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Abstract

In this paper, we aim to estimate the direction of an un-
derlying signal from its nonlinear observations following
the semi-parametric single index model (SIM). Unlike for
conventional compressed sensing where the signal is as-
sumed to be sparse, we assume that the signal lies in the
range of an L-Lipschitz continuous generative model with
bounded k-dimensional inputs. This is mainly motivated by
the tremendous success of deep generative models in var-
ious real applications. Our reconstruction method is non-
iterative (though approximating the projection step may re-
quire an iterative procedure) and highly efficient, and it is
shown to attain the near-optimal statistical rate of order
V/(klog L)/m, where m is the number of measurements.
We consider two specific instances of the SIM, namely noisy
1-bit and cubic measurement models, and perform exper-
iments on image datasets to demonstrate the efficacy of
our method. In particular, for the noisy 1-bit measurement
model, we show that our non-iterative method significantly
outperforms a state-of-the-art iterative method in terms of
both accuracy and efficiency.

1. Introduction

The basic insight of compressed sensing (CS) is that
a high-dimensional sparse signal can be accurately recon-
structed from a small number of measurements [13]. For
conventional CS, one aims to recover an s-sparse signal
x € R™ from linear measurements of the form:

y = Ax+m, (1
where A = [aj,as,...,a,,]7 € R™*" is the measure-
ment matrix, y = [y1, %2, ..., ¥m]? € R™ is the observed
vector, and 7 = [1,72, ..., Mm]? € R™ is the noise vector.

*Corresponding author.

The CS problem has been popular over the last 1-2 decades,
and its theoretical properties have been investigated in a sig-
nificant body of works [1, 10,57, 66]. For example, under
1.i.d. random Gaussian measurements, it has been shown
that an s-sparse signal can be accurately and efficiently re-
constructed using O(slog(n/s)) samples [2,0,56,62].
The conventional CS problem has been extended in a
wide variety of directions. Two important ones that we fo-
cus on in this paper are (i) considering general nonlinear
measurement models, and (ii) assuming that the signal is
in the range of a (deep) generative model, instead of being
sparse. Both of these settings are practically well-motivated
and have attracted sufficient attention in the past years. In
the following, we briefly review the background of them.

1.1. Nonlinear Measurement Models

While the linear measurement model used in conven-
tional CS can be a good testbed for illustrating conceptual
phenomenon, in many real problems it may not be justifi-
able, or even plausible. For example, the binary measure-
ment model used in 1-bit CS [5] has been of considerable
interests because its hardware implementation is low-cost
and efficient, and it is also robust to nonlinear distortions.
In addition, 1-bit CS performs even better than conventional
CS in certain situations [29]. The limitation of the linear
data model motivates the study of general nonlinear mea-
surement models, among which the semi-parametric single
index model (SIM) is arguably the most popular one [22].
The SIM models the data as

yi = fi({ai, x)),

where a; are i.i.d. realizations of a standard Gaussian vec-
tora ~ N(0,1,,) € R", with al being the i-th row of the
measurement matrix A € R"™*"; and f; : R — R are
i.i.d. realizations of an unknown random function f, inde-
pendent of a;. The goal is to estimate the signal x using
the knowledge of A and y, despite the unknown nonlin-
earity f. It is well-known that x is generally unidentifiable

ie{1,2,...,m}, )
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in the SIM since any scaling of x can be absorbed into the
unknown f. Therefore, it is popular to impose the identifia-
bility constraint ||x||2 = 1, and we are only able to estimate
the direction of x.

Let y = f({a,x)) be the random variable that corre-
sponds to each observation y;. For an SIM and a standard
normal random variable g ~ A(0, 1) that is independent
of the nonlinearity f, the following parameters are impor-
tant to characterize the recovery performance of associated
reconstruction algorithms:

= Ely(a,x)] = E[f(g)g], 3)
& :=E[y’] =E[f(9)°], @
p* = Varly(a,x) — u] = Var[f(g)g], 5)
and
0" := Var [y?] = Var [f(9)*] . (6)

Note that the parameters i, £2, p? and 6* are only used to
characterize the recovery performance, and the knowledge
of them will never be required for the reconstruction algo-
rithms (since we assume that f is unknown). Later we will
see (cf. Section 3) that we seek to make inference on the
importance of the components of x via estimates of px, and
thus we make the following widely-adopted assumption for
the SIM [11,37,41,47,48]:

w=E[f(g)g] # 0. (7

We highlight that some popular measurement models such
as phase retrieval [7,70] with f(x) = 22 or f(x) = |z| (or
the noisy version) are typically beyond the scope of SIM
since for these models, u = E[f(g)g] = 0.

