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Abstract

1. Introduction
To date, the generalization behaviour of deep neural networks is still a mystery, despite some recent progress (see,
e.g., [1, 3, 19, 24, 26, 46, 48]). A commonly accepted and
empirically verified understanding in this regard is that the
model parameter that corresponds to a flat minimum of the
empirical risk tends to generalize better. For example, the authors of [19, 26] argue that flat minima correspond to simple
models, which are less likely to overfit. This understanding
has inspired great effort studying factors in the optimization
process (such as learning rate and batch size) that impacting
the flatness of the found minima [14, 20, 25] so as to better
understand the generalization behaviour of deep networks.
Meanwhile developing effective regularization techniques
remains as the most important approach in practice to alleviate overfitting and force model towards better generalization
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Effective regularization techniques are highly desired in
deep learning for alleviating overfitting and improving generalization. This work proposes a new regularization scheme,
based on the understanding that the flat local minima of the
empirical risk cause the model to generalize better. This
scheme is referred to as adversarial model perturbation
(AMP), where instead of directly minimizing the empirical risk, an alternative “AMP loss” is minimized via SGD.
Specifically, the AMP loss is obtained from the empirical
risk by applying the “worst” norm-bounded perturbation
on each point in the parameter space. Comparing with
most existing regularization schemes, AMP has strong theoretical justifications, in that minimizing the AMP loss can
be shown theoretically to favour flat local minima of the
empirical risk. Extensive experiments on various modern
deep architectures establish AMP as a new state of the art
among regularization schemes. Our code is available at
https://github.com/hiyouga/AMP-Regularizer.
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Figure 1: An example showing an empirical risk curve (left)
and its corresponding AMP loss curve (right, blue).
(e.g., [16, 28, 29, 39, 41, 49]). Some recent research in fact
suggests that the effectiveness of certain regularization techniques is due to their ability to find flatter minima [22, 44].
Additionally, there have been significant research advances in recent years in developing more effective regularization schemes, which include, for example, MixUp,
Flooding [22, 49]. Despite their great success, these techniques usually fall short of strong principles or theoretical
justifications. Thus one expects more principled and more
powerful regularization schemes are yet to be discovered.
This work sets out to develop a powerful regularization
scheme under the principle of finding flat local minima of
the empirical risk. To that end, we propose a novel regularization scheme which can be strongly justified in terms of
its ability to finding flat minima. This scheme is referred to
as Adversarial Model Perturbation or AMP, where instead
of minimizing the empirical risk LERM (θ) over model parameter θ, it minimizes an alternative “AMP loss”. Briefly,
the AMP loss LAMP (θ) at a parameter setting θ is the worst
(or highest) empirical risk of all perturbations of θ with the
perturbation norm no greater than a small value ǫ, namely,
LAMP (θ) :=

max LERM (θ + ∆)

∆:k∆k≤ǫ

(1)

To see why minimizing the AMP loss provides opportunities to find flat local minima of the empirical risk, consider
the example in Figure 1. Figure 1 (left) sketches an empirical
risk curve LERM , which contains two local minima, a sharp
one on the left and a flat one on the right. The process of obtaining the AMP loss from the empirical risk can be seen as
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Figure 2: Landscapes of the empirical risks obtained from
the PreActResNet18 [18] models trained with ERM (red)
and AMP (blue) on CIFAR-10. Left: on training set; right:
on test set. These curves are computed using the technique
presented in [31], where δ indicates a random direction and
α is a displacement in that direction.
a “max-pooling” operation, which slides a window of width
2ǫ (in high dimension, more precisely, a sphere with radius
ǫ) across the parameter space and, at each location, returns
the maximum value inside the window (resp. sphere). The
resulting AMP loss is shown as the blue curve in Figure 1
(right). Since the right minimum in the AMP loss is lower
than the left one, minimizing the AMP loss gives the right
minimum as its solution.
In this paper, we formally analyze the AMP loss minimization problem and its preference of flat local minima.
Specifically, we show that this minimization problem implicitly uses the “narrowest width” of a local minimum as a
notion of flatness, and tries to penalize the minima that are
not flat in this sense.
We derive a mini-batch SGD algorithm for solving this
minimization problem, which gives rise to the proposed
AMP regularization scheme. Interestingly, we show that
this algorithm can also be seen as the regular empirical risk
minimization with an additional penalty term on the gradient
norm. This provides an alternative justification of the AMP
scheme. Figure 2 contains an experimental result suggesting
that AMP indeed selects flatter minima than ERM does.
We conduct experiments on several benchmark image
classification datasets (SVHN, CIFAR-10, CIFAR-100) to
validate the effectiveness of the proposed AMP scheme.
Compared with other popular regularization schemes, AMP
demonstrates remarkable regularization performance, establishing itself as a new state of the art.
Our contributions can be summarized as follows.
1) Motivated by the understanding that flat minima help
generalization, we propose adversarial model perturbation
(AMP) as a novel and efficient regularization scheme.
2) We theoretically justify that AMP is capable of finding
flatter local minima, thereby improving generalization.
3) Extensive experiments on the benchmark datasets
demonstrate that AMP achieves the best performance among
the compared regularization schemes on various modern
neural network architectures.

