Supplementary Materials

Guanzhe Hong, Zhiyuan Mao, Xiaojun Lin, Stanley Chan
School of Electrical and Computer Engineering, Purdue University, West Lafayette, Indiana USA
{hong288, maol14, linx, stanchan}@purdue.edu

Contents
1 Introduction 1
2 Proofs for Theorems in Section 3 of the Paper 1
2.1 Notations and Conventions . . . . . . . . . . .. . . 1
2.2 Training Losses . . . . . . . . . L 2
2.3 Proof of Theorem 1 from Paper . . . . . . . . . .. ... .. 2
2.3.1 Main Lemmas. . . . . . . . ..o e 3
2.3.2 Auxilliary Lemmas . . . . . . . .. 5
2.4 Proof of Theorem 2 from Paper . . . . . . . . .. . .. 7
2.5 Nonlinear-Teacher-Network Results . . . . . . . . . .. . .. . ... 10
3 Proofs for Theorem 3 in Section 5 of the Paper 13
3.1 Notations, Conventions and Assumptions . . . . . . .. .. ... ... o 13
3.2 Simplifying the Problem . . . . . . . . .. L e 13
3.3 Optimal Test Error . . . . . . . . . . . e 15
3.4 Theorem 3 and Its Proof . . . . . . . . . . . . 15
3.5 Main Lemmas . . . . . . . . . e e 16
3.6 Probability Lemmas . . . . . . . . L 22
3.7 Experimental Result . . . . . . . . .. 24

1 Introduction

This document contains the supplementary materials to the paper “Student-Teacher Learning from Clean
Inputs to Noisy Inputs”. We shall provide the detailed versions of the theorems in the paper and their
proofs. We will also provide some extra experimental results demonstrating the utility of student-teacher
learning for the /;-regularized linear networks, under the setting of section 5 of the paper.

2 Proofs for Theorems in Section 3 of the Paper

In this section, we shall present the proof for the Section 3 of the paper.

2.1 Notations and Conventions

Consider input-output training data pairs {(x;,y;)}Ys; € R% x R%, where x; is the i-th clean training

sample, and y; is the i-th target. {€;}*; C R% are the noise samples.

We write X € R%*Ns a5 the clean input training data matrix, with its columns beings the x;’s. Similarly,
we construct the noisy input matrix X, € R%*Ns and target matrix Y € R%>Ns,



Given matrix M, we use row(M) and col(M) to denote the row and column spaces of matrix M. We use
rank(M) to denote the rank of the matrix. We use Pps to denote the orthogonal projection matrix onto
col(M), and Py, for projecting onto col(M)*, the orthogonal complement of col(M). We use [M]; ; to
denote the (i,7) entry in M. If M € R™*™ is symmetric, for its eigen-decomposition M = UAUT | we
assume that [A]11 > [A]22 > ... > [Alnn-

We consider a general deep linear network
Wo=W Wr_1. W, (1)

where W; € R%*di-1_ Set dy == d, and dj, := dy. We restrict L > 2.

We denote p = min;eqo,... .1y d;. For any (Wp,..., Wy), clearly rank(W1,) < p. We allow the networks to
be wide, hence min;eqo,... 1y di = min(dy,d,) is possible.

.....

For convenience, we will sometimes write W,.; = W, W,_,...W . Caution: do not confuse this with the
matrix notation [W7; ;.

2.2 Training Losses
We consider two losses specialized to the deep linear networks.

The base loss (we assume that it is the MSE loss in this whole section):

(Whase W) = argmin Lpase(Wp, ..., W1)
Wrir,.., W1

= argmin [|[WiX,-Y|%
w

Ly--vy 1

(2)

To define the student-teacher loss (ST loss), first pick an i* € {1,..., L} (we exclude the trivial case i* = 0),
and then define

(W5 .., W5 = argmin Zst(WL,...,Wl)

W (3)
= argmin (||WLX6 YR A Wiea X — VT/Z-*JXH%)
Ly W1

where we use the tuple (W/L, e Wl) to denote the teacher’s weight. Recall that the student and teacher
share the same architecture.

2.3 Proof of Theorem 1 from Paper

In this subsection, we prove theorem 1 from the paper, i.e. we focus on the undersampling regime Ny < d;.
Moreover, we assume that L = 2 for the teacher and student. In this case, the hidden dimension of the
networks is just dj.

Recall from the paper that we assume the base loss is MSE.
We first restate the theorem from the paper, with all assumptions precisely described.

Theorem 2.1 (Theorem 1 from paper, detailed version). Denote W *%(t) and W3'(t) as the weights for
the student network during training with the the base loss (2) and the student-teacher loss (3), respectively.

Let the following assumptions hold:
1. The optimizer is gradient flow;
2. Ny <dy;
3. L=2;

4 {(xa,y)YYe, and {€}Y:, are all sampled independently, and @ and € are continuous random vectors;



5. There exists some § > 0 such that |W!¢(0)||r <6 and |W:H0)||r < 6 for all i;

6. The teacher network (f"v/g, Wfl) minimaizes the training loss for clean data:

(WQ, Wl) = argminzteacher(WQ,Wl) = argmin |W X — YH% (4)
W2,W1 W2)W1

7. The WP*(0)’s are initialized with the balanced initialization [1], i.e.

W5m(0)TW5™4(0) = Wi (0)W1™*(0)" (5)

8. The gradient flow successfully converges to a global minimizer for both the MSE- and student-teacher-
trained networks;

9. The weights W () remain in a compact set for t € [0,00). In particular, denote |W ' (t)||p < M,t €
[0, 00).

When § is sufficiently small, the following is true almost surely:
Jim [[We() = Wi (#)]|r < O (6)
where C' is a constant independent of §.

Proof. By lemma 2.2 and lemma 2.3 below, and applying the triangle inequality, we obtain

T [WE () — Wi (0] < O ™
where C' € O(M + p1/4HUPUZY(XETXG)*lXeTﬂi,/Q) when ¢ is sufficiently small (U, shall be defined
below). O

2.3.1 Main Lemmas
We define and elaborate on some terms that will be used frequently throughout this subsection.

First recall that p == min(d,,d;,d,). We define the matrix U, € R%*P as follows. The columns of U,
are the dominant p eigenvectors of the matrix YY7 = UAUT (assuming that the eigenvalues in all the
eigen-decompositions are sorted from largest to smallest). Note that if rank(Y") < p, then one can choose
arbitrary unit vectors orthogonal to the dominant rank(Y") eigenvectors of YY7 as the last p — rank(Y")
columns in U,,.

Lemma 2.2 (Bias of MSE-induced Gradient Flow). With the assumptions in the main theorem, the following
holds almost surely:
lim Wi(t) = U,UL Y (XIX )7 XT + W (5) (8)

t—o0

where |W (8)||p < C8, for some C € O(p'/*4'/2), when § is sufficiently small, and v = ||UPUZY(XZX€)’1XZ||F.

Proof. In this proof, for the sake of readability, we will write W;(t) = W *°(t). We also abuse notation a
bit by writing W ;(oc0), with the understanding that they mean lim; ., W;(t). These limits do exist, due
to our assumption that gradient flow converges to a global minimizer.

The proof has three steps:
1. Structure of the Solution.

We prove that
Wi (o)W i(o0) = U,UY (XL Xe) ' X + Wa(oo)W1(0)1 (9)
C

where we orthogonally decomposed the row space W1(0) = W(0)+W1(0) 1, where row(W(0))
col(X ) and row(W1(0) 1) C col(X ).



We begin by observing the updates made by gradient flow to W:

oW,
ot
Here, 7 is the update step size, and assumed to be close to 0. As explained in [1] section 5, when
n? = 0, the discrete gradient descent steps translate into the gradient flow differential equation. The
right-hand side of this differential equation is simply the derivative of the base MSE loss (2) with
respect to W.