For the low-dimensional setting where the number of
samples m is larger than the ambient dimension n, the
SIM has been studied for a long time, dated back to the
last century [18,31,59]. In recent years, high-dimensional
SIMs have also received much attention, with various pa-
pers studying variable selection, estimation and inference
mainly under the sparsity assumption [8, 1 1, 12, 14-16,39,

,44,45,47,48,50,64,69]. In particular, the authors of [48]
show that when the signal x is contained in K for some
closed star-shaped' set I C R", and the observations y;
are sub-Gaussian’, then the projection of %ATy onto K
gives an accurate estimate of x with high probability pro-
vided that the number of samples is sufficiently large. Based
on an idea that the nonlinear measurement model may be
transformed into a scaled linear measurement model with

LA set K is called star-shaped if AMIC C KC forany 0 < A < 1.
2A random variable X is said to be sub-Gaussian if || X||y,
sup 1 p~ /% (B[ X|P)MP < oo

an unconventional noise term, the authors of [47] show that
the generalized Lasso approach, which minimizes the linear
least-squares objective over a convex set KC, is able to return
a reliable estimation of the signal in spite of the unknown
nonlinearity. However, the range of a Lipschitz continu-
ous generative model (such as a deep neural network), in
general, cannot be star-shaped or convex. Moreover, the re-
covery error bounds in both works [47,48] generally exhibit
the m /4 scaling, which is weaker than the typical m /2
scaling.

1.2. Inverse Problems using Generative Models

Recently, motivated by enormous advances in deep gen-
erative models in an abundance of real applications, a new
perspective has emerged in CS, in which the commonly-
made sparsity assumption is replaced by the generative
modeling assumption. That is, rather than being sparse, the
signal is assumed to lie in the range of a (deep) generative
model. In the seminal work [4], the authors study CS with
generative priors, and characterize the number of random
Gaussian linear measurements required for an accurate re-
covery. They also perform extensive numerical experiments
on image datasets showing that to reconstruct the signal up
to a given accuracy, compared to the sparse prior, using a
pre-trained generative prior can reduce the required number
of measurements by a large factor such as 5 to 10. There
has been a substantial volume of follow-up works of [4], in-
cluding [3,9, 19-21,24,25,32,33,40,42,43,53,61,67,68],
just to name a few.

In particular, 1-bit CS with generative priors has been
studied in [34, 49], for which the nonlinearity is assumed
to be known. In [34], the authors provide a near-complete
analysis for 1-bit CS with generative priors, and propose
an iterative algorithm that can be thought of as a gener-
ative counterpart to the binary iterative hard thresholding
algorithm [23]. The authors of [49] study 1-bit CS with
ReLU neural network generative models (with no offsets).
They propose an empirical risk minimization algorithm, and
show that it can faithfully recover bounded target vectors
from quantized noisy measurements. Perhaps closest to
our work, near-optimal non-uniform recovery guarantees
for CS with SIMs and generative priors have been provided
in [37,65]. The authors of [65] assume that the nonlinear
function f is differentiable and propose estimators via first-
and second-order Steins identity based score functions. The
differentiability assumption is not satisfied for certain pop-
ular nonlinear measurement models such as 1-bit and other
quantized models. The authors of [37] make the assumption
of sub-Gaussian observations, which encompasses quan-
tized measurement models. They propose a constrained lin-
ear least-squares estimator, with the constraint set being the
range of a generative model. Both works [37, 65] are pri-
marily theoretical, and neither practical algorithms nor nu-
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Figure 1. An illustration of main contributions.

merical results are provided in these works, even though
attaining the estimators is practically difficult since the cor-
responding optimization problems are usually highly non-
convex.