There has been a rich body of works that investigate the
relationship between the flatness of the local minima and
the generalization performance of a deep neural network
[4, 19, 26, 31]. In [19], it is suggested that flat minima correspond to low-complexity networks, which tend to generalize
well under the principle of minimum description length [37].
[4] presents another explanation supporting this argument
through the lens of Gibbs free energy. [31] demonstrates the
better generalization of flat minima by visualizing the loss
landscape. The empirical results in [26] show that gradient
descent with large batch size finds sharp minima while small
batch sizes lead to flatter minima and provide better generalization. On the other hand, [8] argues that sharp minima do
not necessarily lead to poor generalization. The argument is
that due to the parameterization redundancy in deep networks
and under a certain notion of flatness, one can transform a
flat minimum to an equivalent sharp one. Nonetheless, it is
in general accepted and empirically verified that flat minima tend to give better generalization performance, and this
understanding underlies the design of several recent regularization techniques (e.g., [10, 22, 23, 44]). A concurrent
work of [9] further provides a PAC-Bayesian justification as
to why the flatness of the minima helps generalization.

2.2. Regularization
Regularization may broadly refer to any training techniques that help to improve generalization. Despite the
well-known regularization techniques such as weight decay [29], Dropout [39], normalization tricks [2, 21] and data
augmentation [6, 28, 32], various new techniques have been
developed. Label smoothing [41] mixes the one-hot label
of the training example with a uniform distribution over
the label space. Shake-Shake regularization [11] combines
parallel branches with a stochastic affine function in multibranch networks. ShakeDrop regularization [45] extends
Shake-Shake to single-branch deep architectures. Cutout [7]
randomly masks out some regions of input images in training.
MixUp [49] regularizes deep networks by perturbing training
samples along the direction of other samples. Flooding [22]
forces training loss to stay above zero to avoid overfitting.
Adversarial training techniques [13, 33], originally designed
for improving the model’s adversarial robustness, are also
shown to have great regularization effect when their parameters are carefully chosen [33]. But it is also observed that
training the model excessively towards adversarial robustness may hurt generalization [42]. Some recent progresses
(e.g., [10, 23]) exploit multiple states of the model parameter
while training and ensembling them to improve generalization. The concurrent work [9] also independently discovered
a similar regularization scheme as we present in this paper.
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3. AMP: Adversarial Model Perturbation

3.2. Training Algorithm

3.1. From Empirical Risk to AMP Loss

Practical considerations on computation complexity and
training speed motivate a mini-batched training approach
to minimizing the AMP loss LAMP . Specifically, we may
approximate the AMP loss in (4) using the corresponding
loss obtained from a random mini-batch B, namely,

Consider a classification setting, where we aim at finding
a classifier f : X → Y that maps the input space X to the
label space Y. Note that we may take Y as the set of all
distributions over the set of possible labels, so that not only
f (x) belongs to Y, each ground-truth label also belongs to
Y since it can be written as a degenerated distribution or a
“one-hot” vector.
We will take f as a neural network parameterized by θ,
taking values from its weight space Θ. For each training
example (x, y) ∈ X × Y, we will denote by ℓ(x, y; θ) the
loss of the prediction f (x) by the model with respect to the
true label y. That is, the function ℓ absorbs the function f
within.
Under the empirical risk minimization (ERM) principle
[43], the training of the neural network using a training
set D is performed by minimizing the following empirical
risk (which we also refer to as “ERM loss”) LERM over
parameter θ:
X
1
LERM (θ) :=
ℓ(x, y; θ)
(2)
|D|
(x,y)∈D

