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Abstract

In this paper, we consider stochastic second-order methods
for minimizing a finite summation of nonconvex functions.
One important key is to find an ingenious but cheap scheme
to incorporate local curvature information. Since the true
Hessian matrix is often a combination of a cheap part
and an expensive part, we propose a structured stochas-
tic quasi-Newton method by using partial Hessian informa-
tion as much as possible. By further exploiting either the
low-rank structure or the kronecker-product properties of
the quasi-Newton approximations, the computation of the
quasi-Newton direction is affordable. Global convergence
to stationary point and local superlinear convergence rate
are established under some mild assumptions. Numerical
results on logistic regression, deep autoencoder networks
and deep convolutional neural networks show that our pro-
posed method is quite competitive to the state-of-the-art
methods.

1. Introduction

Consider the large-scale finite-sum optimization problem:

N
min () = %Zwiw), (1)
=1

OcR™

where 6 is the decision variable, 1; is the component func-
tion and N is the number of functions. For many cases, 1;
is related to the data point (z;, y;), i.e.,

where f(z;,0) € R™ is the output of x; through certain
model and ¢ is the loss function to measure the prediction

error. The numbers n and N can be very huge. For ex-
ample, the number of parameters n is 175 billion in GPT-3
[5]. Problem (1) widely arises in many applications such as
deep learning [ 13, 23, 34] and statistical learning [16, 37].

The first-order type methods are dominant approaches for
the problem (1). The classical stochastic gradient descent
method (SGD) [31] falls into this type and extensions of
SGD have been widely studied in [ 1, 20, 27] for better prac-
tical performance and theoretical properties.

Recently, stochastic second-order methods have gained in-
creasing attention. Since the computation and inversion of
the Hessian matrix in the large-scale applications is costly,
various strategies to approximate the Hessian have been de-
veloped in [6, 26, 30, 32, 40, 41]. In deep learning, stochas-
tic second-order methods are expected to address the scala-
bility issue with large batch size. The Hessian-free method
[25] uses the conjugate-gradient (CG) method to obtain
a descent direction by utilizing Hessian-vector products.
The Gauss-Newton matrix is investigated to approximate
the Hessian matrix in [35] and a practical block-diagonal
approximation to the Gauss-Newton matrix is studied in
[4]. The so-called KFAC method developed in [15] uti-
lizes the kronecker-factored approximation to Fisher infor-
mation matrix (FIM). Its efficiency has been demonstrated
in large-scale distributed parallel computing [29]. A New-
ton method for convolutional neural networks (CNN) is in-
vestigated in [38].

In this paper, we consider a structured quasi-Newton (QN)
framework to enhance curvature information. This idea has
been studied in a few second-order methods. For example,
on the nonlinear least squares problems with large resid-
ual, approaches that compensate the Gauss-Newton matrix
by a quasi-Newton approximation to the complicate part of
the Hessian matrix are often much better [28, 36, 44]. This
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concept has been further verified in optimization problems
with orthogonality constraints in [19]. In this paper, we de-
velop the structured quasi-Newton method in the stochastic
setting for problem (1).

1.1. Contribution

Our main contributions are as follows.

(1) The structures where the Hessian matrix is a summation
of a cheap part and an expensive part are exploited for ma-
chine learning problems. The concept of structured quasi-
Newton is extended to stochastic setting.

(2) A general structured stochastic quasi-Newton frame-
work is proposed for the large-scale finite-sum problem (1).
We formulate stochastic secant conditions based on the par-
tial Hessian matrix, then various quasi-Newton matrices can
be constructed. By further exploiting either the low-rank
structure or the kronecker-product properties of the quasi-
Newton approximations, the computation of the refined di-
rection is affordable.

(3) Global convergence is established if the step sizes are
chosen properly and the stochastic errors satisfy certain
summability conditions. A local superlinear convergence
rate is also guaranteed for the structured stochastic quasi-
Newton method if the sample size is sufficiently large.

