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Abstract
Advection-diffusion equations describe a large family of

natural transport processes, e.g., fluid flow, heat transfer,
and wind transport. They are also used for optical flow
and perfusion imaging computations. We develop a ma-
chine learning model, D2-SONATA, built upon a stochas-
tic advection-diffusion equation, which predicts the velocity
and diffusion fields that drive 2D/3D image time-series of
transport. In particular, our proposed model incorporates a
model of transport atypicality, which isolates abnormal dif-
ferences between expected normal transport behavior and
the observed transport. In a medical context such a normal-
abnormal decomposition can be used, for example, to quan-
tify pathologies. Specifically, our model identifies the ad-
vection and diffusion contributions from the transport time-
series and simultaneously predicts an anomaly value field
to provide a decomposition into normal and abnormal ad-
vection and diffusion behavior. To achieve improved estima-
tion performance for the velocity and diffusion-tensor fields
underlying the advection-diffusion process and for the esti-
mation of the anomaly fields, we create a 2D/3D anomaly-
encoded advection-diffusion simulator, which allows for su-
pervised learning. We further apply our model on a brain
perfusion dataset from ischemic stroke patients via trans-
fer learning. Extensive comparisons demonstrate that our
model successfully distinguishes stroke lesions (abnormal)
from normal brain regions, while reconstructing the under-
lying velocity and diffusion tensor fields.

1. Introduction
Partial differential equations (PDEs) are used to describe

many transport phenomena, e.g., fluid dynamics, heat con-
duction, and wind dynamics [12]. However, it is expensive
to numerically solve PDEs especially in high spatial dimen-
sions and across large timescales [6]. Recent deep learning
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approaches have made data-driven solutions to PDEs possi-
ble [8, 16, 33, 38, 46, 51, 55, 56].

While the aforementioned deep learning approaches help
to speed-up PDE solutions, we are instead interested in in-
verse PDE problems [34, 59]. Specifically, our goal is to
estimate the spatially varying velocity and diffusion ten-
sor fields (referred to as advection-diffusion parameters
throughout this manuscript) for general advection-diffusion
PDEs. Limited work on estimating the parameter fields of
advection-diffusion equations exists. Tartakovsky et al. [59]
use a deep neural network (DNN) to estimate 2D diffusion
fields from diffusion PDEs. Bézenac et al. [12] learn ve-
locity and diffusion fields of advection-diffusion PDEs by
DNNs in 2D. Koundal et al. [29] use optimal mass trans-
port combined with a spatially constant diffusion. Op-
timization approaches were proposed [35, 36, 63] to esti-
mate the advection-diffusion parameters of an advection-
diffusion equation in 3D. Though promising, the numerical
optimization approach is time-consuming, especially when
dealing with large datasets. Moreover, the methods above
assume isotropic diffusion (i.e., they do not estimate more
general diffusion tensors), which may be insufficient to ac-
curately model complex materials (e.g., anisotropic porous
media, brain tissue) where diffusion is mostly anisotropic.

The YETI approach by Liu et al. [37] is a deep learn-
ing framework to estimate advection-diffusion parameters
from transport image time-series. It addresses some key
challenges regarding identifiability (i.e., whether the result-
ing transport should be attributed to advection or diffu-
sion) and physical constraints (e.g., vector fields should be
divergence-free for fluid flow, diffusion tensors should be
positive semi-definite (PSD)). Applied on brain perfusion
images for stroke lesion detection, YETI achieved clear im-
provements over existing approaches. However, there is still
room for improvement. First, while YETI estimates the
advection-diffusion parameters well, it would be useful to
quantify the inherent uncertainty in the resulting solutions
instead of interpreting the results deterministically. This

18791



could be especially important when estimating advection-
diffusion parameters from abnormal transport processes,
e.g., brain perfusion processes for a stroke patient. Sec-
ond, YETI predicts advection-diffusion parameters without
knowledge of regional anomalies. Hence, additional post-
processing is required for lesion detection in real perfusion
analysis applications. Furthermore, YETI uses pre-training
based on a simulation dataset which only considers normal
transport; fine-tuning is then performed using real perfu-
sion data including stroke lesions. This simulation and fine-
tuning approach may result in pre-training biased toward
normal parameterizations, as abnormal transport data is not
simulated. (See the comparisons in Sec. 4.1-4.2.)

We introduce, D2-SONATA (Deep Decomposition for
Stochastic Normal-Abnormal Transport), a new deep-
learning-based stochastic model designed to predict the
underlying advection-diffusion parameters from observed
transport time-series with potential anomalies, in both 2D
and 3D.1 Our main contributions are threefold:

1) A learning-based stochastic advection-diffusion
model. D2-SONATA models advection-diffusion
processes as a stochastic system. Given a transport
process, this stochastic model permits not only recon-
structing the transport dynamics with its underlying
advection-diffusion parameters, but also captures the
epistemic uncertainties with Brownian motion.

2) Representation theorems for anomaly-decomposed
divergence-free vector fields and symmetric PSD ten-
sor fields. Our estimates are grounded in theorems en-
suring realistic constraints on the learned advection-
diffusion parameter fields by construction. The esti-
mation automatically provides a decomposition based
on an anomaly value field and the “anomaly-free”
advection-diffusion parameters. This provides insights
into both the anomaly patterns and what should locally
be considered normal advection-diffusion parameters.