1.3. Contributions

The main contributions of this work are as follows:

* We propose a highly efficient non-iterative approach
for nonlinear CS with SIMs and generative priors.

* We provide near-optimal recovery guarantees for our
non-iterative approach. Notably, in our analysis, we do
not require the differentiability assumption as in [65]
or the assumption about sub-Gaussian observations as

in [37].

* To verify the efficacy of our method, we perform ex-
tensive numerical experiments for distinct nonlinear
measurement models on image datasets. In particular,
for noisy 1-bit measurement model, we observe that
along with faster computation, our non-iterative ap-
proach also leads to more accurate reconstruction com-
pared to the iterative algorithm proposed in [34], which
is the state-of-the-art (SOTA) algorithm for 1-bit CS
with generative priors. In addition, for the noisy cubic
measurement model, we observe that our non-iterative
approach significantly outperforms several baselines,
and performs on par with an iterative approach.

We also present Figure 1 to highlight the overall contri-
butions. See (8), (9), and Section 4 for more details.

2. Problem Formulation

In this section, we provide some auxiliary results and for-
mally formulate the problem we study. Before proceeding,
we summarize notation we use throughout this paper.

2.1. Notation

We use upper and lower case boldface letters to denote
matrices and vectors respectively. For any N € N, we use
the shorthand notation [N] = {1,2,..., N}, and we use

Iy to represent the identity matrix in R¥*¥_ For a ma-
trix M, let |[ M|, = supj),—1 [[Ms||q. In particular, we
have that || M]||2 2 represents the spectral norm of M. Given
two real values a, b, we write a = O(b) if there exists an
absolute constant C' < oo such that a < Cb, a = Q(b) if
there exists an absolute constant ¢ > 0 such that a > cb,
and a = ©(D) if there exist absolute constants ¢ and C' such
that ¢cb < a < Cb. For any r > 0, we denote the radius-r
ball in R* as B(r) := {z € R* : ||z|]2 < 7}, and we use
S"1:={s € R" : ||s||a = 1} to represent the unit sphere
in R™. A generative model is a function G : D — R"” with
latent dimension &, ambient dimension n, and input domain
D C RF. For a generative model G and a set B C D, we
write G(B) = {G(z) : z € B}. Throughout the following,
we focus on the setting that D = B%(r) and k < n. We use
R(G) to represent the range of G, i.e., R(G) = G(B5(r)).

2.2. Setup

Suppose that the generative model G : B5(r) — R™ is
L-Lipschitz continuous, i.e., ||G(z1) — G(2z2)||2 < L||z1 —
Zo||o for any z;,z, € B(r). The Lipschitzness assump-
tion is naturally satisfied by some popular neural network
generative models. For example, it is shown in [4, 34] that
any fully-connected neural network generative model with
bounded weights and widely-used activation functions (in-
cluding Sigmoid, ReLU and Hyperbolic tangent functions)
is Lipschitz continuous with the Lipschitz constant being
L= n@(d), where d is the depth of the neural network.

The nonlinear observations 1, ¥y, .. ., Ym are assumed
to be generated according to the SIM in (2), with a; be-
ing i.i.d. realizations of N'(0,1,,) and x € S"~! being the
signal to estimate. We further assume that ux € R(G),
where p is a parameter depending on the nonlinearity f and
is defined in (3), and R(G) refers to the range of G. Such
an assumption is standard for nonlinear CS with generative
priors and has also been made in [37,65]. In this work, for
the nonlinear function f, besides the popular assumption
u # 0 asin (7), we only additionally assume that

E [f(9)!] < oo, (8)

where ¢ ~ N(0,1) is a standard normal random vari-
able. Under this assumption, the parameters 1, £2, p? and
0* defined in (3) to (6) are all finite. The condition in (8)
holds for quantized measurement models, which do not
satisfy the differentiability assumption in [65]. Moreover,
it does not require f(g) (corresponds to each observation
;) to be sub-Gaussian as assumed in [37], thus enables
us to deal with more general nonlinear measurement mod-
els such as f(z) = 23 + 7 (the noisy cubic model) or
f(z) = sign(z) (2 + 1) + n, where 7 is a zero-mean ran-
dom Gaussian noise term.

