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1. Overview

This document provides derivations, explanations, and more results supporting the content of the paper submission titled,
“Blocks-World Cameras”.

2. Geometric Relationship between Pattern Feature and Image Feature

In this section, we algebraically derive geometric relationship between a pattern feature and a corresponding image feature,
for given scene plane parameters. Based on this relationship, we can estimate plane parameters given a pair of image feature
and pattern feature. Toward that end, we first review mathematical preliminaries in Section 3 of the main manuscript for
completeness.

Two-view geometry of structured-light: The Blocks-World Camera consists of a projector and a camera, as shown in Fig. |
(a). We define the camera and projector coordinate systems (CCS and PCS) centered at c. and c,,, the optical centers of the
camera and the projector, respectively. c. and c,, are separated by the projector-camera baseline b along the z axis. The world
coordinate system (WCS) is assumed to be the same as the CCS centered at c., i.e., c. = [0,0, O]T and ¢, = [b,0, O}T in
the WCS. Without loss of generality, both the camera and the projector are assumed to have the same focal length f, i.e., the
image planes of both are located at a distance f from their optical centers along the z-axis. For simplicity, we further assume
a rectified system such that the epipolar lines are along the rows of the camera image and the projector pattern.

Plane parameterization: A 3D scene plane is characterized by IT = {D, 6, p}, where D € [0, 00) is the perpendicular
(shortest) distance from the origin (c.) to I, § € [0, 7] is the polar angle between the plane normal and the —z axis, and
¢ € [0,2m) is the azimuthal angle between the plane normal and the z axis (measured clockwise), as shown in Fig. 1 (a).
The pattern consists of a sparse set of cross-shaped features, which get mapped to cross-shaped features in the camera image
via homographies induced by scene planes, as shown in Fig. 1 (b).

Pattern feature and image feature: Consider a pattern feature P described by P = {u,,v,,p,}, where v, and u,, are
two line vectors and p,, is the intersection point of v;, and u,, as shown in Fig. 1 (b). Let the corresponding image feature
I be described by I = {u,, v.,p.}, where v, and u,. are line vectors corresponding to v, and u,, respectively, and p, is
the intersection point of v. and u.. The elements in P and I are described in their own coordinate systems (PCS and CCS,
respectively), i.e., for the pattern feature P = {u,, v,, pp}.
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u, = [upxauyao] , Vp = ['Up:rvvyvo] yPp = [ppa:apyaf] . (1)

Similarly, for the corresponding image feature I = {u., v¢, p¢},

U, = [uca:augpo]T y Ve = [UcwvvyaO]Tapc = [pcx»pyvf}T- ()

Depth estimation: To derive the relationship between the pattern feature and the image feature in terms of the plane pa-
rameters, we first derive the scene depth at the intersection point p. of the image feature in terms of the plane parameters.
Let the ray passing c, and p,, intersect IT at p = [z, v, z]T, and p is imaged at p. as shown in Fig 1 (c). Let the equation
of the line passing c. and p. be tp. = t [pes, Py, f] (—00 <t < 00) as shown in Fig 1 (c). Depth z of p. can be obtained
by intersecting this line with the plane IT = {D, 0, ¢} and taking the third element of ¢p.. By substituting ¢p. to the plane
equation, we get n’ (tp.) + D = 0 and t = ——£—. Thus,
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(a) Imaging system (b) A pair of pattern and image features (c) Point correspondence (d) Line correspondence
Figure 1. Feature correspondences in the Blocks-World Cameras. (a) The Blocks-World Cameras are based on a structured light system
consisting of a projector which projects a single pattern on the scenes and a camera to capture the images. (b) The pattern consists of a
sparse set of cross-shaped features, which get mapped to cross-shaped features in the camera image via homographies induced by scene
planes. The plane parameters can be estimated by measuring the deformation between these features. (c) To derive the relationship between
the pattern feature and the image feature, point correspondence can be established from a triangle defined by Cp, p, and Cc. (d) Similarly,
line vector correspondence can be defined from two pairs of point correspondences.

The depth z of p. can be also represented in terms of the corresponding pattern intersection point p,. By intersecting the
line passing ¢, and p, with the plane II (Fig 1 (c)):
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In the following, we describe the image feature I = {u., v., p.} in terms of the pattern feature P = {u,, v,, p,} given the
plane parameters IT = {D, 0, ©}.

Point correspondence: From a triangle defined by c,,, p, and p,, (Fig 1 (c)), the imaged point p. corresponding to p,, is:
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where z is the depth of p.. By substituting Eq. 3 or Eq. 4 to Eq. 5, we get the point correspondence in terms of the plane
parameters: >

D _ bny __bn.
D—+bng, D—+bng, D+bng,
p.=4 0 1 0 Spp (6)
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where n = [ng, ny, n.]"