3) 2D/3D normal-abnormal advection-diffusion dataset.
We develop a simulator for quasi-realistic advection-
diffusion that can be used for supervised model pre-
training based on the advection-diffusion parameters.
Importantly, the simulator is able to generate velocity
vector and diffusion tensor fields and applies artificial
anomalies. We show that such simulated data boosts
model performance for advection-diffusion parameter
prediction, in particular for abnormal transport.

2. Related work
Neural Differential Equations and Optical Flow Sig-
nificant developments in deep learning have recently led to
an explosive growth of deep-learning-based solutions for

1Perfusion imaging is the motivating application behind our approach.
However, our approach is generally applicable to parameter estimation for
any process governed by an advection-diffusion equation.

PDEs. This stream of work either directly models the so-
lution via DNNs [16, 51, 56] or learns mesh-free, infinite-
dimensional operators using DNNs [8, 33, 38, 46, 55].

While the above methods focus on solving PDEs, i.e.,
the forward problem, we are interested in solving inverse
PDE problems [34, 59]. In the context of advection equa-
tions such inverse problems have been extensively stud-
ied for optical flow and general image registration [25, 58],
where the parameter to be estimated is a deformation or a
velocity vector field [7,9,23,24,43]. DNN solutions for the
fast prediction of these vector fields have also been stud-
ied [5, 14, 54, 62]. In contrast, our goal is the estimation of
the parameters for more general advection-diffusion PDEs:
specifically, their associated velocity vector and diffusion
tensor fields. Further, while optical flow and registration
approaches most commonly deal with image pairs, our pa-
rameter estimation for advection-diffusion PDEs is based
on image time-series acquired over multiple time points.

Perfusion Imaging Perfusion imaging measures the
blood flow through parenchyma by serial imaging [19].
Common perfusion measurement techniques include inject-
ing an intravascular tracer, e.g., Dynamic Susceptibility
Contrast-enhanced (DSC) and Dynamic Contrast-Enhanced
(DCE) magnetic resonance (MR) perfusion [13, 19, 36], us-
ing magnetically-labeled arterial blood water protons as an
endogenous tracer (Arterial spin labeling (ASL)) [50], or
using positron emission tomography (PET) [21]. Derived
quantitative measures help clinical diagnosis and decision-
making. So far, the mainstream approach for quantitative
perfusion measures is to use tracer kinetic models to es-
timate hemodynamic parameters and to obtain 3D perfu-
sion parameter maps [19, 44]. However, substantial differ-
ences exist in perfusion parameter maps across institutions,
mainly caused by different arterial input function (AIF) se-
lection procedures, deconvolution techniques, and interpre-
tations of perfusion parameters [44,52,53]. Moreover, these
approaches are performed on individual voxels, disregard-
ing spatial dependencies of the injected tracer’s dynamics.

Works to fit tracer transport via PDEs exist, where the
observed tracer concentration time-series is assumed to re-
flect the blood flow within the vessels (advection) while
diffusion captures the movements of freely-diffusive tracer
within capillaries and the macroscopic effect of capillary
transport [11, 11, 22, 36, 57]. However, these works assume
that both velocity and diffusion are constant over the en-
tire domain, which is unrealistic in real tissue. Zhou et
al. [64,65] and Liu et al. [35,36] proposed to model the per-
fusion process via a transport model using numerical opti-
mization. However, Zhou et al. [64,65] assume the diffusion
process is negligible; therefore, only the velocity field is es-
timated similar to optical flow [9, 25, 48]. Liu et al. [35, 36]
and Zhang et al. [63] estimate both the spatial-varying ve-
locity and diffusion fields, yet modeling the diffusion as a
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scalar field, which cannot express the diffusion anisotropy.
Liu et al. [37] propose to predict the perfusion process

via an advection-diffusion model with intrinsically con-
structed divergence-free velocity vector fields and symmet-
ric positive-semi-definite (PSD) diffusion tensor fields, us-
ing a deep-learning approach. This work allows for mod-
eling diffusion anisotropy via tensors, and significantly re-
duces the inference time by resorting to deep learning ap-
proaches. However, regional anomalies are not explicitly
modeled. Hence, additional post-processing steps, such as
lesion detection, are required in perfusion analysis applica-
tions. In contrast, D2-SONATA not only predicts the spatial
dependency of advection-diffusion parameters in a stochas-
tic manner, but it also decomposes transport into its normal
and abnormal parts and can thereby provide additional in-
sights into existing patterns of anomaly.

3. Method
3.1. Problem Setup

Let C = C(x, t) denote the mass concentration at loca-
tion x in a bounded domain Ω ⊂ Rd (d = 2, 3), at time
t ∈ [0, T ]. The local mass concentration changes of an
advection-diffusion process can be modeled as:

∂C
∂ t

=−V ·∇C+∇ · (D∇C)+σ∂Wt (1)

= −(A⋄V) ·∇C︸ ︷︷ ︸
Anomaly-decomposed
Incompressible flow

+ ∇ ·
(
(A◦D)∇C

)︸ ︷︷ ︸
Anomaly-decomposed

PSD Diffusion

+ σ∂Wt︸ ︷︷ ︸
Model

Uncertainty

,

with specified boundary conditions (B.C.). The advection
term captures the transport related to the flow of the fluid
and the diffusion is driven by the gradient of mass concen-
tration. The spatially-varying velocity field V (V(x) ∈ Rd)
and diffusion tensor field D (D(x) ∈ Rd×d) describe the ad-
vection and diffusion. Eq. (1) contains the common as-
sumption that fluids show negligible density variation in
practice [26, 37], which means V has zero divergence (i.e.,
is divergence-free).2 As in [37], we model diffusion tensors
D(x) as symmetric PSD, to capture the predominant diffu-
sion direction and diffusion anisotropy [47].