2. Structures of the Hessian Matrices

In this part, we assume that the Hessian matrix V2W(#) can
be divided into two different parts:

V20 (0) = H(0) + T1(0), 3)

where the part H (0) is relatively cheap and accessible while
the other part I1(#) is expensive or even not computable.

Specifically, there are a few possible situations. (1) The di-
mension 7 is so high that an explicit storage of VW (6) is
prohibitive. Hence, it is favorable to utilize an low-rank ap-
proximation to the Hessian matrix [33] or just use the Hes-
sian information implicitly [25]. (2) The number of data
points N is tremendous. Even if each component V29, (6)
is cheap, assembling all parts becomes a non-negligible task
when the size N is huge. (3) The derivatives are compli-
cated. In certain cases, the explicit expression of the Hes-
sian can not be derived or computed easily.

In many applications, the reasons listed above are mixed.
We next explain a few typical scenarios of (3). The goal is
to explore T1(6) for better performance at a relatively low
computational cost.

2.1. Hessian Matrices for General Problem (1)

The subsampling procedure only selects a small fraction
of the data in certain ways for the update. Given a subset

Sp C{1,2,..., N}, the subsampled Hessian matrix is de-
fined as V3, U(0) := 157 Yies, V>¥i(0). It is common
to choose the subset Sy by uniform random sampling. In
this case, if |Sg| is small, let

H(0) = V5, ¥(9), “
and we have I1(0) = V>¥(0) — V%, ¥(0) correspondingly.
2.2. Hessian Matrices for Format (2)

By using the chain rule twice, the Hessian matrix of the case
(2) can be split as:

L& N
ZNZH'L'( Z O)(JHO)) T,

®)

Z 0)V3fi(0),
) ©)

where J;(0) = Vo f(z;,0) € R"™™ and f7(0) is the j-th
component of f;(0) := f(x;,0). The term H (#) here is also
called the generalized Gauss-Newton (GGN) matrix, which
is a good approximation to the Hessian matrix. It is positive
semi-definite (PSD) if the loss function / is convex.

2\
||M2

1N
0= x 210

In many problems, it is not easy to compute the Hessian ma-
trix or even the GGN, but for deep learning problems there
exists some good estimators in some cases. Assume that the
loss function is the negative log probability associated with
a distribution, that is, ¢(f(z;,0),y;) = —logp(yi|zi,0).
The corresponding FIM is defined as

N
% ZEZNP(lei,Q)Veg(f(xi? 0)5 Z) (v9€(f($77 9)7 Z))T .

i=1

For the square loss and the cross entropy loss function,
GGN and FIM are equal. The empirical FIM (EFIM) matrix
is also a good choice and is defined as:

EFIM := sz Wi (0) T

The evaluation of EFIM uses the sample gradients. There-
fore, it does not require extra backward passes.

3. Structured Stochastic Quasi-Newton Meth-
ods (S2QN)

In this section, we propose a structured stochastic quasi-
Newton method to enhance curvature information. First, let
us describe a second-order framework for the problem (1).
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At the k-th iteration, a quadratic approximation model is
constructed as follows:

1
rndin my(d) == gl d+ idT(Bk + MeI)d, (7

where ¢, and Bj are the estimations of the gradient
and the Hessian matrix at 6y, respectively. A com-
mon strategy to choose gj is the mini-batch gradient
Vs, V(0) = ﬁ >ics, Vi(0) for a given index set Sy C
{1,2,..., N}. The regularization parameter )\ is adjusted
by the norm of the stochastic gradient. Specifically, for
given r; < ry and sequence {ay }, we propose

m%l llgr—1]l < 71,
2|lgr— _
Ak = m% Yo Nlgk—1ll > 72, (8)
Q. ! otherwise.

By solving the model (7), we update the parameter 6 by

k1 = Ok + Brdi,  dyy = — (B + M) L,

where [y, is the step size. The strategy (8) is similar to (but
still different from) the adjustment of the trust region radius
in [10]. It can be further viewed as a stochastic Levenberg-
Marquardt method for generalized nonlinear least squares
problem. The convergence analysis of our method is more
straightforward compared to that in [3].