Line vector correspondence: Let p,,; and p,,2 be two points defining u,, as shown in Fig 1 (d). Using Eq. 5, we can define
two imaged points p.; and p.o corresponding to p,,1 and pys, respectively as shown in Fig 1 (d):
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where 21 and 2, are the depths of p.; and p.2, respectively. By defining u. = pe2 — pc1 and u, = pp2 — Pp1,
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From Eq. 3, we get:
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Figure 2.Plane estimation from a known feature correspondence(a) Line segmenta, andu. from image and pattern features create

a pair of planes which meet at a 3D line vedtor (b) Another pair of image and pattern feature segments create a pair of planes meeting

at another 3D line. (c) The two 3D lines de ne a 3D plane. (d) Pattern features aligned with epipolar lines create a degenerate case, which
is avoided by designing pattern features such that line segments do not lie along epipolar lines.

By substituting Eqg. 9 to Eg. 8, we get:

2 4 bn, 03
D + bny D + bny
uc=4 0 ® up (10)
0 0 0
Similarly, 2 on, 3
D + bny D + bny 0
ve=4"0 1 P Vp: (11)
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From these relationships, we can derive the equations for the plane parameters given the pattern feature and the corre-
sponding image feature as explained in the next Section.

3. Plane Parameter Estimation from a Known Correspondence

In this section, we derive the expression for scene plane parameters when the correspondence between pattern feature and
the corresponding image featurekisown Consider the plane including the projector cemigand the line vectou, of the
pattern feature as shown in Fig 2 (a). Similarly, consider another plane including the cameracantethe line vectou
of the corresponding image feature. These two planes meet at a 3D line lyeatoshown in Fig 2 (a) ifi, andu. arenot
on the same epipolar lings shown in Fig 2 (d)l, can be computed by the cross product of the surface normals of these two
planes. The surface normals of the plane inclugin@ndu, and the plane including. andu. are:

Pp  Up Pc  Uc

= ———andny = ————; 12
fup kpp Uupk andiue kpe uck’ (12)
respectively, where is a cross product of the vectors akdk is a norm of the vector. Thuk, can be obtained by:
(Pp  Up) (Pc Uc)
ly=n Nuc = : 13
T M e o, U (pe UK (13)

Similarly, another pair of two planes created\pyandv. meet at a 3D line vectdy, as shown in Fig 2 (b), and can be
obtained by:
(Pp Vp) (Pc Vo)

ly = : 14
T vp) (e VoK 4

The surface normal of the plane can be obtained by the cross prodyamd|,, as shown in Fig 2 (c):
= | = ((pp Vp) (Pc Ve)) ((Pp Up) (Pc Uc)) (15)
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Eq. 3 of the main manuscript




The polar angle and the azimuthal angle of the plane normal can be obtained fron¥ [sin cos'; sin sin';  cos ]T .
From Eq. 4 and Eq. 5, the shortest distabc&éom the origin €.) to is:

D= —— n'cp: (16)
I Ppx {E)cx }

Eq. 4 of the main manuscript
4. Plane Parameter Locus

In this section, we derive the algebraic equations describing the plane parameter locus explained in Section 5 of the main
manuscript. Lel = fuc;vc; pcg be the image feature corresponding to a pattern fedure f up; vp; ppg. By pairing

| and P, we can obtain the true plane parameter set[ D; ;' ]T. For a givenl, consider a set of pattern features
PO= up;vp;p% onthe same epipolar line, whepd, = pf, ;py;f T = [pox + ;P y;f]" (! 2 R). By pairingl andP?,
we can derive the equations of the plane parameter locus from Eq. 15 and Eq. 16 .

Let n%be the surface normal of the plane created by pairiagdP® Using Eqg. 15,

n®= pop Vo (Pc Vo) pop Up (Pc Uc) : 17)
We drop the normalization factor without loss of generality. By applyiﬁg: [Pox + Lipy;f ]T, Eqg. 1,and Eqg. 2to Eq. 17,
we get: 2 3
f( UexVy + UpxVy + UyVex  UyVpy)
n’= 4 f( UpxVex + UcxVpx) S: (18)
Pex Uy Vpx Py Ucx Vpx pgx UyVex  PexUpx Vy + PyUpx Vex + pgx Ucx Vy

Please note that we dropped the common factors in x-,y-, and z-componerftsithout loss of generality. By applying
Eq. 6, Eg. 10, and Eqg. 11 to Eqg. 18 and arranging terms, we get:
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ny 1 Ny
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wherea= ng+nz+ n,+ ‘& is the normalization factor.

Let D be the perpendicular distance from the camera origin to the plane created by painiig®. Using Eq. 16,

moT 0 ar Dbno" D
o= Po g, = En Pe _ Tbn P _D. (20)
Pox  Pex Pox  Pex bnTpc.+ D a
Thus, the plane parameter setof the plane created by pairingandPPis:
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Property 1. The parameter locus,, = f n1;:::; mn g Created by pairing an image featurg and a set of pattern
featured Py;:::; Py g on the same epipolar line always lies on a plane parallel tb the plane in the -space.
Proof: From Eq. 21, the azimuth angl€ of Cis always a constant.
Property2. Let o = f nq1;:::; mn gbethe parameterlocus created in the same way as PropertyR. Let2 f 1;:::;N Q)
be the true corresponding pattern featuré,pf Letd, be the distance between pattern featiresandP, on the epipolar
line. Then, the locations of the elements qgf are a functioronly of thesetD = fd, jn 2 f 1;:::;Ngg of relative

distances between the true and candidate pattern features.