To reconstruct the direction of the signal x from the
knowledge of the measurement matrix A € R™*™ and the
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observed vector y = [y1,%2,---,¥m]T € R™ (despite the
unknown nonlinearity f), we set the estimated vector to be

% = Pc (;ATy> : )

where Pg(-) is the projection operator onto R(G), i.e.,
Pa(s) = argminger(q) [|w — s||2 for any s € R™. We
refer to the reconstruction approach corresponding to (9) as
OneShot to highlight its non-iterative nature, although ap-
proximating the projection step may require iterative proce-
dures such as gradient descent.

3. Main Theorem

We have the following theorem concerning the recovery
guarantee for OneShot in (9). Recall that u, £2, p? and 6*
are parameters that are dependent only on the nonlinearity
f and are defined in (3) to (6).

Theorem 1. Suppose that the observed vector y € R™ is
generated from the SIM in (2) with a; being i.i.d. realiza-
tions of N'(0,1,,), f satisfying (7) and (8), and x € S"~1 N
%R(G) Let x be calculated from (9). Then, for any § > 0
Flog & ) we have

m

satisfying Lr = Q(dn) and 6 = O (f

o4 02

et~ Erlos

R klog Lr
1% = pxl2 = O [ &4/ —— |- (10)
m

Since a typical d-layer fully-connected neural network
has the Lipschitz constant L = n®(@ and r can be set to
be of the same order as L [4], the assumption Lr = Q(dn)
is typically satisfied automatically. In addition, from the
assumption (8), ¢ is finite. Then, we have that the upper
bound in (10) is roughly of order \/(k log L)/m, which is
naturally conjectured to be near-optimal according to the
information-theoretic lower bounds for linear CS with gen-
erative priors [20, 38]. Perhaps the major caveat to The-
orem 1 is that it assumes the accurate projection. How-
ever, this is a standard assumption in relevant works, e.g.,
see [35, 46, 58], and in practice both gradient- and GAN-
based projections have been shown to be highly effec-
tive [52,58].

with probability at least 1—e ™% (k log %) _
that

3.1. Proof Outline of Theorem 1

The proof of Theorem 1 is outlined below, with the full
details provided in the supplementary material. Let £ be the
event that

1 m
— Yy <28, (11)
m 1=1

where £ is defined in (4). From the Chebyshev’s inequality
and the definition of #* in (6), we have
94

—a

P& < me

(12)
Denoting P := xx” as the orthogonal projection onto the
subspace spanned by x and P+ := I,, — xx” as the orthog-
onal projection onto the orthogonal complement. Based
on standard Gaussian concentration [63, Example 2.1], we
have the following important lemma, for which the proof is
available at the supplementary material.

Lemma 1. Conditioned on the event £, we have that for
any € > 0 and s € R™, with probability 1 — e~ ),
m

1 m
— i PJ‘a,;,s
m;y { <= m

Then we move on to present the proof outline.

Proof Outline of Theorem 1. Since X = PG(%ATy) and
ux € R(G), we have || %ATy — )2”2 < H %ATy — MXHQ.
Taking square on both sides, we obtain

1
% — px|3 < 2<ATyux7f<MX>- (14)
m

Recall that P+ := I,, —xx”. To upper bound the right-hand
side of (14), we decompose %ATy — pux as

1 1
—Aly —px = — (1, — xxT +xxD)ATy — ux (15)
m m
1 1
= —P+ATy + (XTATy — u) X. (16)
m m

Then, we obtain that

e the term |( 2P+ ATy, % — pux)| can be controlled us-
ing (12), Lemma 1, and a chaining argument [4];

o the term |((£xT ATy — p)x, % — px)| can be con-
trolled using the triangle inequality, and the Cheby-
shev’s inequality with the definition of p? in (5).