=n(Wot)TY XT - W) TWo(t) W (1) X X D). (10)

Notice that row (a‘g{l) C col(X¢) at all time. We have the following:

< oW,

t=0

row(W(o0) — W1(0)) = row ( dt) C col(Xe). (11)

The infinite integral is well-defined since we assumed the convergence of gradient flow. The above
observation, combined with our definition of W (0); and W(0) from before, imply that gradient
flow only modifies W1(0)|, and leaves the W1(0) untouched. In other words, decomposing the row
vectors of W (o0) orthogonally w.r.t col(X ) (identical to what we did with W (0)), we can write

Wl(oo) = Wl(oo)” + Wl(oo)L = Wl(oo)” + Wl(O)L. (12)

The important point to notice is that,

WQ(OO)Wl(OO) = WQ(OO)Wl(OO)H + W1 (OO)Wl(O)J_ (13)

Recalling the expression of global minimizers stated in Lemma 2.4, with probability 1 (over the random-
ness in the training sample matrix X ), all the global minimizers share exactly the same structure as we
have for W(00)W(00), i.e. these minimizers consist of two terms, first, the minimum-Frobenius-norm
solution UpUZ;Y(XZXe)_lXZ whose row space lies in col(X¢), and second, the “residue matrix” R

whose row space lies in col(X¢)*. It follows that W(co)W 1 (o0) = UpUZY(XeTXE)_lXeT, which
finishes the first step of the overall proof.

. Uniform Upper Bound on |[W3(0)| r for Small and Balanced Initialization.

We relate ||[Wa(o0)||F to ||[Wa(co)W i (c0)| p.

Let’s denote the SVDs of W(oo) = UPAPVOT and Wi (o) = UVAD VDT

A deep linear network that is initialized in the balanced fashion remains balanced throughout training
[1] (theorem 1), therefore, we have that W3 (0c0)Wa(o0) = W (00)W T (00), which means that

VOADTA@ T _ 7() AW AOTOT (14)

In other words, A@TA® = AWAWT je [AD],; = [AW],; for i € {1,...,d,}, and the orthogonal
matrices V® and UM are equal up to some rotation in the eigenspaces corresponding to each eigen-
value in A®TA®) (see the details in [1] Appendix A.1). It also follows that, rank(A™) = rank(A®) <
p = min(dy, d1,dy). Using equations (23) and (24) (and the equations before these two) from [1], it
follows that

W2 (00) W1 (00) || =[|AP AP |

(15)
Recall that, by Hélder’s inequality, ||z[|; < \/p[|z||2 for any & € RP. Therefore
P P
[Waloo) [ = DA < by | D_IAPNE = VEIW (o) Wi (00) (16)
i=1 i=1



Let’s study the term ||[Wa(oo)Wi(c0)||p. By the Pythagorean theorem, [[Wa(oo)Wy(oo)y||7 +
[W2(co)W1(0) 1 ||2 = ||[Wa(c0)Wi(0)||%. Since |[W1(0)||r = 6, and recalling the definition 7 =
U U Y (XX ) ' X ]| p, we have

[Wa(00)Wi(00) |7 < 7% + 0% [Wa(o0) |17

(17)
= [Wa(o0)W (0| < \/72 +62([Wa(00)[[7: < v+ 0[W2(o0)| -

Therefore,

IWa(00) 7 < VBy + v/BO||W2(c0) || p
= [[Wa(o0) [ — VROIWa(o0)lF — vy <0

— VPO — /0% + 4/py VPO 4 /D% + 4\/py (18)
2

2

< [[Wa(o0)|F <

VPO + /0% + 4/pY
2

The upper bound is clearly O(p*/*y'/?) for § sufficiently small.
3. Conclusion.

The desired result now follows by combining 1. and 2., and by applying Cauchy-Schwartz to ||[W3(c0)W1(0) 1 || r,
with C' = /pd + pl/Ay1/2,

O

Lemma 2.3 (Bias of Student-teacher-induced Gradient Flow). With the assumptions in the main theorem,
the following holds:
lim Wi(t) = U, Ul Y (XTX) ' XT + W(5) (19)

t—o0

where ||W ()|l r < MS§; recall that we assumed |WE'(t)|| < M for all t € [0,00). In other words, small
initialization leads to lim_,0o W r(t) # UUL Y (XL X)L XL

Proof. We write W;(t) = W'(t) for notational simplicity.

First observe that

oW
ot

= Wa(t)T(Y — Wa(t)W () X)XTL + pA(W1 X - Wi () X)X, (20)

It follows that row (a?t/l) C col(X¢). Therefore, arguing similarly to step 1 of the proof of lemma 2.2,

we may write Wi(t) = Wi(t) + Wi(t)L = Wi(t)) + W1(0)1, where row(W(t)) € col(X¢), and
row(W1(0)1) C col(X ).

Knowing the form of global minimizers of the ST loss from Lemma 2.5, we know

Wi(o0) =U,ULY (XIXe) ' XT + W(oo)W1(0)1 (21)
Therefore [Wy(c0) — U,U, Y (XL X)X | p < M. O

2.3.2 Auxilliary Lemmas

Lemma 2.4 (Global minimizers of MSE loss (2), N < d;). The set of global minimizers to the MSE loss
(2) is the following almost surely (over the randomness of the training samples):

(W, W | WoW, =U,U]Y (X X )" X! + R, row(R) C col(Xc)*"} (22)

where the columns of U, are the dominant p eigenvectors of the matriz YYT = UAUT. Note that if

rank(Y) < p, then one can choose arbitrary unit vectors orthogonal to the dominant rank(Y) eigenvectors
of YYT as the last p — rank(Y') columns in U,.



Proof. First of all, note that since  and € are continuous random vectors, X, must be full rank almost
surely, so (X2 X .)~! exists.

Now, we note that
{W € R%>|(rank(W) < p) A (W minimizes |[W'X. - Y%}

_ dyxdy dy xd, . (23)
={WyW,|(W3 R AW eR ) A ((Wa, W1) minimizes (2))}.

To see “C” direction, take any W in the first set, we can decompose it as W = Ay By where Ay, € R x4
and By € R4*% and (A By ) clearly minimizes (2). The other direction can also be easily shown.

It follows that, the set of solutions W, = Wy W that we need to solve for is the same as the set

argmin ||Y — WX |%. (24)
rank(W)<d,

This is basically a low-rank approximation problem. By the Eckart-Young-Mirsky theorem [4], the matrix
UPUZY is the best approximation to the matrix Y under the Frobenius norm with rank no greater than p.

To achieve this solution, we need
WX.=U,U,Y
= WX . =U,U,Y(X!X) ' XIX,

25
= W-U,U]Y(XIX)'X)X.=0 (25)
= W-U,UY(XIX)'X] =R, st. row(R) C col(X)*.
which concludes the proof. O

Lemma 2.5 (Global Minimizers of ST loss (3), N < d,). Choose a global minimizer (W, W1) of (4).
Then almost surely, the set of global minimizers to (3) is the following:

(Wy e REXU W, e RU*E| WoW, = U,UTY (XTX) ' X! + (W + Ry)Ry,
R, € R1%4 A pow(Ry) C col( X )t A Ry € R%X4 A row(Ry) C col(WlX)L}.
(26)
Remark. Notice that this solution set is just a subset of the MSE solution set from lemma 2.4. In the MSE
solution set, the “residue matrix” R just satisfies row(R) C col(X.)t. For this ST loss solution set, the
“residue matrix” also satisfies row((W + R2)R;) C col(X )+, although it does have more structure.

Proof. Like in the last lemma, note that since & and € are continuous random vectors, X . must be full rank
almost surely, so (X2 X .)~! exists.