In contrast to existing approaches we explicitly model
abnormalities via an anomaly value field A (A(x) ∈ R(0,1],
higher A(x) means closer to normal), which modulates both
the velocity and diffusion fields. Specifically, we assume
that the velocity field can be decomposed as V = A ⋄ V
and the diffusion tensor field as D = A ◦D, where V and
D denote the “anomaly-free” velocity and diffusion tensor
fields respectively. Here, ⋄ and ◦ denote the chosen inter-
actions between the “anomaly-free” velocity and diffusion

2Note when D → 0, Eq. (1) is an advection equation, which is the basis
for many variational optical flow or image registration methods [5, 7, 9,
14, 23, 24, 43, 54, 61, 62]. If density variations should be modeled one can
simply replace V ·∇C with ∇ · (C V). (See more details in Supp. C.)

tensor fields and the anomaly value field respectively (see
the definition in Eq. (4)). This interaction can be chosen in
different ways. See Sec. 3.2 (Theorems 1 & 2 and Defini-
tion 1) for details on the anomaly-decomposed representa-
tions (and how ⋄ and ◦ are operationalized) which assure
that the decompositions can express divergence-free veloc-
ity fields and PSD diffusion tensor fields.

In addition, we model the advection-diffusion process
via a stochastic PDE (SPDE), where σ (σ(x) ∈ R) de-
notes the variance of the Brownian motion Wt (W (x, t) ∈
R) [4] and represents the epistemic uncertainty for the dy-
namical system. With this additional stochastic term, the
existence and uniqueness of the solution to Eq. (1) still
holds [4, 49, 60].

3.2. Anomaly-decomposed Constraint-free Repre-
sentation

As discussed in Sec. 3.1, incompressibility and sym-
metric PSD-ness are commonly used assumptions for fluid
flow and diffusion. In YETI [37], divergence-free vectors
and PSD tensors are obtained by construction via a suit-
able parameterization. Hence, when integrated into a deep-
learning model no extra losses need to be imposed during
training to obtain these properties. However, YETI does
not provide an explicit abnormality model for the predicted
V and D fields. D2-SONATA, therefore introduces two rep-
resentation theorems which allow constructing divergence-
free velocity fields and symmetric PSD diffusion tensor
fields in such a way that a decomposition into normal and
abnormal value fields is obtained.

Anomaly-decomposed Divergence-free Velocity Vectors
Bézenac et al. [12] penalize deviations of predicted veloc-
ity fields from zero divergence during training, with the as-
sumption that test time predictions will be approximately
divergence free. Kim et al. [26] parametrize velocity vec-
tors via the curl of vector fields, yet do not account for the
boundary conditions that need to be imposed in bounded
domain scenarios [2, 3, 15, 40]. Liu et al. [37] propose to
predict a parameterization of velocity fields V which is by
construction divergence-free; however, abnormal regions
are not explicitly modeled for V and extra post-processing
steps are required for applications targeted at anomaly de-
tection. Therefore, our goal is a representation strategy for
V on a domain Ω ⊂ Rd (d = 2, 3) with a smooth boundary
such that (1) V is divergence-free by construction; (2) Any
divergence-free V can be represented; (3) V can be decom-
posed into an anomaly value field A which characterizes the
abnormal fields, and V which refers to the corresponding
normal value field without anomaly.

Theorem 1 (Anomaly-decomposed Divergence-free Vec-
tor Representation). For any vector field V ∈ Lp(Ω)d and
scalar field A in R(0,1](Ω) on a bounded domain Ω ⊂ Rd

with smooth boundary ∂Ω. If V satisfies ∇ ·V = 0, there
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exists a potential Ψ in Lp(Ω)α (α = 1(3) when d = 2(3)):

V = ∇× (AΨ), (AΨ) ·n
∣∣
∂Ω

= 0. (2)

Conversely, for any A ∈ R(0,1](Ω), Ψ ∈ Lp(Ω)α , ∇ ·V =
∇ · (∇× (AΨ)) = 0. (See complete proof in Supp. A.)

Anomaly-decomposed Symmetric PSD Diffusion Ten-
sors We seek a representation for D (for a D(x)) such
that (1) D is a symmetric PSD tensor by construction; (2)
any symmetric PSD D can be represented; (3) D can be de-
composed into an anomaly value field A indicating the ab-
normal patterns, and D which is the corresponding normal
value field. We resort to the spectral decomposition theorem
and the surjective Lie exponential mapping on SO(n) (exp :
so(n) 7→ SO(n), so(n) is the group of skew-symmetric ma-
trices, SO(n) is the real orthogonal group) [31, 32, 37].

Theorem 2 (Anomaly-decomposed Symmetric PSD Ten-
sor Representation). For any n× n symmetric PSD tensor
D and A ∈R(0,1](Ω), there exist an upper triangular matrix

with zero diagonal entries, B ∈ R
n(n−1)

2 , and a non-negative
diagonal matrix, Λ ∈ SD(n), satisfying:

D = U(AΛ)UT , U = exp(B−BT ) ∈ SO(n). (3)

Conversely, for ∀A ∈ R(0,1](Ω), ∀B ∈ R
n(n−1)

2 , and ∀Λ ∈
SD(n), Eq. (3) results in a symmetric PSD tensor, D. (See
complete proof in Supp. B.)