3.1. Structured Stochastic quasi-Newton Matrix

The key concept is to use a quasi-Newton method to com-
pensate the difference between the partial Hessian informa-
tion and the true Hessian matrix. That is, the matrix B}, is
constructed as

By, = Hy + Ag. )

Specifically, Hj, represents matrix with partial Hessian in-
formation which can be either the subsampled Hessian ma-
trix, the GGN/FIM/EFIM, or any other approximation ma-
trices. The matrix Ay compensates the difference with
the true Hessian matrix. We call H; the base matrix and
Ay the refinement matrix. The quasi-Newton method is
used to update Ay under some constraints. For example,
Ar = QN(ug—_1,v5-1, Ap—_1) satisfies the secant condition:

Brug—1 = (Hp + Ap)ug—1 = O—1, (10)
or equivalently,
Apug—1 = Op—1 — Hypup—1 := vg—_1,

where Uk—1 — Qk - Hk_l and ’LA}k_l = vsk—l\:[/(ok) -
g
V gi-1¥(0x_1). Other structured conditions can be consid-
g
ered as long as they are reasonable. Since we compute vy, 1

by using two gradients on the same samples in (10) , we can
consider an extra-step technique [41] if needed. Note that
the pairs (ug, vy) can be constructed by using other mecha-
nisms, see [2, 7, 14]. These methods can be integrated into
our framework naturally.

3.2. Representation of the Inverse Matrix

For an efficient computation of the direction dj, we up-
date the matrix Ay, by the limited-memory BFGS (L-BFGS)

method [28, 36]. Assume that there are p pairs of vectors:
Ui = [ug—p, ..., up_1] € R"*P,
k [ k—p k 1] ) (11)
Vi = [Uk—p, - ,'Uk—l] € R™*P,

For a given initial matrix A, a compact representation of
the L-BFGS matrix is:

Ay = QN(Ug, Vi) := LBFGS(Uy, Vi) = A)—Cy. PO

(12)
where
Ck ZZC}C(U]WV]C) = [A%Uk,Vk] S RHXQP,
U AU L ,
Py . =Py (U, Vi) = [ ka k —5k] € R?Px2p,
(L)i,j ==L (Uk, Vk))i g
W prica Vo1 B>
0 otherwise,
Dy, =Dy (U, Vi) = diag [Ug_p’kap, e ,Ug—lvkﬂ] .

The initial matrix A) is usually set to be ; I, where y;, is a
positive scalar. In order to ensure the positive definiteness
of Ay, the pair {u;, v;} should satisfy u, v; > ep||u:|l|vs
with a small constant, say eg = 10~8. We can consider the
damping strategy in [39]. Although H}, may not be positive
definite due to the nonconvexity of the functions 1);(0), the
parameter A\ can be adjusted suitably such that By, + A\
has good properties to generate descent directions.

We now show how to compute the inverse of By + Apl.
Let Hy = Hy + A + A\, I. Assume that Hy is invertible,
otherwise the regularization parameter \; can be adjusted
accordingly. By using the Sherman-Morrison-Woodbury
(SMW) formula, we obtain

(B +\)™t = (H), — O P! 13

=H '+ H'CT el H
where T}, = P, — c,jﬁf,;lck. Note that the main compu-
tational cost in (13) is the inversion of Hy. Assume that A%
is set to be ;I and that Hj, can be easily obtained, then
the computation of Hy, = Hy + (& + Ax)I is also cheap.
Meanwhile, since p is usually small, e.g., 1 ~ 5, the com-
putational cost of (13) can be controlled.
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Algorithm 1: Structured Stochastic Quasi-Newton
Methods (S2QN)

Initialization: Choose an initial point 6. Select the
sequence (), (Bk)- Set the memory size p.

for k=0,1,...do

Choose the random sample sets S&, S, C [N].

Compute V sx U(0y) and base matrix Hy,.

Compute the refinement matrix Ay, = QN(Uy, Vi).

Adjust the regularization parameter Ag by (8) and
compute the direction di. Update
Or+1 = Ok + Brds.