Combining the two upper bounds and simplifying terms, we
obtain the desired result in Theorem 1. O

3.2. Extensions of Theorem 1

In addition, we have the following corollary extending
Theorem 1 in two directions. More specifically, this corol-
lary shows that we can allow for adversarial noise that may
be dependent on the measurement matrix A and the exis-
tence of representation error where pux ¢ R(G). Itis worth
noting that for the generalized Lasso approach considered
in [37,47], handling representation error is not a simple task
and is left open. The proof of Corollary 1 is placed in the
supplementary material.
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Corollary 1. Suppose that the observed vector y =
[Y1,Y2, -, Ym]|T € R™ satisfies

S S Al <o an
i=1

for some v > 0, with a; being i.i.d. realizations of
N(0,1,,), fi being i.i.d. realizations of f, f satisfying (7)
and (8), and x € 8"~ 1. Let x = Pg(ux) be the vector
in R(G) that is closest to ux, and letting X be calculated
from (9). Then, for any 6 > 0 satisfying Lr = Q(én) and

Lr
6 =0 (5 kk);i‘s), when m = Q(klog %), we have
with probability at least 17679(16 log 57) _ 73;4 - ﬁ
that

) klog & .
5~ e = 0 [ €y B ot 5 g

4. Experiments

(18)

The proposed method is evaluated on two special cases
of the SIM in (2), namely a noisy 1-bit measurement model

y; = sign({a;,x) +¢;), i€ [m], (19)

where e; are i.i.d. realizations of N (O, 02), and a noisy cu-
bic measurement model

yi = (a;, %)%+, i€[m], (20)
where 7; are i.i.d. realizations N (O, 02). Note that rep-
resentation error is implicitly allowed in our experiments
since the image vectors are not exactly contained in the
range of the generative model. For simplicity, throughout
this section, we do not consider adversarial noise. Experi-
mental results with adversarial noise and the visualization
of samples generated from pre-trained generative models
are presented in the supplementary material.

4.1. Implementation Details

The experiments are performed on the MNIST [30] and
CelebA [36] datasets. The MNIST dataset consists of
60, 000 images of handwritten digits. The size of each im-
age in the MNIST dataset is 28 x 28, and thus the ambi-
ent dimension is n = 784. The CelebA dataset contains
more than 200,000 face images of celebrities. Each in-
put image was cropped to a 64 x 64 RGB image, giving
n = 64 x 64 x 3 = 12288 inputs per image. The generative
model G for the MNIST dataset is set to be a pre-trained
variational autoencoder (VAE) model with latent dimension
k = 20. The encoder and decoder are both fully connected

neural networks with two hidden layers, with the architec-
ture being 20 — 500 — 500 — 784. The VAE is trained by the
Adam optimizer with a mini-batch size of 100 and a learn-
ing rate of 0.001 using the original training set of MNIST.

For the CelebA dataset, we choose the DCGAN [28,51]
for the generative model G. The architecture of the DC-
GAN follows that in [28] and the dimension of the input
vector is set to be k& = 100, with each entry being inde-
pendently drawn from the standard normal distribution. We
use the same training setup as in [4] to train the DCGAN on
the training set of CelebA. Images that are selected from the
testing sets (unseen by the pre-trained generative models) of
the MNIST and CelebA datasets are used to generate 1-bit
and cubic observations based on (19) and (20) respectively,
with more details being listed in Table 1.

To approximate the projection step Pg (), we utilize the
following two methods: 1) A gradient descent method that
is performed using the Adam optimizer with 100 steps and
a learning rate of 0.1. Such an iterative method is also used
in [34,35,46,58]. 2) A GAN-based projection method [52]
that is non-iterative and much faster, for which we follow
the settings in [52] to train the GAN models used in our
experiments.

Table 1. The parameters of the measurement models

1-bit measurements

Dataset o m

MNIST 0.1,0.5,1,5 25, 50, 100, 200, 400

CelebA | 0.01,0.05,0.1,0.5 | 4000,6000,10000,15000
cubic measurements

Dataset o m

MNIST 0.1,0.5,1,5 25, 50, 100, 200, 400

CelebA | 0.01,0.05,0.1,0.5 | 4000,6000,10000,15000

More specifically, we perform the recovery tasks for
the two nonlinear measurement models described in (19)
and (20) using our proposed non-iterative method as in (9)
(denoted by OneShot when using iterative projection,
and OneShotF when using faster non-iterative projection),
with comparison to some sparsity-based methods, and the
method proposed in [4] (denoted by CSGM), as well as some
generative model based projected iterative methods. For the
sparse recovery with MNIST, we use Lasso [60] on the im-
ages in image domain with the shrinkage parameter setting
to be 0.1 (denoted by Lasso). For the sparse recovery with
CelebA, we use Lasso on the images in wavelet domain us-
ing 2D Daubechies-1 Wavelet Transform with the shrinkage
parameter setting to be 0.00001 (denoted by Lasso-W).
For the projected iterative method with 1-bit measurements,
we use the method proposed in [34] (denoted by BIPG
when using iterative projection, and BIFPG when using
faster non-iterative projection), which is the SOTA method
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for 1-bit CS with generative priors, using the same pre-
trained generative model as those described above. The cor-
responding formula is as follows:

xH) = P, (X(t) + MAT (y — sign (Ax(t))>> . (2D

For the projected iterative method with cubic measure-
ments, since there is no existing method specifically de-
signed for this case, we compare with the method proposed
in [46,58] (denoted by PGD when using iterative projection,
and FPGD when using faster non-iterative projection), al-
though it is initially designed for linear CS with generative
priors. We also use the same pre-trained generative model
as those described above. The corresponding formula is as
follows:

xtHD = pg, (x(t) £ AAT (y - Ax(t))) @

For BIPG (or BIFPG) and PGD (or FPGD), we set the step
size as A = 1/m, the initial vector as x(© = 0, and the
total number of iterations as 7' = 30. All experiments are
run using Python 3.6 and TensorFlow 1.5.0, with a NVIDIA
GeForce GTX 1080 Ti 11GB GPU. To reduce the impact of
local minima, we perform 10 random restarts, and choose
the best among these. The cosine similarity refers to the in-
ner product between the signal x and the normalized output
vector of each recovery method, and it is averaged over both
the testing images and these 10 random restarts.

4.2. Recovery Results from 1-bit Measurements

The reconstructed images of the MNIST dataset from 1-
bit measurements are shown in Figure 2, where we con-
sider two settings with 0 = 1.0,m = 200 and 0 =
0.1, m = 400. In addition, we provide quantitative com-
parisons according to cosine similarity. To illustrate the ef-
fect of the sample size m, the cosine similarity in terms of
m € {25,50,100,200,400} for MNIST reconstruction is
plotted in Figure 3a, with fixing 0 = 1. In addition, to il-
lustrate the effect of the noise level o, the cosine similarity
in terms of o € {0.1,0.5,1,5} for MNIST reconstruction
is plotted in Figure 3b, with fixing m = 200. We observe
the following from Figures 2 and 3:

* Lasso and CSGM attain poor reconstructions.

* OneShot and BIPG significantly outperform all
other methods, with the reconstruction performance
of OneShot being slightly better than BIPG,
though OneShot is non-iterative and performs much
faster than BIPG (cf. Table 2).

* OneShot outperforms OneShotF and BIPG outper-
forms BIFPG, which amount to showing that at least
for the MNIST dataset, the faster computation of the
GAN-based projection step comes at the price of worse
reconstruction.

The reconstructed images of the CelebA dataset from 1-
bit measurements are shown in Figure 4, where we consider
two settings 0 = 0.01,m = 4000 and 0 = 0.05,m =
10000. To illustrate the effect of the sample size m, the co-
sine similarity in terms of m € {4000, 6000, 10000, 15000}
for CelebA reconstruction® is plotted in Figure 5a, with
fixing ¢ = 0.01. In addition, to illustrate the effect of
the noise level o, the cosine similarity in terms of o €
{0.01,0.05,0.1,0.5} for CelebA reconstruction is plotted
in Figure 5b, with fixing m = 4000. We observe the fol-
lowing from Figures 4 and 5:

* Lasso-W and CSGM almost fail to recover the im-
ages, although the cosine similarities corresponding
to Lasso—W are unusually high.

* The recovered images by BIPG and BIFPG are not
plausible.

* Our proposed methods OneShot and OneShotF ob-
tain much better reconstruction compared to all other
methods. It is worth noting that the non-iterative
approach OneShot (or OneShotF) significantly
outperforms the projected iterative approach BIPG
(or BIFPG). While this is a bit counter-intuitive, simi-
lar results concerning sparse priors have been reported
in [71, Figures 1 to 3], showing that for synthetic data,
a non-iterative approach leads to better recovery per-
formance when compared with a sparse counterpart
to BIPG.