The proof relies on the fact that,

min L[V~ WoW X3+ AW X - WX [}
o (27)
> min {|[Y - WoW, X |2} +min {AHWlX - W1XE||2F}

Wz,Wl Wl
We can see that the lower bound is achievable only when we individually minimize the two loss terms in the
lower bound, in other words, denoting l; (Wa, W1) = [|[Y =W oW1 X ||%, and [o(W 1) = |[W1 X -W 1 X (||%,
equality is true only for (W, W) that lies in the following intersection

{Wy, W1|Wy, W1 minimizes [;} N {W|W minimizes [} (28)

We proceed to minimize the two terms individually.



First notice that the regularizer can be made 0 with the following set of expressions for W,
Wi W, =W, X(XTX)'XT + Ry, R, € R"*% A row(R;) C col(X()'} (29)

Its proof is very similar to (25).

We already know the set of minimizers of the MSE loss from the previous section. We take the intersection
of the two sets. First note that W1 X, = WlX, therefore, for Wy, W1 to minimize the MSE loss [, we
need Wgﬁv/lX = UpUz;Y. But since (WQ, ﬁvfl) minimizes (4), ﬁ/gle = UpUZ;Y has to be true (can
be proven using essentially the same argument as in the previous lemma). In other words,

W2W1X = szlX < (WQ — WQ)WlX =0 (30)

The rest of the proof follows directly from here. O

2.4 Proof of Theorem 2 from Paper

Similar to the proof for theorem 1 of the paper, we restate the theorem itself precisely first, and then present
its proof and the relevant lemmas.

Again, recall that the base loss is MSE.
Theorem 2.6 (Theorem 2 from paper, detailed version). Assume the following:
1. N >d,, and X is full rank;
2. L >2 (a general deep linear network);
8. p=mineqo,.. 1y di > mnk(YXeT(XeXET)_l)
4 WiX=Y
Then the global minimizers
Wi = wi =y XL XD @)
Remark. Let us interpret the assumptions.

e Assumption 3. ensures that Wp*° = Y X2 (X . X)~! can be true.

Intuitively speaking, this assumption is requiring the student to be sufficiently “complex” for the task
that it needs to solve.

e Assumption 4. enforces that the teacher perfectly interpolates the clean input-output training pairs.
This assumption can be satisfied by enforcing, for instance, that rank(X) < d,, and the maximum
possible rank of WL is no less than rank (Y (YTY) o XT), where X is constructed by removing
every linearly dependent column of X.

Intuitively speaking, we are requiring that the task which the teacher needs to solve is sufficiently
“simple”.

e If a slightly stronger condition was added, the argument in our proof can in fact handle the situation
that the teacher and the student networks have different architectures, and the only requirements
on the teacher are that, its hidden feature’s dimension matches d;«, and the teacher can perfectly
interpolate the clean training samples.

Proof. This proof is divided into two parts. We study the MSE and student-teacher solutions respectively.



1. We first study the global minimizers of the MSE loss. First of all, the following is true:
{Wr|(Wy,..,W1) minimizes (2))}
. 2 (32)
- W’W — argmin |[WX.—Y|>2
rank(W)<p

To see the “C” direction, take any (W, ..., W) that minimizes the MSE loss (2), clearly rank(Wp,) <
p. Furthermore, W, must minimize the single-layer-network rank-restricted MSE loss, since if it was
not true, then there exists some W* with rank(W™) < p such that

W' X -Y|7 <|WLX - Y7 (33)

But clearly one can find a tuple (W7, ..., W7) that decomposes W™, which contradicts the minimality
of (Wg,...,Wy). The “2” direction can be proven in a similar way.

Therefore, it suffices to study the set of global minimizers of the rank-restricted MSE problem
W = argmin |[WX,-Y|% (34)

rank(W)<p

With our assumption that p > rank(Y X2 (X X 1)~1), clearly W is unique and W = Y X7 (X . XT)~1,
It follows that
WP =YX (X XDH)™ (35)

2. We now study the student-teacher loss (3).
Note the inequality

-~

min ~ Ly(Wp,..,W1)>  min )Ebase(WL,...,W1)+/\( min )||Wi*:1XE—EXH%

(WL,..‘,Wl) (WL,...,Wl Wre,..W;
(36)
The equality can only be achieved by solution(s) of the following form:
We,...W) e{(Wrgr,.... W)|(W,,..,W;) minimizes Ebase(WL7 L W)EN (37)

(Wi, .., W)|(W,..., W) minimizes |W;-q X — Weq X||3}

Eventually we will show that this intersection is nonempty, and the solutions take on a specific form.

Let’s start by examining the second set in the intersection above. For (W, ..., W) to belong to the
second set, we only have one unique choice for the product of the matrices in the tuple (W«, ..., W1):

~

Wi =W 1 XXH(X . X)™! (38)

This is just the global minimizer of the loss ||[W;+.1 X ¢ — WleH% with rank constraint no less than
rank(Wi*;lXXET(XeXeT)_l). W ;«.1 can indeed take on this value, since rank(Wi*:lXXeT(XeXeT)_l) <
p, while p is the maximum rank W ;«.; can take on.

We now need to minimize Ly, assuming that W«.; = W«.q:

argmin ~ [|[WirpiWiaXe - Y%
(Wer,...sWixi1)

= argmin Wi W XXD(XXT) ' X - Y%
(Wer,....Wix11)

We may simplify the above loss as follows:
W i Wi XXT(X X)X~ Y%
= Wi W XX (X X' X - Y XX XD ' X+ YXT(X X)X, — Y%

:||WL:i*+1Wi*:1XXZ(X6XZ)71XE - YXZ(XGXZ)71X€”% + ||YXZ(X€XZ)71X€ - Y”%
(40)



The last equality comes from the Pythagorean theorem, the fact that Wy, = YXZ(XEXET)*1 is the
solution to the MSE problem |[W X, — Y||%, and the following equilibrium identity

(WX —Y)X' =0 = row(W,u X —Y) Lrow(X,) (41)

Since the second term ||[Y XZ (X XT)~"'X. — Y% in (40) is independent of W for all j, we may
discard it in the minimization problem. Therefore, we are left to solve

argmin  |[Wri i Wia XX (X XD ' X - Y XT(X XD X2 (42)
(WL,..A,W,;*_H)

If the set of (W,..., W,;-41) that can make the above loss vanish is nonempty, then they are clearly
the only set of minimizers of the loss.

But what exactly does making (42) zero mean? Since WLX =Y, the following rearrangement is true:

Wi Wen XX (X X)X - YX[(X X)X,
=W Lo Wi XX (X XD) ' X e = Wri i Wiea XXX XT) X, (43)
(Wi i1 — Wi )Wea XXX X)X,
But notice that:
(WLirg1 — WL:i*H)Wz‘mXXZ(XeXZ)_lXe =0

. . (44)
= Wrirp1 — Wi )W a XXX X D) et = 0, Vs € R

To see “ = 7, notice that since X is of full column rank, for any @s; € R%, @4r = X cax for some
a cRY. So . .
(Wpiie 1 = Wi ) Wiea X X DX XT) ™ ogent

=(Wirirq1 — VA‘;L:i*H)Wi*:1XX5T(XeXeT)71Xe04

(45)
=0
=0
The “ <=" direction is obvious.
The condition on Wp,.;« 41 in (44) is clearly equivalent to the following:
(W1 — Wi )W XX(XXD) 1 =0 (46)

Therefore, driving (42) to zero is equivalent to the condition (46). Now, what is the set of (W p, ..., W y1)
that satisfies this condition, and more importantly, is this set even nonempty? We shall prove in the
next paragraph that this set is indeed nonempty.