It is however well known that ERM training is prone
to overfitting [43] and that the learned model often fails to
generalize well on the unseen examples.
This work is motivated by the need of effective regularization schemes to improve the model’s generalization capability. Specifically, our objective is to develop a technique that
forces the training process to find flatter minima or low-norm
solutions when minimizing the empirical risk. The technique
we develop is termed “adversarial model perturbation” or
AMP, which we now elaborate.
For any positive ǫ and any µ ∈ Θ, let B(µ; ǫ) denote the
norm ball in Θ with radius ǫ centred at µ. That is
B(µ; ǫ) := {θ ∈ Θ : kθ − µk ≤ ǫ}

(3)

We note that the norm used in defining the norm ball is
chosen as L2 norm. However, we expect that the norm can
be extended beyond this choice.
We now define an “AMP loss” LAMP as follows.
X
1
LAMP (θ) := max
ℓ(x, y; θ + ∆) (4)
∆∈B(0;ǫ) |D|
(x,y)∈D

where the ǫ is a small positive value serving as a hyperparameter.
Figure 1 sketches an example demonstrating that minimizing the AMP loss LAMP over θ presents opportunities of
finding flatter minima of the ERM loss LERM . Theoretical
justifications for AMP’s capability of finding flatter minima
are given in Section 4.

LAMP (θ) ≈

1
∆B ∈B(0;ǫ) |B|
max

:= JAMP,B (θ)

X

ℓ(x, y; θ + ∆B )

(x,y)∈B

(5)

Then the AMP loss minimization problem can be approximated as minimizing the expected batch-level AMP loss
JAMP,B , formally as finding
θ ∗AMP := arg min E JAMP,B (θ)
θ

B

(6)

Under this formulation, each batch B is associated with a
perturbation vector ∆B on the model parameter θ. The training involves an inner maximization nested inside and outer
minimization: in the inner maximization, a fixed number,
say N , of steps are used to update ∆B in the direction of
increasing the ERM loss so as to obtain JAMP,B ; the outer
minimization loops over random batches and minimizes
EB JAMP,B using mini-batched SGD. The precise algorithm
is described in Algorithm 1. Note that at the end of training,
the learned θ ∗AMP is used as model parameter for predictions;
that is, no perturbation is applied in testing.
Algorithm 1 Adversarial Model Perturbation Training
Require: Training set D = {(x, y)}, Batch size m, Loss
function ℓ, Initial model parameter θ 0 , Outer learning
rate η, Inner learning rate ζ, Inner iteration number N ,
L2 norm ball radius ǫ
1: while θ k not converged do
2:
Update iteration: k ← k + 1
3:
Sample B = {(xi , y i )}m
i=1 from training set D
4:
Initialize perturbation: ∆B ← 0
5:
for n ← 1 to N do
6:
Compute gradient:
Pm
∇JAMP,B ← i=1 ∇θ ℓ(xi , y i ; θ k + ∆B )/m
7:
Update perturbation: ∆B ← ∆B + ζ∇JAMP,B
8:
if k∆B k2 > ǫ then
9:
Normalize perturbation: ∆B ← ǫ∆B /k∆B k2
10:
end if
11:
end for
12:
Compute gradient: P
m
∇JAMP,B ← i=1 ∇θ ℓ(xi , y i ; θ k + ∆B )/m
13:
Update parameter: θ k+1 ← θ k − η∇JAMP,B
14: end while
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4. Theoretical Justifications of AMP
∗
γAMP

4.1. AMP Finds Flatter Local Minima
ǫb
q

For the ease of obtaining analytic results, we will assume
that the loss surface of each local minimum in LERM can be
approximated as an inverted Gaussian surface.
More precisely, suppose Θ = RK . For any scalar C,
any positive scalar A, any µ ∈ Θ and any K × K positive
definite matrix κ, let

γ(θ; µ, κ, A, C) := C −A exp −(θ−µ)T κ−1 (θ−µ)/2
(7)
Note that this function is merely an inverted Gaussian
surface over the space Θ.
Locally Gaussian Assumption of Empirical Risk Using the
above notation, we assume that each minimum of the empirical risk can be locally approximated by such an inverted
Gaussian surface, namely, that if µ ∈ Θ gives a local minimum of LERM , then there exist some ǫ > 0, a positive
definite matrix κ and scalars A and C with A > 0, such that
LERM (θ) = γ(θ; µ, κ, A, C)

(8)

at any θ ∈ B(µ; 2ǫ). We note that in general, such an
assumption is only an approximation. But for small ǫ, the
approximation is arguably accurate.
We will use γ ∗ (µ, κ, A, C) to denote the minimum value
of function γ(θ; µ, κ, A, C) (obtained by minimizing over
θ). It is apparent that
γ ∗ (µ, κ, A, C) = C − A

(9)

Let γAMP denote the AMP loss derived from γ, namely,
γAMP (θ; µ, κ, A, C) := max γ(θ+∆; µ, κ, A, C) (10)
∆∈B(0;ǫ)

∗
We will use γAMP
(µ, κ, A, C) to denote the minimum
value of γAMP (θ; µ, κ, A, C) (minimized over θ).