Definition 1 (“Anomaly-free” Fields). According to
Eq. (2-3), when A equals 1 over the entire domain (Ω), we
denote the corresponding parameters as “anomaly-free”.
For the sake of convenience, we write the relation:

V = A⋄V, D = A◦D, (4)
where the overline is used to denote “anomaly-free” fields.
Obviously, when A → 1, V, D are closer to normal. (See
explicit expressions of the ⋄, ◦ operations in Supp. A & B.)

In this way, we not only obtain the underlying advection-
diffusion parameters (V, D) satisfying the divergence-free
and PSD constraints from the observed transport processes
by construction, but we also gain knowledge as to where
the anomalies exist and what the normal patterns of the
advection-diffusion parameters are. Note that in our pro-
posed approach we will directly predict A, V, and D. I.e.,
we will directly work in the decomposed domain rather than
predicting V and D followed by a decomposition.

3.3. D2-SONATA: Deep Decomposition for StOchas-
tic Normal-Abnormal TrAnsport

Sec. 3.2 described the representation theorems of
D2-SONATA for anomaly-encoded divergence-free veloc-
ity fields and symmetric PSD diffusion fields. This enables
expressing the advection-diffusion parameters with realistic
constraints along with the corresponding anomaly patterns
by construction. In particular, using these representations

within a deep network will assure these constraints during
training and testing. This section introduces D2-SONATA’s
two-stage learning framework, to predict the velocity vector
and diffusion tensor fields driving a potentially anomalous
observed advection-diffusion process:
(1) Physics-informed learning: reconstructs the anomaly
value field (A) and “anomaly-free” advection-diffusion pa-
rameters (V, D), from observed transport time-series. The
anomaly-encoded parameters (V, D) can then be obtained
(Eq. (4)). In this stage, the model is trained on a simulated
dataset (Sec. 4.1-4.2) under the supervision of the ground
truth parameters and a corresponding anomaly value field;
(2) Transport-informed learning: reconstructs the trans-
port concentration time-series, where the ground truth
advection-diffusion parameters can be unknown. During
this stage, the supervision is imposed by the observed mass
transport dynamics, via the integration of the stochastic
advection-diffusion PDE in Eq. (1).

Patch-based Input Time-series Given a time-series C =
{Cti ∈ R(Ω)

∣∣i = 1, 2, ..., NT}, we first extract 323 (322 for
2D domains) patches randomly (uniform over the space)
over the same spatial domain (Ωp ⊂ Ω) at Nin sequential
time points, starting from a random ti (i ∈ {1, 2, ..., NT −
Nin + 1}). Each training sample (Cp) is denoted as Cp =

{C
t j
p ∈ R(Ωp)

∣∣ j = i, ..., i+Nin −1} (Fig. 1 (top left)).

Physics-informed Learning We use a U-Net [1, 10]) as
the backbone for the parameter prediction network (FP) in
this stage (Fig. 1 (middle)). A transport encoder is first used
to encode the input Cp into latent features. The number of
the input time points determines the input channels. Two
decoders then learn the mappings to the representations of
the “anomaly-free” parameters (V, D). Specifically, the V-
decoder predicts the potential Ψ̂ to represent a divergence-
free velocity field V̂ via Theorem 1, and the D-decoder pre-
dicts B̂ along with Λ̂ to represent a symmetric PSD diffusion
tensor field D̂ via Theorem 2. Another decoder outputs the
predicted anomaly value field (A). The resulting Â, V̂ and D̂
then allow computing the final prediction of the estimated
velocity (V̂) and diffusion (D̂) fields (Eq. (4)).

The reconstruction loss in this stage is three-fold. It is
a supervised loss based on the actual and “anomaly-free”
advection-diffusion parameters and the anomaly value field,
which are all known from simulation:

LVD =
1

|Ωp|

∫
Ωp

{∥∥V− V̂
∥∥

2 +
∥∥V− V̂

∥∥
2

+
∥∥D− D̂

∥∥
F +

∥∥D− D̂
∥∥

F + |A− Â|
}

dx ,
(5)

where the hatted symbols denote the predictions, ∥·∥2, ∥·∥F
the vector 2-norm and tensor Frobenius norm respectively.

Similar to YETI [37], we additionally impose supervi-
sion on the eigenvectors (Û) and eigenvalues (Λ̂) of D̂ to im-
prove the network’s ability to capture the anisotropic struc-
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: MaxPool (2) + (Conv. (3) + BN + LeakyReLU) ×2

: ConvTransp. (2) + (Conv. (3) + BN + LeakyReLU) ×2

Time-Series Sample C|Ω×NT

t1 t2 t3 ti ti+Nin−1 tNT

Input Patch Cp|Ωp×Nin

FP

32
64

128
256

Ψ̂
Theorem 1

V̂

Â
Eq. (4)

B̂⊕ Λ̂
Theorem 2 D̂

Stochastic Advection-
Diffusion PDE Solver

(Eq. (1))