Proof: From Eq. 21, the locations of the elements gf are a function only of = pgx Ppx (not a function ofp,, or p¢),
which is the relative distance between the true and candidate pattern features.



Figure 3.Measurable plane spaceThe measurable plane normal space increasesDvitand ifD b (baseline between the camera
center and the projector centdrd m assumed here), planes with any surface normals can be measured theoretically.

Figure 4.Image feature angle variation overD (perpendicular distance to plane) andb (baseline). Image feature angle variation
decreases witD or increases witt. Therefore, it becomes dif cult to measure precise plane parameters for in pradiids ifery large
orbis very small.

5. Measurable Plane Space

One of the important practical questions regarding the performance of Blocks-World Cameras is “what is the plane pa-
rameter space measurable with the Blocks-World Cameras?” The measurable plane space is determined by (a) fundamental
limitations of the two-viewing imaging systems, and (b) measurement accuracy of image features.

Scene planes passing between the projector's and camera's optical centers or any segments on these planes are not mea-
surable. This is because for such planes, the projected pattern cannot be observed by the camera. These non-measurable
planes can be described as:

ny =0; D =0 (planes including-axis) (22)
and b
n,60;0 — b (planes with thec-intercept betweef andb): (23)

X

The measurable plane space is the complement of the set of the planes described by Eqg. 22 and Eq. 23. Fig. 3 shows
examples of the measurable plane space when the babelife4 m. The measurable plane normals (represented dayd
' ) at differentD values are shown in blue with the polar plot, where the radial direction and the clockwise direction represent

and' directions, respectively. The measurable plane normal space increas&s.Witld b, planes with any surface
normals can be measured theoretically.

In practice, however, it is challenging to estimate plane parameters preciselyDmserery large otbis very small. Let

the pattern feature angle (i.e., the angle between one of the line segments of the pattern feature and the epipolay, line) be
and the corresponding image feature angle (e.g., the angle between the corresponding image feature's line segment and the
epipolar line) be .. For a given ,, . is a function of the plane parameters. As shown in Fig. 4, when the plane normal
changes, the corresponding image feature angle variatiqrgets smaller aB increasesk{is xed as0:4 m) or bdecreases
(D is xedas2m). If . istoo small, it is dif cult to distinguish between different plane parameters.



Figure 5.Image feature angles according to plane normal direction over different pattern feature anglesimage feature angle.
does not change whern, = 0°, thus plane parameters cannot be estimated from feature deformation. On the otherchetmahges
sensitively according to the plane normal direction whgr= 90 °, leading to more accurate plane parameter estimailon. b= 0:4m
was assumed.

Figure 6.Bound of image feature angle when plane normal changes over pattern feature angl§/e use two pattern feature angles
p1 =45°and p2 = 135° since they give the maximum image feature angle variation without the overlap.

6. Pattern Design

In this section, we discuss various parameters for pattern design and their conditions for optimal performance of the
Blocks-World Cameras.

Angles of pattern feature (why are45° and 135 of pattern feature angles used?)The pattern feature angle (e.g., angle
between the line segment of the pattern feature and the epipolar line) is an important parameter for pattern design since it
in uences the accuracy of plane parameter estimation. For a given pattern feature gripkecorresponding image feature
angle . (e.g., angle between the line segment of the corresponding image feature and the epipolar line) varies as the plane
parameters change. The range of image feature angles (over all possible plane parameters) is determined by the
pattern feature angle,. For precise plane parameter estimation,. should be suf ciently large. Fig. 5 shows, as a
function of the scene plane normal directidh {s xed asD = b= 0:4m) for different ys. If , =0°, . is always0°
regardless of the plane normal direction (this corresponds to the degerate case in Fig. 2 (d)), which makes it impossible to
estimate the plane parameters. On the other hang, # 90°, . changes fron®° to 18C0°, which makes it much easier to
estimate the plane parameters accurately. Then, what is the opijrfad precise plane parameter estimation?

Fig. 6 shows the maximum and minimurg values over , when the plane normal changes. We achieve the maximum

¢ of 180° when , = 90°, and the minimum . of 0° when , = 0°or , = 180°. Therefore, , = 90° should
be selected for precise plane estimation. However, we need gwalues for plane estimation, and the range of twe
corresponding to two,s should not overlap for distinction between two image line segments whieigla pattern is used.
For this purpose, we chosg; = 45° and ,, = 135°since ¢ and ., are maximized while achieving no overlap in
the corresponding. values as shown in Fig. 6.
Other pattern parameters: In addition to the pattern feature angle, there are more parameters for pattern design: radius of

the line segment, number of pattern features on a single epipolartingistance between adjacent epipolar lines with pattern
featuresk, decrement or increment of distance between adjacent pattern features on each epipolariiese parameters



