy. The results indicate that while feature maps of LPF-

5 model develop minor differences due to shift in input, the

output of APS is completely stable.

5. Conclusion

Convolutional neural networks lose shift invariance due

to subsampling (stride). We address this challenge by re-

placing the conventional linear sampling layers in CNNs

with our proposed adaptive polyphase sampling (APS). A

simple non-linear scheme, APS is the first approach that al-

lows CNNs to be truly shift invariant. We show that with

APS, the networks exhibit 100% consistency to shifts even

before training. It also leads to better generalization perfor-

mance, as evident from improved classification accuracy.
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