FU

32
64

128
256

σ̂

Time-series Prediction Ĉp

Nδ t = ∆t/δ t

ti ti +δt ti +2δt ti+1 ti+Nout−1

Alg. 1: Pseudocode for D2-SONATA

Input: Time series of mass concentration
C|Ω×NT = {Cti ∈ R(Ω)

∣∣i = 1, 2, ..., NT}

Output: V̂, D̂, Û, Λ̂, Â, σ̂ , {Ĉ
t j
p | j = i, . . . , i+Nout −1}

1 while LPhy not converged do // Physics-informed Learning

2 Randomly pick time-course as training sample
Cp|Ωp×Nin = {C

t j
p ∈ R(Ωp)

∣∣ j = i, ..., i+Nin −1}
3 Reconstruct potential Ψ̂, B̂, Λ̂ and Â, σ̂

4 Represent divergence-free V̂ by Ψ̂, Â (Eq. (2,4))
5 Represent symmetric PSD D by B̂, Λ̂, Â (Eq. (3,4))
6 Compute LPhy and backpropagate
7 while LTrn not converged do // Transport-informed Learning

8 Process forward line 2-6
9 for t = ti +δ t, . . . , ti+1, ti+1 +δ t, . . . , ti+Nout−1 do

10 Discretize in space (Sec. 3.3)
11 Compute advection-diffusion SPDE via Eq. (1)
12 Impose patch-based Cauchy B.C.
13 Integrate in time, obtain Ĉt+δ t

p
14 Compute LTrn and backpropagate

Figure 1. The two-stage learning framework for D2-SONATA. During the physics-informed stage, the model is trained under the supervi-
sion of the ground truth anomaly value field (A), and the “anomaly-free” advection-diffusion parameters (V, D). In the transport-informed
stage, the model is trained based on the observed concentration time-series, which allows recovering the underlying V, D that best fit the
input time-series. The transport-informed stage is therefore applicable to real data where only the concentration time-series are observed.

ture of diffusion tensors. Note Û = [û1, û2, û3] is an inter-
mediate output from B̂ via Eq. (3).

LUΛ =
1

|Ωp|

∫
Ωp

3

∑
i=1

min
{∥∥ui± ûi

∥∥
2

}
+
∥∥Λ− Λ̂

∥∥
F dx , (6)

where min addresses the eigenvector sign ambiguities by
selecting the minimum between ∥ui + ûi∥2 and ∥ui − ûi∥2.

The loss for the physics-informed learning stage is
LPhy = LVD +wUΛLUΛ, wUΛ > 0. (7)

Transport-informed Learning In this stage (Fig. 1), the
model is trained under the supervision of the transport dy-
namics. It contains two parts: (1) an uncertainty prediction
network (FU ); (2) a stochastic advection-diffusion PDE in-
tegrator. Specifically, FU is used to represent the model’s
epistemic uncertainty, namely σ in Eq. (1). Intuitively, the
model’s epistemic uncertainty should capture the follow-
ing: (1) For values within the normal range, the variance
of the Brownian motion should be small (low uncertainty).
In this case the system state is dominated by the advection-
diffusion term. (2) For anomaly regions with parameter val-
ues outside the normal range, the variance of the Brownian
motion should be large and the system should exhibit higher
uncertainty [28]. Based on this desired property, we design
our training loss for model uncertainty as

Lσ =
1

|Ωp|

∫
Ωp

((1−A)− σ̂)2 dx, (8)

with the prior assumption that uncertainties should be small
when the ground truth A is close to the normal value, 1.

Next, we implement a stochastic advection-diffusion
PDE solver to integrate the initial state (Cti

p) forward in
time to ti+Nout−1 via Eq. (1) (Fig. 1 (right)), and to train the

model by minimizing the differences between the predicted
(Ĉp) and the input (Cp) time-series. We follow the patch-
based Cauchy B.C. and the spatial discretization scheme
described in Liu et al. [30, 37, 59]. We also use RK45 for
time-integration (δ t) for the concentration prediction Ĉt+δ t .
For the stochastic term (σ ) in Eq. (1), we use the Euler-
Maruyama scheme [27, 28], and the discretized version of
the stochastic term in Eq. (1) can therefore be written as
σ W/

√
∆t, where W ∼N (0, 1).3 (See Supp. C for details.)

Given a training patch sample {C
t j
p ∈ R(Ωp)| j =

i, . . . , i+Nin − 1}, we compute the collocation concentra-
tion loss (LCC) [37, 41], the mean squared error of the pre-
dicted time series at output collocation time points, to en-
courage the predicted values to be close to the observed
ones. We also use a regularizer (LSS) [37] on the gradient
fields of each component of V̂, D̂ to encourage the predicted
parameter fields to be spatially smooth.

The complete loss for this stage is thus (wSS, wσ > 0)
LTrn = LCC +wSS LSS +wσ Lσ . (9)

4. Experiments
Secs. 4.1-4.2 present results on simulated time-series

in 2D/3D. We analyze the individual contribution of
D2-SONATA’s components, and compare the improve-
ments achieved to the state of the art approaches. In
Sec. 4.3, we further transfer our model pre-trained on sim-
ulated data to real time-series of magnetic resonance (MR)
perfusion images from ischemic stroke patients. We demon-
strate D2-SONATA’s ability to distinguish stroke lesions

3Note when the temporal resolution (∆t) is coarse, δ t should be set
smaller than ∆t (Fig. 1 (top right)) to satisfy the Courant-Friedrichs-Lewy
(CFL) condition [20, 30] and to allow for stable numerical integration.
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Models Training Data V, D V, D A σ Type
PIANO [35] N/A ✓ ✗ ✗ ✗ Optimization-based
YETI [37] Normal ✓ ✗ ✗ ✗ Learning-based

Anom.-YETI (Ab-)Normal ✓ ✗ ✗ ✗ Learning-based
w/o-σ (Ab-)Normal ✓ ✓ ✓ ✗ Learning-based
w/o-A (Ab-)Normal ✓ ✓ ✗ ✓ Learning-based

D2-SONATA (Ab-)Normal ✓ ✓ ✓ ✓ Learning-based

Table 1. Model properties comparison.