Compute the gradient Vs« U(0r+1) with the same
samples and update the pairs (Uk+t1, Viet1)-

3.3. Explicit Inverse by Low-Rank Structures

In many cases, the base matrix Hy = QkQE is low-rank,
where Q € R™"*" r <« n. For example, the subsampled
EFIM in the sketchy natural gradient method [42] is low-
rank and its rank is related to the sample size. For conve-
nience of notation, we define:

~ ~ Pt 0] A
Ak:Ag-i-)\kI, Pk:|: ]6 I],Ck:[ckak]

Using the SMW formula yields:
(B + M)t = (A) — G PICTH) ! )
= AL AT TICT ALY,
where Tk = ]Sk — 5;7\;15k The size of Tk is r + 2p.
Therefore, its inverse matrix can be computed fast. Since
A? is usually set to be 7y, I, the computational cost (14) can

be much smaller than the cost of inverting the matrix di-
rectly.

3.4. Block Approximation

Our structured quasi-Newton method can also be easily ex-
tended to the case when By, = diag{Bj},...,BE} is a
block diagonal matrix. The case often occurs in practice.
For L-layers neural network, to reduce the computational
complexity, the curvature matrix is chosen to be a block-
diagonal matrix and constructed layer by layer [15, 42].

One requirement is that the j-th block of Aj should sat-
isfy the following secant equation: 'Afgui_l = 0, —
Hjw) | :=wv]_,,whereuj , andv]_, are the sub-vector
of up_1 and viy_ corresponding to the j-th block.

4. S2QN For Deep Learning

In this section, we extend the structured stochastic quasi-
Newton method to deep learning problems by combining

their characteristics. We first prove that the block Hessian
matrix for each convolutional layer is a kronecker product
of two matrices under some assumptions, then propose a
sketchy block BFGS method in this setting.

The input of a convolutional layer is a set of activations
{aj+}, where j € {1,2,...,J},t € T and T is the
set of spatial locations (typically a 2-D grid). We further
write the effect area of the convolutional filter by A =
{-K,...,K} x {—K,..., K} and the learned weight by
©. We also assume that the padding size equals K and the
stride is 1. Assume that the outputs of the convolutional
layer have Z channels, then the set of pre-activations {s; ; }
is as follows (we do not consider the bias for simplicity):

Sit = Z ©i,5,60j,t+5
dEA
where i € {1,2,...,Z} and t € T. Therefore, the gradient
of the component function with respect to one single sample
(w,y) can be computed as: DO; j 5 = >, aj14+5DSi
or PO = G(z,y;0)A(x,0)7 in matrix form where we
use the notation D(-) to represent % and © is the matrix
form of ©. Differentiating again, we find that the elements
of Hessian can be computed as:

(D?0)ijsir g = D (D?8)imir 40145051 145,

tt'eT
(15)
2 — %y
where (D?©); jsiirj0.60 = @653 (067 73 and
2
(D%8); pir v 1= % However, since the size of

the matrix is still large, it is not tractable to compute the
block Hessian matrix. Instead, analogous to the approxima-
tion mechanism that KFAC made in [15], we approximate
the Hessian matrix (15) by a product of two smaller matri-
ces. Similar results for fully-connected networks have been
studied in [4]. We list some necessary assumptions below.

Assumption 1 1.7) The activations are independent of the
second-order derivatives of the pre-activations.

1.2) The second-order statistics of pre-activation deriva-
tives at any two spatial locations t and t' depend only
on t' —t, which means there exists function I" such that:

E [(D*)si,r] = L(4, 7,1 —¢).

Lemma 1 Suppose that Assumptions | are satisfied and
there exists function §) such that

E [aj,taj’,t’] = Q(jvj/a t'— t)

If the second-order derivatives of the pre-activations at any
two distinct spatial locations are uncorrelated

L@, t—t)=0, for t#t,
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then we have:
E [(D2®)i,j,5;i’,j',5’] = X(67 6/)9(]7 j/76/ - §)F(Z72170)

Hence, the Hessian matrix is a kronecker product of two
matrices:
0%
El———+|=A®G 16
{02 Vec(ﬁ)} ® & (16)
where (A>j|A|+5,j’|A|+6’ = X((s, 5/>Q(j, j/,5/ - 5),
(G)i,w = T'(4,7,0), and x(,) is a function for indexing
the location.