Theorem 1. For any given (µ, κ, A, C), the function
γAMP (θ; µ, κ, A, C) is minimized when θ = µ and the
minimum value is


ǫ2
∗
(11)
γAMP (µ, κ, A, C) = C − A exp − 2
2σ
where σ 2 is the smallest eigenvalue of κ.
Proof. The properties of a Gaussian surface suggest that the
minimum of γAMP = (θ; µ, κ, A, C) is given by θ = µ
b is
and the inner maximum is reached at ∆ = ǫb
q , where q
the normalized eigenvector corresponding to the smallest
b is
eigenvalue of κ. That is because that the direction of q
one of the fastest increase of γAMP . Such a direction can
also be regarded as the direction of the “narrowest width” of
the Gaussian surface, which is illustrated in Figure 3.

γ∗

Figure 3: Locally Gaussian assumption and the minimum
values of γ and γAMP , respectively.
The symmetric positive definite matrix κ can be factorized as QΛQT , where Q is the K × K orthogonal matrix
whose i-th column is the normalized eigenvector q i of the
matrix κ, and Λ is the diagonal matrix whose diagonal elements are the corresponding eigenvalues. Let σ 2 denote the
smallest eigenvalue of κ, and suppose that the eigenvalues
are in ascending order along the diagonal of Λ. Let e1 denote the vector (1, 0, · · · , 0)T whose first element is 1 and
others are 0. We have:
!
bT QT Λ−1 Qb
ǫ2 q
q
∗
γAMP (µ, κ, A, C) = C − A exp −
2
 2 T −1 
ǫ e1 Λ e1
= C − A exp −
2


2
ǫ
(12)
= C − A exp − 2
2σ
This proves the theorem.
From this theorem, it is clear that the minimum value
∗
achieved with γAMP
although related to the minimum ERM
∗
loss value γ through A and C, it also takes into account the
curvature of the surface around the local minimum. Specifically, the smallest eigenvalue σ 2 measures the “width” of
the surface along its narrowest principal direction (noting
that the cross-section of the surface is an ellipsoid). Thus
the value σ 2 can be treated as a “worst-case” measure of the
flatness or width of the surface. The larger is σ 2 , the flatter
or wider is the local minimum.
Following this theorem, we next show that minimizing
the AMP loss LAMP favours the solutions corresponding to
“flatter” local minima of the empirical risk LERM .
Corollary 1. Let µ1 , µ2 ∈ Θ be two local minima of
LERM . Assume the locally Gaussian assumption hold
such that the surface of the two local minima follow respectively γ1 (θ; µ1 , κ1 , A1 , C1 ) and γ2 (θ; µ2 , κ2 , A2 , C2 ).
∗
∗
> γ2,AMP
if and only if
Then γ1∗ < γ2∗ but γ1,AMP
A1 − A2 > C1 − C2




ǫ2
ǫ2
(13)
> A1 exp − 2 − A2 exp − 2
2σ1
2σ2
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Corollary 2. Suppose that C1 = C2 . Let A2 = βA1 for
some β < 1. Note that in this setting, γ1∗ < γ2∗ . Suppose
that σ22 = rσ12 for some positive r. Then
∗
∗
γ2,AMP
< γ1,AMP

(14)
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Figure 4: The operational region of AMP (left) and how it
varies with varying values of ǫ2 /2σ12 (right).
minimizing the AMP loss, the learned model risks significant underfitting. Thus, in general there is a sweet spot of ǫ
setting that gives the optimal tradeoff between the flatness
and depth of the selected local minima.