By assumption 2. in the theorem statement, rank(Y X (X . X7)~1) < p, and since WLX =Y,

rank(ﬁ;L:i*+1Pﬁ7i*:1XXET(X€X€T)*1) < Tank(ﬁ;L:i*JrlWi*:lXXET(XeXeT)_l) <p (47)

must be true. The first inequality needs some justification, which we will discuss below. But assuming
that it is true, we now know that there indeed exists a (set of) W p.;+11 such that (46) is true, in fact,
W41 = WL:i*+1PWi*:1XXZ(X€XZ)’1 is an example.

Going back to the first inequality, it holds because for any A, B for which their product AB makes
sense, rank(AB) > rank(APpg). To see this, consider the following situations. Case 1: B has linearly
independent columns. Then rank(APg) = rank(AB(B” B)~'B") < rank(AB). Case 2: B does not

have linearly independent columns. Construct B from B by removing the linearly dependent columns
of B. Notice that rank(AB) = rank(AB). But

rank(APg) = rank(AP5) = rank(AB(B' B) "B’ ) < rank(AB) = rank(AB) (48)



We now arrive at the fact that there does exist (a set of) (W, ..., W;»11) that satisfies (46), therefore,
they form the set of minimizers of (42).

But clearly the identity (46) which characterizes this set of minimizers is equivalent to
Wi i Wiea XXX XD = Whpe  Wea XXE(X XT)! (49)
and because ﬁ\/i*;l = ﬁ}i*:lXXET(XeXGT)’l and WLX =Y, the above equality is equivalent to
WoWiea =YX (X X])™! (50)
We have now arrived at the point to say that, the following set from (37) is indeed nonempty

{(Wr,...W)|(Wg,..., W) minimizes Loase(Wr, ..., W1)} N

N (51)
{(Wp, ... W)|(Wp, ..., W) minimizes |W 1 X — W1 X||%2}
and any (W, ..., W) belonging to this intersection must satisfy the property
Wia =W, and Wre Wieq = Y X (X XT)™! (52)

Finally, we can conclude that, due to the nonemptiness of the intersection of the two sets from (37), the
equality in (36) is indeed achievable, and every solution (W%, ..., W35') achieving the equality satisfies

Wi =YX (X X])' =wp™ (53)
The proof is complete.
O

Corollary 2.6.1. If N >d,, WX =Y, andp = min(d,, dy) (wide networks), then the global minimizers
of MSE and student-teacher are identical.

Proof. The inequality rank(Y X. (X . X)~/2) < min(d,,d,) = p must be true, so the application of the
above theorem is legal. O

2.5 Nonlinear-Teacher-Network Results

Theorem 2.7 (Nonlinear teacher, N < d,). Denote W*(t) and W3'(t) as the weights for the student
network trained with the the base loss (2), and the student network trained with the student-teacher loss (3),
respectively.

Let the following assumptions hold:
1. Gradient flow is the optimizer;
. Ny < dy;
. L=2;

2
3
4. {(z;, yl)}f\[;1 and {el}f\rz1 are all sampled independently, and x and € are continuous random vectors;
5. There exists some 6 > 0 such that |[W?*¢(0)||p < 6 and |W3'(0)|p < 6 for all i;

6

. The teacher network takes the form Wga(ﬁvflm), with o(-) being a (nonlinear) entry-wise activation

function. Furthermore, assume that Wooc(W1X) =Y, i.e. the teacher network can perfectly solve
the clean training problem.

7. The W*(0)’s are initialized with the balanced initialization;

8. Gradient flow successfully converges to a global minimizer for both the MSE- and ST-trained networks;

10



9. The weights W '(t) remain in a compact set for t € [0,00). In particular, denote |W:'(t)|r < M,t €
[0, 00).

Then the following is true almost surely:
Tim [[W () — W) < O (54)
for some C' that is bounded as & tends to 0.

Proof. Note that the only difference in assumption between this theorem and the linear-teacher-network
theorem is that, we assume the teacher network has nonlinear activation now, and Weo(W1X) = Y.
Consider the following two points.

e Notice that even though the activation function of the teacher is now nonlinear, Wga(le ) still is

the product of two matrices, W, € Révxd and U(W1X> € R xds therefore, Y has at most rank p.
It also follows that UpU;FY =Y. Noting that X, is full-rank almost surely, it is indeed possible to
find (W3, W) such that WoW 1 X, =Y. In fact, the base-loss solution set is now

{(Wo, W | WoW, =Y (X X ) 'XT L R, row(R) C col(X)*} (55)

Therefore, using exactly the same argument as in the proof for theorem 1 of the paper, we can
show that, W5H*¢(£)Wb°(1) tends to Y (X7 X ) ' XT + WP°(§) as t — oo, with [|[WP*°(§)|r €
O(p1/4HY(XZXE)*lXZH},/Q) when 4 is sufficiently small.

e For W3 (t)W5'(t), we note that the global minimizers of the student-teacher loss is that set

(W, e RW*I W e RUxd| WoW, = Y(XTX) ' XT + (W, + Ry)Ry,

Ry € R4 A\ row(Ry) C col(X )™ A Ry € R%X4 A row(Rs) C col(o(W1X))*}
(56)
The “residue matrix” (Wy 4+ Ry)R,; still satisfies the property that row((Wy + Ry)Ry) C col(X 7).
Therefore, the gradient-flow argument for W3 (t)W3(¢) still holds, so W3 (t)W?'(t) must also tend
to Y(XTX ) ' XT 4+ W (6) as t — oo, with |[W**(8)|r < M§.

Combining the above two results finishes our proof. O

Theorem 2.8 (Nonlinear teacher, N > d,). Assume the following:
1. N >d,, and X, is full rank;
2. L >2 (a general deep linear network);
3. pi=mineqo,. 1y d; > rank(Y X1 (X X1)™h)
4.

Assume that the teacher takes the form WF(;B), with the output dimension of F(-) equal to d;». Also
denote F(X) € R%*Ns qs the features the teacher provides to the student, i.e. the student-teacher
loss has the form
argmin (|W X = Y%+ MWia X — F(X)[3) (57)
Wir,...W1
Furthermore, assume that the teacher satisfies WF(X) =Y.
5. minjeqo, iy di > rank(F(X)X (X X)),
Then the global minimizers
Wit =W =YXI(X.x])™" (58)

Proof. We prove the theorem in two main steps.

11



1. Since p = min;ego, .,y di > rank(Y X7(X . XT)=1) is still true, the solution for the base loss does

not change from before:
wrse =y XI(X . XT)™! (59)

2. For the student-teacher loss, we argue in almost the same way as the linear-teacher case. We still prove
that

@ A{(W,...W1)|(W, ..., W) minimizes Lyase(Wr, ..., W1)} N (60)
{Wy,...,.W)|(Wg,..., W) minimizes |[W ., X — F(X)||%}
2

Like before, we focus on the second set first. To minimize ||W ;-1 X — F(X)||%, due to assumption
5., only one solution exists:

—

Wiq =Wy =FX)XI( X . XT)! (61)

Now, to obtain the solutions in the intersection of the two sets, we assume W;x.; = ﬁ\/i*;l and check
what value W« 41 can take on. One particular choice is simply Wp.«11 = ‘7[7, in which case we
obtain Wy, =YX eT(X X eT)‘l7 which indeed minimizes Ebase. It follows that the above intersection
is nonempty, so arguing similarly to the linear-teacher case, we may conclude that

W™ =W =YX (X.X])™ (62)

O
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3 Proofs for Theorem 3 in Section 5 of the Paper

In this section, we shall present the proof for theorem 3 of the paper.

3.1 Notations, Conventions and Assumptions

Most of the notations and conventions we use are the same as the ones we use for the previous section. We
only emphasize the differences here.

Denote X € RV*4= as the clean design matrix, defined by [X];. = 7. Similarly, Z € RV*% is the noise
matrix, defined by [Z];. = €. X . = X + Z is the noisy training input matrix. The target vector is y € R%.
Recall that the individual target samples are one-dimensional as we are focusing on linear regression in this
section.