We omit the proof of the Lemma 1 since it is similar to
Theorem 1 in [|5] which interested readers can refer to. By
now, we have proved that the block Hessian matrix for con-
volutional layer can be written as a kronecker product of
smaller matrices. The approximation is efficient. For ex-
ample, for some layer in Resnet50 v1.5 with Imagenet-1k
dataset, the size of block Hessian matrix is 2, 359, 296 while
the size of G and A are 512 and 4, 608, respectively. In the
next, we show that by using the special properties of the
block Hessian matrix, we can combine the structured quasi-
Newton idea with KFAC approximation naturally.

4.1. Stochastic Structured QN for Kronecker-
Factored Approximation

The KFAC method [15] approximates the FIM by a block-
diagonal matrix where each block Fgpac approximates the
block Fisher matrix by a kronecker product of two smaller
matrices as follows:

Frrac = A ® G, (17)

where A = (Fllzmegz‘l(ﬂﬁu@)fl(ﬂ?i,@)T) and
G = (ﬁinESEzwp(z\xi,G)G(xi’z;@)G(‘ri’z;@)—r)‘

However, extra backward passes are required to compute
G. Notice that (17) has the similar kronecker structure
as (16). Hence, we can combine the structured QN idea
and use the empirical version of (17) as the base matrix
to approximate the Hessian matrix (16). Assume the
refinement matrix A, takes the kronecker factorization,
then the structured QN matrix is constructed as follows:

Bk:Ak®Gk+Ak%Ak®(ék+/~\k)7 (18)

where G, = 3R] 2o

We propose two different conditions. The first strategy is to
let Ay, satisfy the stochastic secant equation:

Ti,Yi

(Ak ® (ék + ]\k)) Uk = Vg,

yest G(@i,yis Ok)G (i, yis Ok) T

where U = Qk — 9]@,1 and Vi = v5571\11(6‘k) —
Vgr— (651, Equivalently, Ay, is required to satisfy:

MUy = Vi — GyUA,, (19)

where U, & andA Vk are the maErix format of uy and vy, that
is, ug, = vec(Uy), v, = vec(Vy).

The second strategy is to make Gr+Ay closer to E[(D2sy,)]
directly. In this case, Ay should satisfy

(ék +]\k) U, = Vi,

where U}, = mat(sg—Sk—1), Vi = mat(Dsp—Dsk_1). The
operator mat reshapes the arrays into matrices with correct
sizes. Equivalently, the condition is as follows:

AU = Vi — GUy. (20)

Under the spatial homogeneity assumptions, E[D?s] is the
same for all locations. Therefore, the above condition can
be regarded as | 7| secant conditions for all spatial coordi-
nates. The condition (20) can be equivalently formed as

(I ® (ék + Ak)) vec(Uk) = Vec(f/k). Since A, is an es-
timator, the two conditions (19) and (20) are actually dif-

ferent. Note that both conditions are in matrix formats, and
they can be viewed as modified multi-secant conditions.

Recently, a practical QN method [12] also takes the kro-
necker factorization (18). The distinction is that they con-
struct two quasi-Newton schemes for the two parts of the
kronecker product (16) for the fully-connected layer. On the
other hand, our proposed method compensates the base ma-
trix with a quasi-Newton matrix and is also available for the
convolutional layer. In the next, we show how to generate
the refinement matrix by the sketchy block BFGS method.

4.2. Sketchy Block BFGS Methods

The refinement matrix Agy; in (19) and (20) takes the same
format: AUy = Vy, where Uy and V}, are matrices. We
use a block quasi-Newton update as follows:

Agy1 = BlockQN (A, Uk, Vi, Py)

= A+ Vi(Pe) T'Vi — AwUi (U AkUz) ™ (Ug) T A

2D
Let Ap+1 be symmetric and positive definite. How-
ever, since V,I[Uk is not symmetric, Py, can be chosen as
L (VIUL + UL Vi), Tr(V, Ug) or diag(V,} Ux). We use
the damping strategy to make Py, positive definite. Specifi-
cally, by choosing proper 74, we replace Vi, by 7,V + (1 —
71 ) A Ug. Note that when Py, = V;Uk, this is indeed the
block BFGS method [8] for multi-secant conditions.