0

1

t = 0 t = 10 t = 20 t = 30 t = 40 Anomaly

Figure 2. Anisotropic moving Gaussians (Sec. 4.1), examples for
normal (1st row) and abnormal (2nd row) transport time-series.

Figure 3. Mean relative absolute error (RAE) of YETI, Anom.-
YETI, w/o-σ , w/o-A and D2-SONATA for 2D ab-(normal)
anisotropic moving Gaussian (Sec. 4.1). X-axis: training itera-
tions; Y-axis: the average RAE (log scale) of 100 test samples.

from normal brain regions via its predicted anomaly value
field Â and reconstructed advection-diffusion parameters
(V̂, D̂).

4.1. 2D (Ab-)Normal Anisotropic Moving Gaussian
Dataset We simulate 2D advection-diffusion with ran-
dom anomalies on-the-fly (Fig. 2). Each sample is a 2D im-
age time-series (NT = 40, ∆t = 0.01s) on a 642 domain with
1mm spacing. Every time-series is an advection-diffusion
process initialized by a Gaussian (N (0, 2)) at a uniformly
sampled center. The “anomaly-free” advection-diffusion
parameters (V, D) are obtained from randomly generated
potentials Ψ, B, Λ with uniformly sampled dominant dif-
fusion directions. All components of Λ are randomly sam-
pled from U[0,1], and Ψ is randomly sampled from U[−10,10].
Anomaly value fields are applied on the original “anomaly-
free” parameters with a probability of 50%, where the value
(∈ [0,1]) and area of anomaly fields are determined by a
multivariate Gaussian with its center and standard deviation
uniformly sampled in the domain. The initial Gaussian is
then transported by V, D. (See Supp. C for details.)

Comparisons To examine the contributions of differ-
ent components in D2-SONATA, we compare five vari-

Models Ĉ V̂ D̂ Û Λ̂ Â
YETI [37] 8.53 18.21 6.48 4.43 4.71 N/A

Anom.-YETI 2.52 12.23 5.15 4.12 3.54 N/A
w/o-σ 2.41 10.91 4.67 4.07 3.08 0.51
w/o-A 2.29 12.10 4.61 4.11 3.17 N/A

D2-SONATA 2.12 10.68 4.21 3.08 2.94 0.47

Table 2. Reconstruction comparisons on mean RAE (%) (Eq. (10))
for 3D (ab-)normal brain advection-diffusion dataset (Sec. 4.2).

ants (Tab. 1): (1) YETI: the original setting of YETI
by Liu et al. [37], where the model is trained with
anisotropic Gaussians with no anomaly value field applied,
and the advection-diffusion parameters are deterministi-
cally predicted without predicting an anomaly field or un-
certainty; (2) Anom.-YETI: here the YETI model remains
unchanged, but is trained with anisotropic Gaussians of
which 50% are affected by the anomaly fields introduced
in Sec. 4.1; (3) w/o-σ : D2-SONATA without the stochas-
tic term and the model uncertainty network FU ; (4) w/o-A:
D2-SONATA without the decoder branch for the anomaly
value field (A) in FP. In this case, the V, D-decoders di-
rectly output the overall value for V, D, instead of predict-
ing the anomaly value field and corresponding anomaly-free
parameters separately; (5) The full D2-SONATA model.

We follow the training schedule in [37], and re-train
YETI with its original settings. The time-series sample
length for all models is Nin = 10. We set Nout = 10, wUΛ =
0.5, wSS = 0.1, wσ = 0.5. We test on 100 samples after ev-
ery 500 training epochs and use the mean relative absolute
error (RAE) [37] for the predicted V̂, D̂, Û, Λ̂, Â:

Err(F) =
1
|Ω|

∫
Ω

∥F− F̂∥/∥F∥dx , (10)

where F(F̂) denotes the ground truth (prediction), ∥·∥ is the
absolute, 2-norm and Frobenius norm for scalars, vectors
and tensors. The time-series error (Err(C)) computes the
RAE averaged over all predicted collocation time points.

Fig. 3 shows the testing reconstruction errors of the
five models throughout training. Being exposed to abnor-
mal data (Anom.-YETI) during training significantly boosts
YETI’s reconstruction performance. The anomaly value
field (A) prediction helps V, D’s reconstruction, and mod-
eling as a stochastic system (σ ) further improves the time-
series predictions. Overall, with anomaly-prediction and
stochastic modeling, D2-SONATA outperforms all other
variants with respect to both (ab-)normal time-series pre-
diction and advection-diffusion parameter reconstruction.