4.2. AMP Regularizes Gradient Norm

if and only if


1
ǫ2
β > exp − 2 and r >
2σ12
2σ1
1 + ǫ2 log β

20.0

r

Under the condition of this corollary, although µ1 gives
a lower empirical risk than µ2 , but when we minimize the
AMP loss, µ2 is a more preferred solution since the local
curvatures of the two minima in LERM are also considered.
We next show, using the special case of C1 = C2 , that indeed
minimizing AMP loss favours the local minima with a flatter
surface.

r

where σ12 and σ22 are the smallest eigenvalues of κ1 and κ2
respectively.

(15)

Please refer to Appendix A for the details of the proof.
Note that in this setting, the local minimum in the empirical risk corresponding to µ1 is lower than that corresponding
to µ2 . The value β governs how close the two minimum
values are; the closer to 1 is β, the closer two minimum values are. The value r governs the flatness of the second local
minimum relative to the first: r > 1 indicates the second
is flatter than the first, and the larger is r, the flatter is the
second minimum. This corollary presents a sufficient and
necessary condition for the second minimum to be preferred
to the first when the AMP loss is minimized. Specifically,
we may refer to the set of all (β, r) pairs that satisfy the condition as the “operational region of AMP”, since the region
specifies all points on which minimizing the AMP loss will
give a solution that deviates from that given by minimizing
the ERM loss. The general shape of such a region is shown
in Figure 4 (left). In Figure 4 (right), the regions are plotted
for different values of ǫ2 /2σ12 . Assuming σ12 to be a fixed
value, it can then be seen that as ǫ decreases, the operational
region of AMP shrinks, namely that the minimization of the
AMP loss has decreased opportunity to deviate from minimizing the empirical risk; in the limit when ǫ approaches 0,
minimizing the AMP loss reduces to minimizing the ERM
loss. On the other hand, for a large value of ǫ, the operational region of AMP is large, then minimizing the AMP loss
may frequently find different solutions from those obtained
from minimizing the empirical risk. In this case however,
the operational region includes points (β, r) with small β
and relatively small r. Such points, for example the one
marked with “×” in Figure 4 (right), corresponds to local
minima not flatter than µ1 by much but having much higher
empirical risk values. When such solutions are obtained by

The fact that AMP favours flatter minima can also be
seen from the AMP training algorithm, independent of the
above analysis. Specifically, we now show that the AMP
algorithm may be viewed as minimizing the empirical risk
with a certain penalty on its gradient norm.
To see this, consider that the number N of inner updates
per batch is 1 (this is in fact used in our experiments). Denote
by JERM,B the approximation of the empirical loss LERM
using batch B, that is,
JERM,B (θ) :=

1
|B|

X

ℓ(x, y; θ)

(16)

(x,y)∈B

Theorem 2. Let N = 1. Then for a sufficiently small inner
learning rate ζ, a minimization update step in AMP training
for batch B is equivalent to a gradient-descent step on the
following loss function with learning rate η:

where
Ω(θ) :=

(

JeERM,B (θ) := JERM,B (θ) + Ω(θ)
ζk∇θ JERM,B (θ)k22 ,
ǫk∇θ JERM,B (θ)k2 ,

(17)

kζ∇θ JERM,B (θ)k2 ≤ ǫ
kζ∇θ JERM,B (θ)k2 > ǫ
(18)

Please refer to Appendix B for the details of the proof.
We note that the regularization term Ω(θ), in either one
of the two cases, penalizes the gradient norm of JERM,B .
Thus the AMP training algorithm effectively tries to find
local minima of JERM,B (and hence of LERM ) that not only
have low values, but also have small gradient norm near
the minima. Note that a minimum with smaller gradient
norms around it is a flatter minimum. This theorem therefore
provides another justification of the AMP training algorithm,
in addition to our development from constructing the AMP
loss LAMP .
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Figure 5: A bad classification boundary (left) usually has a
poor generalization performance and is fragile to adversarial
attacks. A better classification boundary (right) keeps itself
far from the training examples, and tends to generalize well.
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with several popular regularization schemes in Section 5.1,
including Dropout [39], label smoothing [41], Flooding [22],
MixUp [49] and adversarial training [13]. We also compare
our scheme with ERM [43], which does not utilize any regularization and optimizes the neural network with LERM . We
include a baseline named random model perturbation (RMP)
for comparison. Specifically, RMP applies a random perturbation (instead of the “worst perturbation”) to the parameter
within a small range to help the model to find a better minimum. Then, we study the performance of AMP on more
complex deep architectures with powerful data augmentation
techniques in Section 5.2. In addition, we investigate the
calibration effect of AMP in Section 5.3 and demonstrate the
influence of perturbation in Section 5.4. Finally, we compare
the computational cost of AMP with ERM in Section 5.5.
The implementation is on PyTorch framework [35], and the
experiments are carried out on NVIDIA Tesla V100 GPUs.