Given some index set S C {1,...,n} and vector B € R, we use B¢ € RIS! to denote the sub-vector created
by extracting the entries in 8 with indices contained in S, e.g. given 8 = (1,5,2,10) and S = {2,4}, then
Bg = (5,10). Similarly, given a matrix M € R™*" we denote Mg € R™*I5I to be the sub-matrix of M,
created by extracting the columns in M with indices contained in S.

We restate the basic assumptions made in the paper, in addition to a few that we specify on the input data:

1. The learning problem is linear regression. The ground truth is a linear model 3* € R?, with sparsity
level s, i.e. only s entries in it are nonzero.

2. The student and teacher networks are both shallow networks.

3. We set m = s, i.e. the hidden dimension of the networks (i.e. the output dimension of W) is equal
to s.

4. We use {; regularization during training.

5. The student’s architecture is WgPWl(ache), and teacher’s architecture is W/Qpﬁ/lm. Wz e R1xm/g
and Wl,f/‘vfl € R™*4 Moreover, P € R("™/9)*x™ 4 c N is a divisor of m, and P,;, =1ifj €
{ig,...,(i + 1)g}, and zero everywhere else. Multiplication with P essentially sums every g neurons’
output, similar to how average pooling works in convolutional neural networks.

e In Theorem 3, the weights of the teacher satisfy [W/Q]Z =1foralli=1,..,s/g; [Wl]” = g7 for
i=1,...,s, and the remaining entries are all zeros.

e Figure 1 illustrates Pﬁvflzv, for a simple case of d, = 4, g = 2, and the ground truth is 8" =
(87, ..., B3). This figure visualizes how the teacher’s hidden features are pooled, and presented to
the student.

6. Throughout this whole section, we shall assume that & comes from a distribution whose covariance
matrix is the identity. The noise € ~ N(0,02I4,xq,), and o, < 1.

3.2 Simplifying the Problem

We now introduce an equivalent, but more succinct, formulation of the student-teacher learning procedure
in Section 5.2, so that we can present the proofs more easily. As we will explain soon, the student-teacher
learning setting in section 5.2 of the paper can be decomposed into s/g subproblems of the following form:
for i € {1,...,s/g}, _
w' = argmin || X w — XB"3/N, + Aiflw; (63)
w

where B;l = 3} for j € {ig, ..., (i + 1)g} and zero everywhere else (it has a sparsity level of g). We denote

*1

the support set supp(3*’) to be S; (i.e. it is the set of indices on which 3** is nonzero).
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Bixq + B3x; B3xs + Paxy
® o

B2x; B3x3 Bixs

o/8; \0oNo 0/0/ \By\o 0/ 0/ \0\ B

X4 Xz X3 X4 Xp3 X X3 Xg X1 X2 X3 Xy X1 X2 X3 Xg

Figure 1: An example,gf the operation Pwlw. In this example, d; = 4, g = 2. Note that each hidden
neuron of the teacher [W1]; . only encodes one entry from 8*. The hidden features [W,]].a are then pooled
by the matrix P. Therefore, in the feature difference loss [|[PW1(x + €) — PW/'l:cH%, the first group of

student neurons sees 87z + (52, while the second group sees S3x3 + Bjx4. Consequently, each group of
the student’s neurons sees the action of a 2-sparse subset of 3* on the clean input signal x.

To see why the above simplified training problem is equivalent to the paper’s one, recall that the problem
stated in the paper is the following (the feature difference loss itself, without the ¢; regularization)

1 &

But since P;; = 11if j € {ig,..., (1 + 1)g}, and zero everywhere else, the above loss can be written as a
collection of losses independent from each other (enumerated by ¢ € {1, ..., s/g}):

PW(z;+e)— ﬁ//l%}

2
| (64)

2

) (i+1)g (+1)g ?
S . . . .
J=9 J=g9 2

For the term Z;Z’i;)g[ﬁ}ﬂf:, since in the theorem we assume that [Wl]“ = Bf for i = 1,...,s, and the
remaining entries are all zeros, the vector Z§Z;)9[W1]Z:’s ig-th to (i + 1)g-th entries are equal to those of

B* at the same indices, and zero everywhere else. This is where the 3*° came from.
Let’s now add in the ¢; regularization. For every ¢ € {1, ..., s/g}, we have the loss

2

1 (i+1)g _ (i+1)g
N X E Wi | - X8| +\ E (W], (66)
s — —
J=1g 2 J=g 1

Note that we regularize every group of hidden neurons in the student network. Omne can verify that the

(i+1)g[W1]f: of the above loss is the same as the minimizer(s) w' of the following loss:

minimizer(s) ;7

X cw’ — XB7[13/Ns + Aiflw'|s (67)
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— — 2
By noting that Wy’s entries are all 1’s, the simplification of the testing loss E |:(W2PW1(CC +e€)— ,B*Tx) }

can be argued in a similar way as above, and it simplifies to

s/g
E Z wl(z+e)— 7 . (68)
i=1

3.3 Optimal Test Error

Before going into the theorem and its proof, let us try to understand what the optimal testing error of this
regression problem is.

Since we assumed that @ comes from a distribution with identity covariance, and € ~ N'(0,0214, x4, ), the
following is true:
Eeel(B" (@ +€) = 87 2)") =Ea (B - B8) 2+ B€)
=Eo e[((8~ 8 2)%] + 2Ea c[(B — B)2)(8" )] + Eae[(B7€)?]  (69)
=18 - "Il + oZ118II3.

It is then easy to show that the optimal linear model that minimizes the above testing error is as follows:

1

ﬁnoise = To_gl@ (70)

Furthermore, the optimal testing error is:

4 2
* * * g * g *
1Bhoise — B3 + 02(1Broisellz = mllﬁ 13+ mﬂﬁ 13
IR LAL

1+ 02

3.4 Theorem 3 and Its Proof

Theorem 3.1 (Theorem 3 from paper, detailed version). Let the following assumptions hold:
1. Assumptions in subsection 3.1 hold;
2. The number of samples satisfies N, € §) (92 log(dm)).
3. X is fized, randomness only comes from the noise Z.
4. The columns of X satisfy N7 Y| X ;|3 < K, for all i, with K, € O(1).
5. Let X satisfy the property that, with high probability (over the randomness of Z), X . has the mutual
incoherence condition for some v € (0,1): for everyi € {1,...,8/g}, for all j ¢ S;,

e | X T X e, (X T X es) 7 < (1) (72)
JER

6. With high probability, for every S;, XZS,L-Xe,Si /N is invertible, and denote its minimum eigenvalue
as Aim»n, Furthermore, define Apin = minge(1,.. s/q} Afm-n,
Then there exists a choice of \; for each problem i in (63), such that with high probability, the overall test

error satisfies

— . 2 1 211 3* |2
E [(szwl(a;+e) e Tac) } e 0<72A2 _ (ﬂ'ﬁ'a_!?) (73)
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Remark. Let us interpret the result and assumptions.

1. Condition 4. can be easily satisfied by many types of random matrices, e.g. it would be satisfied with
high probability if X’s entries are sampled independently from the standard Gaussian distribution.

2. The invertibility condition is almost trivially true, since if we fix X and only allow randomness in Z,
then the columns X ¢ are continuous random vectors, and must be independent from each other almost
surely. Therefore, X g, will be full-rank almost surely.

3. The mutual incoherence condition is a common assumption used in the LASSO literature to ensure
basis recovery (ours is modified from the standard one, since unlike the traditional case, we have noise
in the input). The types of matrices that satisfy mutual incoherence is discussed in [3] (section 2 and 4)
and [5] (see proposition 24). For instance, if X’s entries were sampled independently from the standard
Gaussian, then with N, € Q(g?log(d,.)), X must satisfy mutual incoherence with high probability in
high dimensions (over the randomness of X and Z). Note that there are some subtleties with general
iid random matrices that have finite exponential moments, as log(d,) < o(N¢) for some ¢ > 0 could
be needed. The general treatment on this condition is beyond the scope of our work.