Since the size of (V},) " Uy, and U;AkUk is large, the com-
putation of their inverse matrices is intractable. We use
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sketchy techniques to reduce the computational cost. De-
note the sketching matrix by = and let Vy, = =V, Uy, =
Z;Ug. Accordingly, the quasi-Newton update is changed
to:

Aisr = BlockQN (A, Uk, Wi, By ), (22)

where P, is % (@kﬁﬁk + @ﬁ/k) Tr(VZ@k) or
diag(V] Uy).

Our method is different from the stochastic block BFGS
studied in [14]. They design a special multi-secant con-
dition by sketchy methods to squeeze more curvature in-
formation. In addition, V;—Uk is designed to be symmetric
and positive definite in [14]. However, our secant condi-
tions (19) and (20) are constructed using the special kro-
necker structure and sketchy techniques are used to reduce
the computational complexity.

5. Theoretical Analysis
5.1. Global Convergence

In this part, we give a general analysis for our structured
stochastic quasi-Newton method under some mild assump-
tions. When there is no Ay, the method degenerates to the
Newton-type method. It is obvious that our analysis fits
both cases. Our global analysis is motivated by the strate-
giesused in [10, 39, 41].

According to the stochasticity in the Algorithm 1, we can
define a filtration F; such that 0, € Fj,_;, Hp and
V5§W(9k) are Fj_i-independent. A few necessary as-
sumptions are listed below.

Assumption 2 2.1) W is continuously differentiable on R™
and is bounded from below by V... The gradient V¥
is Lipschitz continuous on R™ with Ly > 1.

2.2) For any iteration k, we assume that By, and V s U(0)
are Fy_1 -independent and it holds almost surely that

E[V s (08)| Froa] = VE(0Y).

2.3) It holds almost surely that the variance of stochastic
gradient is bounded

E[[[Vse¥(61) — VE(63)]*[Fr-1] < 7.

2.4) There exists positive constant h such that for all k,

0 =X B =X hl.

The above assumptions are common and standard in
stochastic QN methods [2, 7, 14, 39, 41]. As shown in
Algorithm 1, the base matrix Hy, is Fi_;-independent of
ngql(@k) and the refinement matrix A, € F5_;. Hence,

By, + A\ 1 and V$§\P(9k) are Fj_1-independent.

Theorem 1 Suppose that Assumptions 2 is satisfied, the
step sizes By, = 1 and the sequence {ay, }$2 | satisfy:

1

< 2
U= dro(Ly + 1) (23

Then, under the conditions: Y, a = 00, Y. agos < 00, it
holds for Algorithm I almost surely that

lim V¥(0*) = 0.

k—o0
The proof is shown in Appendix. In addition to the condi-
tion Y aoi < oo, we can also consider the bounded vari-
ance assumption in [39] by adjusting relative conditions.
We next show the convergence results for a class of ob-
jective function that satisfies the Polyak- Lojasiewicz (PL)
condition. The PE condition can bound the function value
by the gradient norm squares and is widely used in algo-
rithm analysis [9, 21, 24]. It is illustrated in [1 1] that one-
hidden neural networks and ResNets with linear activation
functions satisfy the PL condition.

Assumption 3 (PL condition) There exists a constant ¢ €
(0, 00) for all § € R™, such that

2(T(0) ~ V) < [VH(O)].

Theorem 2 Suppose that Assumptions 2-3 are satisfied and
the step sizes {8y }7>, and the sequence {c; }72 | satisfy:

aka<min{ 1 8}, Br=1. (24

4ro(Ly + h) e

In addition, assume that the variance of the stochastic gra-
dient is decreased by a geometric speed, i.e., J,% < M, ¢k
Sfor some scalar M, and ¢ € (0,1). It holds for Algorithm
I almost surely that

E[W(0x)] — Wiy < 1,

where v = max{(,1 — {sca}, p = max{¥(f;) —

Wiy, 108},

(&

The proof is shown in Appendix.