5.1. Comparison of the Generalization Ability






























Figure 6: AMP yields a better classification boundary (right)
than ERM does (left). The experiment is conducted on a
spiral dataset [40] using a feed-forward network.

4.3. Perspectives from the Input Space
The construction and analysis so far have focused on
the parameter space. Further insights may be obtained by
inspecting AMP in the input space.
It is evident that the effect of parameter θ on the input
space is no more than defining the class boundaries and
specifying how the loss ℓ(x, y) changes with input x. Then
minimizing the AMP loss can be seen as finding a class
boundary (and loss function ℓ(x, y)) which has the lowest
average loss over the training examples, even when the worst
ǫ-bounded perturbation is applied. A consequence of such
a minimization is arguably creating smoother class boundaries and keeping the training examples not too close to the
boundaries. This is illustrated in Figure 5 and experimentally
validated in Figure 6.
When viewed from input space, the adversarial perturbation of the model parameter in AMP shares some similarity
with adversarial training [13]. There is also a significant
difference between the two: adversarial training defends
the model against adversarial attacks whereas AMP defends
it against overfitting. We further elaborate why AMP is
different from adversarial training in Appendix C.

5. Experiment
We empirically investigate the performance of AMP in
various perspectives. Firstly, we compare the generalization
ability of AMP on benchmark image classification datasets

Three publicly available benchmark image datasets are
used for performance evaluation. The SVHN dataset [34] has
10 classes containing 73,257 digits for training and 26,032
digits for testing. Limited by the computing resource, we
did not use the additional 531,131 images in SVHN training.
The CIFAR datasets contain 32×32-pixel colour images,
where CIFAR-10 has 10 classes containing 5,000 images for
training and 1,000 images for testing per class, CIFAR-100
has 100 classes containing 500 images for training and 100
images for testing per class [27].
Two representative deep architectures for image classification, PreActResNet18 [18] and VGG16 [38], are taken as
the underlying classifier. In the training procedure, random
crops and horizontal flips are adopted as data augmentation
schemes. We compute the mean and standard derivation on
the training set to normalize the input images. SGD with
momentum is exploited as the optimizer with a step-wise
learning rate decay. Specifically, the outer learning rate is
initialized as 0.1 and divided by 10 after 100 and 150 epochs.
We train each model for 200 epochs on the training set with
50 examples per mini-batch. Weight decay is set to 10−4
for all compared models. We tune hyper-parameters on each
dataset using 10% of the training set as the validation set. For
Dropout, we randomly choose 10% of the neurons in each
layer after ReLU activation and deactivate them at each training iteration. The label smoothing coefficient is set to 0.2
and the flooding level is set to 0.02. For MixUp, we follow
the original study [49] and linearly combine random pairs of
training examples by using coefficient variables drawn from
Beta(1, 1). For adversarial training, we set the perturbation
size to 1 for each pixel and take one single step to generate
adversarial examples. For RMP, we set the L2 norm ball
radius to 0.1. For AMP, we fix the number of inner iteration
as N = 1, and adopt ǫ = 0.5, γ = 1 for PreActResNet18
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PreActResNet18

Test Error (%)

Test NLL

PreActResNet18

Test Error (%)

Test NLL

PreActResNet18

Test Error (%)

Test NLL

ERM
Dropout
Label Smoothing
Flooding
MixUp
Adv. Training
RMP
AMP

2.95±0.063
2.80±0.065
2.78±0.087
2.84±0.047
2.74±0.044
2.77±0.080
2.93±0.066
2.30±0.025

0.166±0.004
0.156±0.012
0.998±0.002
0.130±0.003
0.146±0.004
0.151±0.018
0.161±0.010
0.096±0.002

ERM
Dropout
Label Smoothing
Flooding
MixUp
Adv. Training
RMP
AMP

5.02±0.212
4.86±0.148
4.85±0.115
4.97±0.082
4.09±0.117
4.99±0.085
4.97±0.167
3.97±0.091

0.239±0.009
0.223±0.009
1.038±0.003
0.166±0.003
0.198±0.004
0.247±0.006
0.239±0.008
0.129±0.003

ERM
Dropout
Label Smoothing
Flooding
MixUp
Adv. Training
RMP
AMP

24.31±0.303
24.48±0.351
22.07±0.256
24.50±0.234
21.78±0.210
25.23±0.229
24.28±0.138
21.51±0.308