4. Note that the sample complexity Ny € Q(g? log(d,.)) indicates the “bare minimum” to ensure reasonable
performance of student-teacher learning. As mentioned in the previous point, more samples are always
better, e.g. if we instead pick g% log(d,) < o(N¢) for some small ¢ > 0, then we could get better testing
error in the end.

Proof. The proof of this theorem follows directly from lemma 3.3. During testing, by equations (67) and

(69), we just need to compute

2 2
s/g s/g

Z'wifﬁ* + o2 Z'wi (74)
i=1 ) =1 ||,

By lemma 3.3, with high probability, for all i € {1, ..., s/g}, supp(w?) C S;, therefore, the above loss can be
written as

s/g _ ? s/g ?
Do (w =g+t |y w (75)
i=1 ) i=1 )
Furthermore, since S; NS; = @ for every i # j, the above can be written as
s/g ‘ - -
>~ (llw' =875 + o2 [lw']) (76)
i=1
Again, by lemma 3.3, the above can be bounded with
s/g 2(1 3% (12
i w2 2[,.i 2) 1 oZlB ||2>
> (I =71+ 2 o) < O (o s ™
O

3.5 Main Lemmas

We denote Hiny, as the intersection of the high-probability events (over the randomness of Z)
from the theorem’s assumptions. In other words, Hy.,, contains the events described in assumptions 5.
and 6. in the theorem’s statement.

Now, according to the assumptions of Theorem 3, Hypy, is assumed to happen with high probability. In the
following, we will show that with high probability the solutions {w’}fi % will also exhibit certain desirable
properties. We will establish these results by showing that the intersection of Hypy, and the event that these

properties hold has a probability very close to P(Hinm )-
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Lemma 3.2. Let the assumptions in the theorem hold. For every i € {1,...,s/g}, choose the \; in problem
(63) as follows

Ai

20 [log(d)o2(|B* (3K,
B \/og< Jo2l18" 3K 78)

vy N,

Then with probability at least P(Hpm) — b exp(—clog(dy)) with ¢ > 1, the following are both true: (i) event
Hpm happens; (ii) for all i, the solution w' is unique, and supp(w®) C S; is true.

Proof. We adopt the approach of the primal dual witness method in [7]. Notice that our optimization
problem (63) can be rewritten as (since X, = X + Z)

1X e(w = B") + ZB™|I3 + Asf|wlr. (79)

It has the same form as theirs (the only difference is that the noise term for us is —Z3*" | while for them
it is a noise vector that is independent from the design matrix). Hence, we may directly apply lemmas 2(a)
and 3(a) in [7]. Therefore, it suffices for us to prove that, with high probability, for every i € {1,...,s/g},
(XLs Xs,) ! exists, and the following is true:

max

J&Si AN

_z *1
Xz:j [X€751(XZS¢X6751)_1h51 +PJ)ZE,sv ( g >‘| | <1 (80)

where hg, is a subgradient vector for the ¢; norm coming from the primal dual witness construction ([7]
equation (10)), so |hs;|lec < 1. Note that (XZSiXe,Si)il exists as long as Hinm, happens. Additionally,

recall that Pé‘(e 5. denotes the projection onto the orthogonal complement of the column space of X g, .

Apply the triangle inequality to the term on the left of the above inequality. We obtain the upper bound

T 1
Xﬁ,jPXe,Si <>\1Ns>

If Hynm happens, we can apply the mutual incoherence condition and Hoélder’s inequality to obtain:

LHS of (80) < max X7 X5 (XIg Xcs,) ths,| + max : (81)

Héaéx ‘XZ:jXﬁSi(XZ?SiXﬁSi)_thqz‘ < HéaéX ||Xz:jX67Si(XZ:SiX6,Si)_1||1Hh5iHOO <l-n. (82)
J&oi JES

Then, to show (80), it only remains to show

zZp™ gl
1
I]Ié%)f XeiPx. s ()\Z_NS> < 9 (83)
holds for all ¢ with probability at least 1 — 5 exp(—clog(dy)).
First note that
T pl Tpl Tpl
wtpi, (2 <berei (2 e (22) o

The first term on the right hand side (inside the absolute value) is zero-mean sub-Gaussian with parameter
at most (by lemma 3.8)

(/XN )87 31 Px, o, X5lI3 < (1/ATN)o2||B" |3 K (85)

where we recall from the theorem’s assumption that, the columns of X satisfy N, 1| X ;|3 < K, for all i,
with K, € O(1). We also made use of the fact that the spectral norm of projection matrices is 1.

17



Therefore, the following is true in general:

T pl
P (‘XJ PXE,S,L' <)\iN5>

To ensure the inequality over all j ¢ S;, we apply the union bound and obtain:

P XTp% =z
(?éas’f 15 X (&-M)

Our choice of \; ensures that the above probability is upper bounded by 2 exp(—12log(d,)).

028" |3k, 32

2 2
>’y/4> < 2exp (—/\iNZ’Y ) (86)

)\?Ns ~?
o?||B" 3K, 32

> 7/4) < 2exp (— + log(d, — g)) . (87)

Now we deal with the second term on the right-hand side of (84):

T plL T plL keS; k
Zj PXe,S{, </\iNs >‘ = ‘Zj PXe,Si ( \; N, : (88)

cs. LBy
Note that Z; for j ¢ S; is independent from Px__ (M

with k € S;). Therefore, this second term also is zero mean, and in fact has a Gaussian-type tail bound. In

. . _ 1 Zkesi Zkﬁ;: .
particular, denoting v = PXe,Si (T , wWe can write

zZ3* 1 v
ZTp+ | =zTv= zT — . 89
’ XE‘SZ‘(AZ-N) Fo= (A2 o) e (59)

Notice that due to the rotational invariance of Z;, the inner product now produces a Normal random variable
regardless of what v is. Furthermore,

> jes, Zib; ol 1 v ol 1
PllzTpL (ﬁt])’ > ) <P <’ zT > L _ )
(‘ ITXes AN, 4) = \[VNXNT7 ol | ™ 420187 (90)

+P ([[vll2 > 20¢]1872) -

) (the only random terms in it are the Zj’s

. . zT . . .
Let’s bound the first probability. Since W is zero-mean sub-Gaussian with parameter at most

02/(A2Ny), by lemma 3.8 and union bound we have

2

o1 ) ( 2 N2
> — g <2exp | ——os——ur +Hlog(de —9) | . (91)
420872 128 0218713 ’

T'U

1
VA
VN vz

With our choice of \;, we can upper bound the above probability by 2 exp(—2log(dy)).

P <max
J¢S:

The second probability can be bounded with

P (o2 > 208" (|2) <P (I|ZB"[I3/Ns > 202]|8™(13) (92)

since HPé‘( s (%NM) H < |ZB*"||2/v/Ns. The upper bound on this probability then follows from lemma
€,5; s 2

3.6, and is at most exp(—Ny/16). With an appropriate choice of Ny € Q(g?log(d,)) (sufficiently large
constant to multiply with g2 log(d,)), exp(—N,/16) is dominated by exp(—2log(dy)).