5.2. Local Convergence

We analyze the convergence rate of the structured quasi-
Newton method in a small local neighborhood of an optimal
point. Consider the case where V2¥(0) = H(0) + I1(6) in
(5)-(6) and the sequence is updated as follows:

Op+1 = O — B, 'VU(6)), (25)
where B, = Hg (0) + Ay and Hg =
I%% Dic sk H;(0). The refinement matrix Ay
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is generated by the BFGS method and satisfies
Akuk_l = Vg—1, where Ukg—1 = ek — Gk_l and
vt = g Liesr (JH00) = T3 (06-1)) Vsti(6).
A few assumptions are listed below:

Assumption 4 4.1) The sequence {0} satisfies ), ||0) —
0*|| < oo a.s. for an optimal point 0* where V>V (6*)
are positive definite and there exists X > 0 such that
Jori=1,...,n, 11;(6%) = Al

4.2) The gradient V ;¢;(0) is bounded, the Hessian
V?Zi(ﬂ) is bounded and Lipschitz continuous near
0* with Lipschitz constant Ly, ¥i = 1,...,N, ie,
I956:0)]| < e, V36O < Fe and [ V3:(61) —
V?&-(F)l)ﬂ < Ly||01 — 02|, for any 61,02 near 6*.

4.3) The gradient ij’f (0) is bounded, the Hessian V2f} (9)
is bounded and Lipschitz; continuous near 6* with
Lipschitz constant Ly, Vi = 1,...,N and Vj =
L...,m, ie, [[V(O)| < wy IV2f1(0)] < Ry and
IV2£5(01) = V2 £;(02) || < Ly]|01—02]| for any 61, 60

near 6*.

The above assumptions are common in the structured quasi-
Newton method for deterministic nonlinear least squares
problems [44]. To establish the fast local convergence re-
sults for stochastic methods, the sample size is required to
increase superlinearly. These assumptions are similar to
these in the subsampled Newton method [32] and stochastic
BFGS method [43]. We summarize the results as follows:

Theorem 3 Suppose that Assumption 4 is satisfied. If the
sample size |S ’ﬁl\ increases superlinearly, then the sequence
{01} generated by (25) converges to 0* superlinearly al-
most surely.

The proof is shown in Appendix. Note that we do not con-
sider the stochastic mini-batch gradient in (25). However,
similar results can be established by adding assumptions on
the mini-batch gradient and its sample size.

6. Numerical Experiments

In this section, we compare our proposed method with a
few standard methods for logistic regression, deep autoen-
coders and convolutional neural networks. All methods
used in the experiments are briefly listed below and their de-
tailed implementation is reported in Appendix. SGD is the
stochastic gradient method with momentum. Adam [22]
is an adaptive gradient method. L-BFGS [28] is the well-
known limited-memory quasi-Newton method. SSN [32] is
the subsampled Newton method. KFAC [15] is a method
using the Fisher matrix for deep learning problems. S4QN

is the variants of S2QN where the base matrix is subsampled
Newton matrix. SKQN-L, SKQN-B1 and SKQN-B2 are
the variants of S2QN when the base matrices are the empir-
ical version of KFAC matrices but with different refinement
matrix constructions (12), (19) and (20), respectively.

6.1. Logistic Regression

In this part, we consider logistic regression problems for
binary classification:

N
. 1
min ¥(0) = N Zlog(l + exp(—yi(zi, 0)) + HHGHQa
i=1

feRn
(26)
where {z;,y;} € R" x {-1,1}, 7 € [1,2,..., N]| corre-
spond to a given dataset. The statistics of the datasets used
in our numerical comparisons are listed in Appendix.

We compare S4QN with SGD, SSN and L-BFGS. Let one
epoch be a full pass through the dataset and define the rel-
ative error as rel-err := (U (0) — U*)/ max{1, U*}, where
P* is the optimal function value. The changes of the rela-
tive error with respect to the number of epochs for rcvl and
news20 is shown in Figure 1.