4.2. 3D (Ab-)Normal Brain Advection-Diffusion
Dataset We develop a normal-abnormal brain advection-
diffusion simulator based on the IXI brain dataset4. Fol-
lowing the simulation procedure in [37], we use 200 pa-

4http://brain-development.org/ixi-dataset/
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trD
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Ground Truth YETI [37] Anom.-YETI w/o-σ w/o-A D2-SONATA

N/A N/A N/A

Figure 4. Reconstruction comparisons (Tab. 1) of one slice from
a test case for 3D (ab-)normal brain advection-diffusion dataset
(Sec. 4.2). (∥V∥2 shown in maximum intensity projection.)

tients that have T1-/T2-weighted images, a magnetic reso-
nance angiography (MRA) image, and diffusion-weighted
images (DWI) with 15 directions, to simulate the normal
3D velocity and diffusion tensor fields5. For each case, we
simulate both normal samples and anomaly-encoded sam-
ples, i.e., with simulated anomaly value fields applied to
both V and D, where the value (within [0,1]) and area of
the anomaly fields are calculated by a multivariate Gaussian
with its center and standard deviation uniformly sampled
over the spatial domain. Each resulting image has isotropic
spacing (1mm) and has been rigidly registered intra-subject.
In summary, we simulated 2,400 brain advection-diffusion
time-series, where 50% contain simulated anomalies. We
randomly select 40 time-series for validation and testing re-
spectively. (See Supp. D for more simulation details.)
Comparisons We compare the same five models as in
Sec. 4.1 (Tab. 1). We follow the training strategy in
YETI [37] and re-train YETI with its original settings. Pre-
dicted parameters (V̂, D̂, Û, Λ̂, Â) on the entire domain are
obtained by splicing the output patches together. Integrating
the stochastic advection-diffusion PDE forward with V̂, D̂,
we obtain the predicted time-series Ĉ on the original do-
main. For better visualization, we use the 2-norm (∥V∥2)
map for the velocity fields, and the commonly used tensor
feature maps [37,45] for the diffusion fields: (1) Trace (trD),
the sum of tensor eigenvalues (Λ): the overall diffusion
strength; and (2) Fractional anisotropy (FA): the amount of

5The goal is to obtain nontrivial advection-diffusion parameters for 3D
simulation to boost a network’s pre-training with supervision. This will
likely not mimick real perfusion across the entire brain, but is expected to
provide quasi-realistic local patterns which would appear in real data.

anisotropy across diffusing directions.
Tab. 2 compares the reconstruction errors of the pre-

dicted V̂, D̂, Û, Λ̂, and Â from the five models, where
D2-SONATA consistently outperforms all other models.
Specifically, training with abnormal samples and the
stochastic term (σ ) to model uncertainties helps achieve
better overall performance, particularly in predicting the
transport time-series. Predicting with the proposed de-
composition based on the anomaly value field (A) further
boosts the reconstruction of the advection-diffusion param-
eters. The advantages of D2-SONATA can be observed
more clearly in Fig. 4, where it successfully captures the
anomaly value field (A), and accurately reconstructs the
overall magnitudes of the advection-diffusion parameters
(V, D). Without seeing abnormal samples during training,
YETI struggles to identify the anomalies and to differen-
tiate between advection (V) and diffusion (D) effectively
(2nd column), where the resulting trD reflects insufficient
differences between normal and abnormal regions and the
reconstructed ∥V∥2 is noisiest among all models. Training
with abnormal samples generally helps the models to lo-
cate anomalies. Interestingly, decomposing into an anomaly
value field and the “anomaly-free” parameters improves the
reconstruction of the diffusion’s fractional anisotropy (FA),
especially within the abnormal regions.

4.3. ISLES2017: Brain Perfusion Dataset from Is-
chemic Stroke Patients

Dataset We test on the Ischemic Stroke Lesion Segmenta-
tion (ISLES) 2017 dataset [39], which contains perfusion
data from 75 (43 training, 32 testing) ischemic stroke pa-
tients. Each patient has a dynamic susceptibility contrast
(DSC) MR perfusion image (4D, with 40 to 80 available
time points, time interval ≈ 1s), along with the correspond-
ing gold-standard lesion segmentation maps [17]. All im-
ages are resampled to isotropic spacing (1mm) and rigidly
registered intra-subject via ITK [42] following [37]. Perfu-
sion images are converted to the tracer concentration time-
series, {Cti ∈R(Ω)| i = 1, 2, . . . , NT} (t1 is the time-to-peak
for total concentration over the entire brain, at which the in-
jected tracer is assumed to have been fully transported into
the brain [35, 37]), via the relation between MR signal and
tracer intensity [19]. 10 patients with lesion segmentation
maps are randomly chosen for testing, while the remaining
65 concentration time-series are left-right flipped (i.e., the
brain hemispheres are flipped) for data augmentation. In to-
tal, we obtain 130 time-series training samples, from which
10 samples are randomly picked for validation.
Results We transfer the pre-trained model from our simu-
lated 3D normal-abnormal brain advection-diffusion dataset
(Sec. 4.2) to the ISLES tracer concentration time-series
dataset, using the Adam optimizer and learning rate 10−4.
We set Nin = Nout = 5, wσ = 0.5, wSS = 0.1.

Following the feature maps for comparison proposed
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Lesion A Seg(A) σ ∥V∥2 ∥V∥2 trD trD

Figure 5. Lesion segmentation and corresponding D2-SONATA
feature maps of the same slice for four test stroke patients.