From the above bounds, we now know that, the following holds with probability at least 1—>5 exp(—c’ log(d,.))

with ¢/ > 2 (in high dimensions):
Z,@*i
T pl
XE,jPXe,Si <)\2NS>
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max
J¢Si




To ensure that the above inequality holds for all i, we take a union bound, and end up with the above
inequality holding for all ¢ with probability at least 1 — exp(—clog(d,)) with ¢ > 1. Combining this with
(82), with probability at least P(Hynm) — Sexp(—clog(d,)) with ¢ > 1, the event Hyyy, is true, and the
following holds for all ¢ (which completes the proof)

T T 1 1
I]ré%)f Xe,j [Xf,si(Xe,SiXE,Si) hS-L +PX<,si (AzNg)] <1- 5 <L (94)
O
Lemma 3.3. Assume the conditions in the theorem hold. Choose
20 [log(dy)o2||B* 2K,
N \/ 05,2183 -
0l N;

(same as the last lemma). Then, with probability at least P(Hpy,) — 5exp(—clog(dy)) — 3 exp(—log(dy)),
the following are both true: (i) Hym holds; (i) for all i € {1,...,s/g}, the solution w' is unique and
supp(w?) C supp(B™") is true, and the following is true:

: : 1 o283
T, _ T 3a*i\2 < € 2 )
]E[((m—i—e) w'—x B3 )}_O(vQAgnm 1102 (96)

Proof. Recall from the previous lemma that, with probability at least P(Hnm) — 5exp(—clog(d,)) (some

¢ > 1), Hinm holds, and for all i, w' is unique and supp(w’) C supp(3™). Let’s call this overall event Hyooq-
Assuming Hgood, the following inequality is true, since w’ is the unique solution to the problem (63):

X e(w' = B7) + ZB73/Ns + Aillw' |1 < [ X (B = B™) + ZB™|[3/Ns + Xl 8”1 (97)

= 1ZB"|13/Ns + X871 (98)

By expanding the first square and cancelling out the | Z3*'||3, we have:
X c(w = B)I5/Ns + Asllw'[[1 < X187l + 268" ZT(X + Z)(8" — w')/N. (99)
Now, note that |wf||; = |[w’ — B8* 4+ B8*||; > |||, — |[w’ — B7||1. Therefore, the above inequality leads to

IX e(w' = B")[3/Ns < Nillw' — 7|1 + 26877 Z7(X + 2)(B" — w')/N;. (100)

The rest of the proof relies on two main claims. We prove each of them next.

Claim 1: Assuming that Hy..q happens, with constant 61 € O(1), for all ¢,

~

i *1 C *1 % *1
Aillw® = B"1 < ﬁaellﬂ [[2llw" — B2 (101)

Proof of Claim 1: Recall that we require \; = 2,70\/ va Therefore,

i i 20 log(d,) K i i i
Mt = g7 = | 22 ) o g — (102)

where we used the fact that || - ||; < (/9| - [|2 for g-dimensional vectors.

By making an appropriate choice of Ny € Q(g?log(d,)) (choosing a sufficiently large constant to multiply
with g2 log(d,)), we have that the following is true:

~

1 *1 C *1 [ *7
Aillw" — 8 ||1S710e||ﬁ [[2llw" — B2 (103)
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O

Claim 2: With probability at least P(Hnm) — exp(—clog(dy)) — 3exp(—log(d,)) and constant Cs € o),
Hgooq holds, and for all ¢,

267 Z"(X + Z)(B" - w') /N, < Co0?||B" 2| B — w5 (104)

Proof of Claim 2: We first note that, if Hy,q happens, then :

28" ZT(X + Z)(B" — w') /N,
=285 Z5,(X s, + Zs.)( 5 —ws,)/Ns (105)
<2|85" Z5, X 5,(85, — wi,)|/Ns + 2|85 Z5, Zs, (B, — wis,)|/Ns.

The rest of the proof has two main steps, and the claimed inequality is a direct consequence of the results
from the two steps and the above inequality:

1. For the first term on the right of the above inequality, consider the following basic upper bound:
suppose €1, xs € RP, and M € RP*P_ then

S|

p

el Mas| =) ) Mija iz,

=1 j=1

Mi,jﬂfl,i$2,j|

i M‘E
u M*@

(106)
1<IFEJL¥< | Myt 5 Pt gl
= max_ Mo l@a e
So we have
185" 25, X 5,(B5, — wS,)|/Ns <1<r;}e;3<<g\[2£ixsih/,j/ Y- w'|y /Ny (107)

But note that, by lemma 3.4, in general (not assuming Hgooq), with probability at least 1—exp(—2log(d,)),

max \[ZSXS]”|/N <o,
1<4,5<

K, (4log(d,) 4 4log(g))
\/ N . (108)

Therefore, if Hyooq and the event of lemma 3.4 happen, we have
<185" Z§, X 5,85, — whs, )| /N,

. K, (4log(d,) +4lo i ;
<o.l8 zxg\/ (oglde) + TI0BO) gt oy,

In the last inequality, we used the fact that || - |1 < /g| - ||2 for g-dimensional real vectors.

With a proper choice of Ny € €(g?log(d,)) (choosing a large enough constant for multiplying with
g*log(d;)), the above inequality leads to

2677 Z" X (8" —w')/Ny < Croc]| 87218 — w2 (110)
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for constant C; € O(1).

Taking a union bound over all 4, in general, the event from lemma 3.4 is true for all 4 with probability
at least 1 — exp(—log(d;)). Therefore, in general, the above inequality is true for all ¢ with probability
at least P(Hnm) — 5exp(—clog(dy)) — exp(—log(ds)), since we need Hgooq and the union of events
(over all ¢) of lemma 3.4 to both hold.

. Now we upper bound the second inner product term, |,6§iTZ:§iZSi( gz — wgi)|/Ns. By lemma 3.7,

denoting E; = Z igiZ s, /Ns— I gx g, We have that in general (not assuming Hgood), for some universal
constant Cy, with probability at least 1 — 2 exp(—2log(d,)),

g+ 2log(dy)

|1 Ei]l2 < Caoe N,

(111)

where || - ||2 represents the spectral norm for square matrices. Note that the above is true for all ¢ with
probability at least 1 — 2 exp(—log(d,)). With appropriate choice of Ny € Q(g?log(d,)) (sufficiently
large constant to multiply with g%log(d,)), the above expression simplifies to || E;||2 < Cao., for some

Cy € O(1).

Now, if Hgooq and the union of events (over all ¢) from lemma 3.7 happen we may write, for all i,

85" 2%, Z 5, (8% — w,)|/Ns = 0|B57(BY, — wh,)| + 185 Ei(B — wh,) (112)
< 0| 87218 — willa + Coo||B* |28 —wlls  (113)

*i T ( %i

where in the last step we have used o|85" (B85 — wi )| < oc]|B"[2]/8*" — wi||2 thanks to Cauchy-
Schwartz, and |35 E; (8% — wi )| < Coo]|B*||2]|8" — w2 which comes from the following basic
inequality. Suppose we have &,y € RY9, and M € R9*9 being symmetric, then M has an eigen-
decomposition, and we write it as UAU”. Then the following holds:

' My =2"UAUy
=2zTUA?AV2UTy  (Define [AY/?);; = [A]}?)
_ (A1/2UTw)T(A1/2UTy)

(114)
< ||AVPUTx||o|AY?UTyll;  (Cauchy Schwartz)
< | MU ]| U Tyl
< |IM||2||lzll2llyll2 (Orthogonal matrices preserve f5 norm)
Using (113), the inequality below is true with constant Cy € O(1):
21857 Z5, Z5s,(B5, — w§,)|/Ns < Cooe| B 2|B = 'l (115)

Now, let us summarize the probabilities calculated so far. From the previous point we need Hggoa
and the union of events of lemma 3.4 to be true. Now we also need the union of events of lemma 3.7
to be true, so we end up with a probability at least P(Hinm) — 5exp(—clog(d,)) — exp(—log(d,)) —

2 exp(— log(d,)).
O

Proof of Lemma 3.3 continued: With Claim 1 and Claim 2 in hand, we arrive at the fact that, with
constant C' € O(1), ¢ > 1 and probability at least P(Hinm) — 5exp(—clog(d,)) — 3exp(—log(ds)), Heood
holds, and for all i € {1,...,s/g}, the following is true