I re]dl n«al<z {ZId/elyll/]]4]<]7]
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ae)7)s]a] (8] alfe][7][8][e][7][3][a][4][8]

LdelEEE]
%!II@IIEIII

(a) o = 1.0 and m = 200

(b) o = 0.1 and m = 400

Figure 2. Examples of reconstructed images from 1-bit measure-
ments on the MNIST images.

4.3. Recovery Results from Cubic Measurements

The reconstructed results from cubic measurements for
the MNIST dataset are shown in Figure 6, and quanti-
tative comparsions in terms of cosine similarity are pre-
sented in Figure 7. From Figures 6 and 7, we observe
that OneShot outperforms all other competing methods
(including OneShotF and PGD) by a large margin. The
reconstructed results from cubic measurements for the

3Note that for 1-bit CS, it is very practical to set m > n = 12288
since 1-bit measurements can be taken at extremely high rates [71].
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Figure 3. Quantitative comparisons according to the cosine simi-
larity for 1-bit measurements on MNIST images.

CelebA dataset are shown in Figure 8, and quantitative com-
parsions in terms of cosine similarity are presented in Fig-
ure 9. From these two figures, we observe that CSGM al-
most totally fails to recover the images, and OneShot and
OneShotF can still obtain high-quality reconstructed im-
ages that are much better than those of Lasso—W. In partic-
ular, we observe that OneShot performs on par with PGD,
for which the first iterative step reduces to OneShot when
setting the initial vector x(°) = 0 and the step size A\ =
1/m. This reveals that for PGD, one iterative step may be
sufficient, and subsequent iterations will not lead to signifi-
cant better reconstruction.

4.4. Running Time

The running times shown in Table 2 illustrate that com-
pared to using gradient-based iterative projection, using
GAN-based non-iterative projection leads to much faster
computation. OneShot is slower than sparsity-based re-
covery methods because approximating the projection step
is time-consuming. However, since OneShot only re-
quires one projection, it is much faster than the generative
model based projected iterative methods BIPG and PGD.
Furthermore, recall that from the numerical results, we ob-
serve that OneShot mostly achieves better reconstruction
performance compared to that of BIPG and PGD, as well
as that of CSGM and sparsity-based recovery methods.

5. Conclusion and Future Work

In this paper, we propose a non-iterative approach for
nonlinear CS with SIMs and generative priors. We make
the assumption (8) for the nonlinear function f, and this en-
ables us to study both the noisy 1-bit (this cannot be handled
by [65] due to the differentiability assumption) and cubic
(this cannot be handled by [37] due to the sub-Gaussianity
assumption for the observations) measurement models. We
show that our approach attains the near-optimal statistical
rate O(+/(klogL)/m). We also show via extensive nu-
merical experiments that our approach is efficient and leads
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Figure 4. Examples of reconstructed images from 1-bit measure-
ments on CelebA images.

to better reconstruction compared to various baselines.

Possible extensions include 1) providing a matching
information-theoretic lower bound for CS with SIMs and
generative priors; 2) extending to the case that the measure-
ment vectors a; are i.i.d. realizations of N'(0,X) with an
unknown covariance matrix X, instead of the current as-
sumption that a; are i.i.d. realizations of A"(0, L, ); 3) train-
ing generative models [17,27,54,55] that are more advanced
compared to the DCGAN.
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Figure 7. Quantitative comparisons according to the cosine simi-
larity for cubic measurements on MNIST images.

Table 2. The averaged time cost (secs) per reconstruction.

1-bit cubic
MNIST | CelebA MNIST | CelebA
m =200 | m =4000 | m =200 | m = 4000
Lasso 0.12 / 0.11 /
Lasso-W / 12.81 / 16.27
CSGM 0.63 185.26 0.79 | 186.54
BIPG 14.30 | 2589.11 / /
BIFPG 0.54 8.93 / /
PGD / / 12.74 | 2539.24
FPGD / / 0.83 8.09
OneShot 0.34 | 130.63 0.61 128.89
OneShotF 0.03 0.61 0.03 0.66
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Figure 8. Examples of reconstructed images from cubic measure-
ments on CelebA images.
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