Metrics D2-SONATA YETI [37] PIANO [35] ISLES [39]
A ∥V∥2 trD ∥V∥2 trD ∥V∥2 D CBF CBV MTT

µr

(↓)

Me. 0.47 0.29 0.42 0.30 0.59 0.55 0.58 0.67 0.78 0.57
Med. 0.49 0.30 0.48 0.32 0.59 0.54 0.55 0.59 0.79 0.58
(STD) (0.13) (0.17) (0.15) (0.11) (0.19) (0.15) (0.16) (0.12) (0.23) (0.13)

|t|
(↑)

Me. 280 165 166 155 49 108 52 34 16 31
Med. 286 164 158 134 42 89 48 28 11 32
(STD) (58) (37) (60) (62) (22) (35) (26) (22) (12) (37)

AUC
(↑)

Me. 0.79 0.70 0.64 0.73 0.51 0.74 0.68 0.72 0.65 0.65
Med. 0.76 0.71 0.65 0.73 0.50 0.74 0.69 0.73 0.68 0.66
(STD) (0.05) (0.04) (0.07) (0.06) (0.03) (0.04) (0.03) (0.07) (0.06) (0.06)

∗ ↓ (↑) indicates the lower (higher) values are better.

Table 3. Quantitative comparison between D2-SONATA,
YETI, PIANO and ISLES maps across 10 test subjects from
ISLES2017 dataset (Sec. 4.3), using Mean (Me.), Median
(Med.), Standard Deviation (STD) of relative mean µr, absolute
(|t|), and area under the curve (AUC).

in [35,37], we compute (1) the 2-norm (∥V∥2) for the veloc-
ity field, and (2) the trace (trD) for diffusion tensors (both
introduced in Sec. 4.2). In D2-SONATA, we also show (3)
the output model uncertainty (σ ), (4) the predicted anomaly
value field (A), and (5) Seg(A), the segmentation map ob-
tained by thresholding6 A.

Fig. 5 shows the feature maps for four test patients from
our model. All show features consistent with the manu-
ally segmented lesion maps. Importantly, besides the fea-
ture maps of the predicted advection-diffusion parameters
(∥V∥, trD), we additionally obtain (1) the anomaly value
field (A) from which one can directly obtain the lesion seg-
mentation (Seg(A)), and (2) the “anomaly-free” parameters
(∥V∥, trD) which provide insights into the expected normal
brain perfusion of a patient.
Comparisons We compare the performance of feature
maps from D2-SONATA (∥V∥2, D, A) with (1) YETI [37]:
∥V∥2, D; (2) PIANO [35]: ∥V∥2, D7; and (2) ISLES [39]

6The chosen threshold is the optimal threshold for the segmentation
Dice score, averaged from 6 randomly-selected test patients.

7We directly use D for PIANO as it models diffusion as scalar fields.

(perfusion summary maps): cerebral blood flow (CBF),
cerebral blood volume (CBV), mean transit time (MTT).
We report the two measures proposed by Liu et al. [37] that
focus on the feature map differences between lesions and
normal regions: (1) Relative mean (µr ∈ [0,1]):

µ
r = min

{
mean in lesion

mean in c-lesion
,

mean in c-lesion
mean in lesion

}
, (11)

where c-lesion refers to the contralateral region of a lesion
obtained by mirroring via the midline of the cerebral hemi-
spheres, and min accounts for typically larger MTT val-
ues (while other metrics are typically smaller) in the lesion
rather than the c-lesion region; (2) Absolute t-value (|t|):
the absolute value of the unpaired t-statistic between voxels
in the lesion and the c-lesion regions.

The above two measures are defined given a known seg-
mented lesion region. In this work, we additionally con-
sider how well the feature maps can distinguish lesion from
non-lesion regions. I.e., we want to directly use them for
lesion segmentation. To this end we threshold all feature
maps and additionally compare the resulting areas under the
curve (AUC) of the receiver operating characteristic (ROC)
curves computed from all feature maps.

Tab. 3 compares feature maps from D2-SONATA, YETI,
PIANO, and ISLES based on the above metrics for the 10
test patients. Despite predicting the advection-diffusion pa-
rameters in the form of an anomaly-encoded decomposi-
tion, D2-SONATA still results in the lowest relative means
(µr) between lesion and c-lesion for ∥V∥2 and trD. This
indicates D2-SONATA’s stronger ability to differentiate be-
tween normal and abnormal fields. Moreover, the predicted
anomaly value field (A) obtains a much higher absolute t-
value (|t|) which indicates great potential for lesion segmen-
tation. This is confirmed by A achieving the highest AUC
score among all feature maps.

5. Conclusions
We presented D2-SONATA, a two-stage learning scheme

to estimate the velocity vector fields and diffusion tensor
fields that drive real-world-observed advection-diffusion
processes in the presence of anomalies. The model is
built upon a stochastic advection-diffusion PDE and pre-
dicts divergence-free velocity fields and symmetric PSD
diffusion tensor fields by construction. Further, our model
directly predicts an anomaly field and provides measures of
uncertainty. Extensive experiments on 2D and 3D simulated
data illustrate that our model can successfully reconstruct
the advection-diffusion fields (with or without anomalies)
from the time-series data of observed transport processes.
When applied to real brain perfusion data from ischemic
stroke patients, our model outperforms the state of the art
across all metrics. By predicting the underlying advection-
diffusion parameters along with an anomaly value field our
model provides additional insights into real stroke data.
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