1Xe.s, (ws, = BS)

C *1 7 *1
3/Ns < ;GEIIB l[2llw* = B2 (116)

All that is left is some algebraic manipulations.
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Recalling that the minimum eigenvalue of X~ .5, Xc5/Ns is Al . >0, we have the inequality

min

1X s, (wls, — BE)Z/Ne > ALy, — B2 > A s, — B 2. (117)
It follows that,
7 *7 |2 C *1 1 *1
Apinllw’ = 871 < o187 el - 57 (118)
— ' — B < —C |87 (119)

Furthermore, by noting that o, ||w’||2 < o |jw’ — 8|24 0:[|8% |2, 1/y/1 + 02 € O(1), and using C to absorb
O(1) constants, we arrive at

i i i ¢ *i
lw" = B7[l2 + oc[Jw]l2 < - WHB 2- (120)
Now, consider the following basic identity:
\/||wi = B3 + o2 w3 < [lw' — 87|z + ocl|w|2. (121)
By noting that E [((z + €)Tw' — 278")?] = |w' — 8|3 + 02||w’||} from section 3.3, and by combining
(120) and (121), we obtain the desued expression in the lemma.
O

3.6 Probability Lemmas

Lemma 3.4. Let Z’s entries be sampled from N(0,02) independently, and the columns of X satisfy
N7YX 3 < K, foralli. S; C{1,...,d,} is an index set of size g. Only Z is random, X is fized.

For any t > 0, with probability at least 1 — exp(—t/2),

max |25 X )i l/Ns < ge\/K“J(tQ +41og(9)). (122)

1<4,5<g Ns

Proof. Recall that [Zg,].; ~ N(0,02Inxn), and since X g, is deterministic, for each i, 7, [Zg Xs,lij =
(Zs,)T.[X s,).; ~ N(0,02|[X]. ;113). Therefore, [ZT Xs,ii/(VNsK,o.) is zero-mean sub-Gaussian random
variable with its parameter no greater than 1 for all ¢, j. Now we may apply the union bound and the tail
bound for sub-Gaussian random variables (from lemma 3.8), and arrive at the following result: for any ¢ > 0,
the following holds:

P ( max |[ZS Xs.)ijl/(VNKpo0) > /12 + 210g(92))

1<i,5<
t? + 2log(g?) } (123)

<2¢% exp { 5

12
=2 —— .
e {-5}

P (o 125 Xl /(VNR0) = VT 2iog(a?) (124)

But clearly

= (1125, XV 2 0./ Tio(a) ). (125)

1<i,5<g

The proof is complete. O
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Lemma 3.5. Let © ~ N(0,14x4). Then for any § > 0, the following is true:

—d/2
P(Jal3 > d+ ) < ( ) exp(—0/2). (126)

d+6

Proof. This is a relatively standard concentration bound for the ¢, norm of random Gaussian vectors. We
provide its proof for the sake of completeness.

Denote f, as the probability density function of x.
Choose A = §/(d + §). The following is true:

)3 > d+6 = exp(Az(3/2) > exp(A(d +)/2). (127)

Moreover,
[ expAlel/2 . (@)de = Pl > d-+8) exp(r(d +5)/2). (128)

Therefore
P(|z|3 > d+6) < exp(=A(d +6)/2) /Rd exp(A|z[3/2) fo () dz. (129)

Explicitly computing the integral on the right-hand-side yields

P(z]2 > d+6) < (1 - X" exp(—A(d + ) /2). (130)
Substituting A = 6/(d + 0) into the expression completes the proof. O

Corollary 3.5.1. Let € ~ N(0,14x4). Then for any e € (0,1), the following is true:
P(|z[3 > (1 —€)'d) < exp(—€*d/4). (131)

Proof. In the result of lemma 3.5, choose 6 = de/(1 — ¢).
Then d + 6 = d/(1 — €), and we obtain:

d d
P(|lz|2 > d/(1—€) < (1—e) ¥2exp | —= ¢ <exp|—= ‘ +log(l—¢)) ). (132)
21 —¢€ 2\1—¢€
We obtain the desired expression by noting that
% +log(1 —€) > €2/2. (133)
—€
O

Lemma 3.6. Let the entries of W € RV*4 be independent and have the random distribution N'(0,02), and
B* € R?.

For any § € (0,1), with probability at least 1 — exp(—32N/4),
[WB*[3/N < (1-08)"1a[87|3- (134)

Proof. Note that W3*/(cc||3"||2) ~ N(0,Inxn). We now invoke the concentration inequality for standard
Gaussian random vector from corollary 3.5.1 to obtain

O¢ 2

O
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Lemma 3.7 (Exercise 4.7.3 in [6], specialized to iid sub-Guassian vectors). Let z be a zero-mean sub-
Gaussian random vector in RY with independent and identically distributed entries, with each entry having
the same sub-Gaussian random distribution. Moreover, define ¥z = E[z2T].

Given {z;},, then there exists universal constant C such that, for any u > 0, the following is true with
probability at least 1 — 2 exp(—u):

1 XN

T
— E ziz; — Xz
N &~

where for matrices, || - |2 represents the spectral norm.

N N

+ u +u
<C ( gruL 9 ) =21 (136)
2

Lemma 3.8. Recall that a zero-mean random variable X is sub-Gaussian if there exists some o > 0 such
that for allt € R
E [exp(tX)] < exp(c?t?/2). (137)

Moreover, X must satisfy (from [7] Appendiz A)

2
P(|X| > 2) < 2exp (;2> . (138)
An additional useful result is that, if X1, ..., X, are independent and zero-mean sub-Gaussian random vari-

ables with parameters o?,...,02%, then > . X; is sub-Gaussian with parameter Y i, o2 (from [2] lemma
1.7).

3.7 Experimental Result

We carry out the following simple experiment to further support the utility of student-teacher learning over
target-based learning. We use the Lasso and LassoLars methods from the scikit-learn library to numerically
solve the LASSO problems described below.

In this experiment, we focus on student-teacher learning and target-based LASSO learning. For student-
teacher learning, we let g = 1. For target-based LASSO, we simply solve the following problem:

argmin || X .8 — X 8|2 + \||8]|1. (139)
BER

The exact experimental parameters are set as follows. We choose the list D, = {500, 1000, 2000, 4000}. For
every d, € D, we set the corresponding 3° with 87 = 1.0 for j € {1,...,d./20}, and 0 everywhere else.
So for each d, 3" has a sparsity level s = d,/20. The sample size Ny = 5log(d,) for every d,. The noise
variance o2 = 0.1. To solve the base learning problem and the student-teacher learning problem, we run
parameter sweep over A\, and report only the best testing error out of all the \’s chosen.

Figure 2 reports the testing error of the network trained with student-teacher loss and the target-based loss.
We also draw the optimal test error curve for comparison. The horizontal axis is d,, and the vertical axis is
the testing error. As d, increases, the testing error of the network trained with target-based LASSO diverges
very quickly to infinity, while the testing error of the network trained with the student-teacher loss stays
very close to the optimal one.

24



Testing Error

2001 g Optimal
=== Student-teacher
175 ==e= Target-based

150

=
N
(%]

=
o
o

75

50

2> /
0 .__d: >

6 x 102 103 2 x 103 3x103 4x103
dx

Figure 2: The testing error of the network trained with student-teacher loss and the target-based loss. Opti-
mal testing error is also drawn for comparison. The horizontal axis d,, indicates the data vector dimension,
and the vertical axis indicates the testing error of the network. At each d, we set s = d, /20, Ny = 5log(d,).
For student-teacher, g = 1. The noise variance o2 = 0.1. We carry out parameter sweep over A for both the
target-based and student-teacher problem, and only report the best testing error.
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