We can observe that S4QN outperforms other methods
greatly. It is worth emphasizing that all settings of S4QN
are the same as SSN except an additional quasi-Newton ma-
trix. The sample size of the gradient estimation in S4QN
and SSN is increasing until the full batch. S4QN exhibits
a faster local convergence rate than other methods. These
facts illustrate that the structured methods can accelerate the
Hessian-based and quasi-Newton methods.
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Figure 1: Logistic Regression.
6.2. Deep Autoencoders

We next consider the deep autoencoder problem [I8]
on three datasets: “MNIST”, “CURVES” and “FACES”.
The network architecture is D-1000-500-250-30-250-500-
1000-D, where D is the dimension of the input data. We
use the cross-entropy loss for CURVES and MNIST, and
the square error loss for FACES. We compare SKQN-L,
SKQN-Bland SKQN-B2 with SGD, ADAM and KFAC.
We report the changes of the training loss and testing loss
versus epochs in Figure 2.
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Figure 2: Autoencoders.

Compared to the first-order methods SGD and Adam, our
structured quasi-Newton methods are better and more sta-
ble on all the three datasets. In comparison to KFAC, our
proposed methods have improvements in both the training
loss and testing loss while the computational cost does not
increase much at each iteration. Our results suggest that the
structured quasi-Newton method with partial Hessian infor-
mation indeed accelerates the convergence.

6.3. ConvNet

A 4-layer neural network “ConvNet” is considered in
this part: three convolutional layers followed by a fully-
connected layer. The detailed network architecture can be
found in Appendix. We compare algorithms with “Con-
vNet” on the CIFAR10 which is a standard dataset used for
numerical performance comparison in deep learning.

The changes of the training loss and testing accuracy ver-
sus epochs are reported in Figure 3. It is observed that
the second-order type method is superior to the Adam and
SGD. Our proposed methods have smaller training loss and
larger testing accuracy in the end.

6.4. ResNet-18

In this part, we consider the “ResNet-18" [17] with the
cross-entropy loss on the dataset “CIFAR-10". ResNet is
a well-known network and widely used in practice.
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Figure 3: ConvNet on CIFAR-10.

The changes of the training loss and testing accuracy ver-
sus epoch of CIFAR-10 are reported in Figure 4. We can
see that the second-order type methods outperform the first-
order type methods in terms of both criteria. The training er-
ror of our proposed quasi-Newton methods decreases faster
than that of KFAC. In terms of the testing accuracy, our
proposed methods are better at start and at least comparable
with KFAC in the end.

FKFAC

l-sGD
ADAM

|+ SKQN-L

|- SKQN-BI|

+SKQN-B2

©
=)

oo
a

S
@
S

<KFAC
+SGD
ADAM
= SKQN-L
/ - SKQN-B1,
+SKQN-B2)

0 10 20 30 40 50 60 0 10 20 30 40 50 60
Epoch Epoch

S
o

Training Loss
Testing Accuracy

=)
o

<

=)

=3
a

=)
&
@
3

(a) Training Loss (b) Testing Accuracy

Figure 4: ResNet-18 on CIFAR-10.

7. Conclusion

In this paper, a novel S2QN framework is proposed and
analyzed for large-scale finite-sum optimization problems.
Since the Hessian matrix can be split as a cheap part and an
expensive part, we use the structured quasi-Newton method
to exploit more curvature information for the expensive
part. By further exploiting either the low-rank structure
or the kronecker-product properties of the approximations,
the computation of the quasi-Newton direction is afford-
able. We obtain global convergence if the step sizes and the
stochastic variances satisfy certain conditions. A local su-
perlinear convergence result is also guaranteed under mind
conditions. Our experimental results demonstrate the effec-
tiveness of our structured stochastic quasi-Newton method
compared to the state-of-the-art methods. In the future, we
will implement our method on MindSpore', a unified train-
ing and inference framework for device, edge and cloud in
Huawei’s full-stack, all-scenario Al portfolio.
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