1.056±0.013
1.110±0.021
2.099±0.005
0.950±0.011
0.910±0.007
1.110±0.012
1.059±0.011
0.774±0.016

VGG16
ERM
Dropout
Label Smoothing
Flooding
MixUp
Adv. Training
RMP
AMP

Test Error (%)

Test NLL

3.14±0.060
2.96±0.049
3.07±0.070
3.15±0.085
3.09±0.057
2.94±0.091
3.19±0.052
2.73±0.015

0.140±0.027
0.134±0.027
1.004±0.002
0.128±0.003
0.160±0.003
0.122±0.003
0.134±0.004
0.116±0.006

VGG16

Test Error (%)

Test NLL

6.32±0.193
6.22±0.147
6.29±0.158
6.26±0.145
5.48±0.112
6.49±0.130
6.30±0.109
5.65±0.147

0.361±0.012
0.314±0.009
1.076±0.003
0.234±0.005
0.251±0.003
0.380±0.010
0.363±0.010
0.207±0.005

ERM
Dropout
Label Smoothing
Flooding
MixUp
Adv. Training
RMP
AMP

(a) SVHN

VGG16
ERM
Dropout
Label Smoothing
Flooding
MixUp
Adv. Training
RMP
AMP

(b) CIFAR-10

Test Error (%)

Test NLL

27.84±0.297
27.72±0.337
27.49±0.179
27.93±0.271
26.81±0.254
29.12±0.145
27.81±0.327
25.60±0.168

1.827±0.209
1.605±0.062
2.310±0.005
1.221±0.037
1.136±0.013
1.535±0.389
1.873±0.035
1.049±0.049

(c) CIFAR-100

Table 1: Top-1 classification errors and test neg-log-likelihoods on (a) SVHN, (b) CIFAR-10 and (c) CIFAR-100. We run
experiments 10 times to report the mean and the standard deviation of errors and neg-log-likelihoods.
and ǫ = 0.1, γ = 0.2 for VGG16. Top-1 classification error
and test neg-log-likelihood are reported in Table 1.
From Table 1, it is evident that AMP outperforms the
baseline methods in various settings, in terms of both classification error and test neg-log-likelihood, except on the
CIFAR-10 dataset where VGG16 is employed. Despite
the remarkable performance of AMP, MixUp also demonstrates competitive improvement in classification accuracy,
and Flooding achieves small testing neg-log-likelihood in
many settings. We note that, compared with AMP, the results
of RMP suggest that randomly perturbing parameters cannot obtain comparable performance to the AMP. This result
confirms that the adversarial perturbation provides the most
useful information to the regularizer. Above results describe
the efficiency of AMP in regularizing deep networks.

5.2. Improvement over Data Augmentation
Data augmentation techniques can be viewed as regularization schemes since through introducing additional training
examples, they impose additional constraints on the model
parameter thereby improving generalization. To validate the
effectiveness of AMP over other data augmentation techniques, we choose vanilla augmentation [28], Cutout [7] and
AutoAugment [6] as underlying augmentation methods and
compare the classification accuracy of AMP with ERM. The
vanilla augmentation exploits manually designed policies including random crops and horizontal flips. We use the same
Cutout configuration and AutoAugment policy as their corresponding original studies. For the hyper-parameters of AMP,
we fix N = 1 and adopt ǫ = 0.5, γ = 1 for vanilla augmentation, ǫ = 0.3, γ = 0.5 for Cutout, and ǫ = 0.1, γ = 0.1
for AutoAugment. We employ two recent powerful deep architectures, WideResNet [47] and PyramidNet [17], with the

WideResNet-28-10
ERM
AMP

PyramidNet-164-270
ERM
AMP

SVHN

Vanilla
Cutout
AutoAug

2.57±0.067
2.27±0.085
1.91±0.059

2.19±0.036
1.83±0.018
1.61±0.024

2.47±0.034
2.19±0.021
1.80±0.044

2.11±0.041
1.82±0.023
1.35±0.056

CIFAR-10

Vanilla
Cutout
AutoAug

3.87±0.167
3.38±0.081
2.78±0.134

3.00±0.059
2.67±0.043
2.32±0.097

3.60±0.197
2.83±0.102
2.49±0.128

2.75±0.040
2.27±0.034
1.98±0.062

CIFAR-100

Vanilla
Cutout
AutoAug

19.17±0.270
18.12±0.114
17.79±0.185

17.33±0.110
16.04±0.071
14.95±0.088

17.13±0.210
16.45±0.136
15.43±0.269

15.09±0.092
14.34±0.153
13.36±0.245

Table 2: Mean and standard deviation of top-1 errors (%) on
SVHN, CIFAR-10 and CIFAR-100 over 10 trials.

compared data augmentation techniques on SVHN, CIFAR10 and CIFAR-100. The top-1 classification errors are shown
in Table 2. The results suggest AMP’s regularization effect
in the presence of advanced data augmentation techniques.

5.3. Calibration Effect
A well calibrated neural network is one in which the predicted softmax scores give better indicators of the actual likelihood of a correct prediction. Deep neural networks without
any regularizer are prone to overconfidence on incorrect predictions, and a well calibrated network is required especially
in some application areas like object detection [12, 36] and
autonomous vehicle control [5, 30]. AMP chooses a flatter
minimum of the empirical risk, which gives less confidence
on possibly misclassified examples, ensuring the neural network to be better calibrated. On the contrary, the sharp
minima given by ERM may contain incorrectly classified
examples, which makes overconfident predictions on misclassified examples. In this section, we demonstrate that
AMP can improve the calibration effect of neural networks.
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Figure 8: The empirical risks of the model trained with ERM
(red) and AMP (blue) on the CIFAR-10 training set and test
set with varying perturbation radius.

Figure 7: Expected calibration errors (ECEs) of AMP and
other baseline methods. Results are averaged over 10 trials.

We adopt the measurement of calibration described in
[15], namely, the Expected Calibration Error (ECE) (see
Appendix D for definition). To evaluate the calibration effect of different regularization schemes, we compute ECEs
of the pretrained PreActResNet18 models on the SVHN,
CIFAR-10 and CIFAR-100 datasets. The results are shown
in Figure 7. From the results, AMP achieves excellent calibration performance on various datasets. We can also find
that Flooding outperforms other methods in calibration error
on the CIFAR-10 dataset. Additionally, label smoothing
degrades the calibration effect of neural networks, since it
excessively biases the labels to the uniform distribution.

5.4. Influence of Perturbation
To investigate the relationship between the perturbation
magnitudes and the geometry of the selected local minima,
we compare the empirical risks of models trained with ERM
and AMP. To clearly illustrate this, we adopt η = 2 and
N = 2. Figure 8 shows the empirical risks on CIFAR-10
training and test set by varying the perturbation radius ǫ.
It can be seen that LERM (θ ∗AMP ) on the training set tends
to be high when radius is large. This indicates that the
selected minimum has a smaller depth. Moreover, when
evaluating on the test set, LERM (θ ∗AMP ) arrives at minimum
when the perturbation radius is around 0.06. This suggests
that an appropriate magnitude of perturbation regularizes
networks efficiently, corresponds to the good properties of
the selected minimum both in flatness and depth. Results on
more datasets are given in Appendix E.

5.5. Computational Cost
AMP computes the adversarial perturbation of the model
parameter in the training phase, such an operation arguably
increases the computational cost. In addition to the gradient computation for updating the parameter, each stochastic
gradient descent iteration requires multiple gradient computations to produce the adversarial perturbations. The compu-

tational cost will significantly increase as the inner iteration
number N grows. However, we find that N = 1 is sufficient
to regularize the neural networks. Under this setting, we
evaluate the practical computational cost of AMP compared
to the ERM method. From our observation, AMP usually
takes around 1.8× that of ERM training. Therefore, the extra
effort for adversarial perturbation is affordable.

6. Conclusion
Regularization is the main tool for deep learning practitioners to combat overfitting. In this work, we propose
a novel regularization scheme, Adversarial Model Perturbation (AMP), built upon the understanding that flat local
minima lead to better generalization. Unlike many other
data-dependent regularization schemes, which are large of
a heuristic nature, AMP has strong theoretical justifications
under a certain approximating assumption. These justifications also allow us to predict its behaviour with respect to
varying hyper-parameters. Our theoretical analysis and the
regularization performance of AMP are confirmed through
extensive experiments on image classification datasets. It is
also observed that AMP helps the model to better calibrate
itself. The outstanding performance of AMP arguably makes
it into the current state of the art among all regularization
schemes. The empirical validation of AMP presented in this
paper appears to further confirm the connection between flat
minima and generalization.
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