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Abstract

In real-world applications, it is important and desirable
to learn a model that performs well on out-of-distribution
(OOD) data. Recently, causality has become a power-
ful tool to tackle the OOD generalization problem, with
the idea resting on the causal mechanism that is invari-
ant across domains of interest. To leverage the generally
unknown causal mechanism, existing works assume a lin-
ear form of causal feature or require sufficiently many and
diverse training domains, which are usually restrictive in
practice. In this work, we obviate these assumptions and
tackle the OOD problem without explicitly recovering the
causal feature. Our approach is based on transformations
that modify the non-causal feature but leave the causal part
unchanged, which can be either obtained from prior knowl-
edge or learned from the training data in the multi-domain
scenario. Under the setting of invariant causal mecha-
nism, we theoretically show that if all such transformations
are available, then we can learn a minimax optimal model
across the domains using only single domain data. Noticing
that knowing a complete set of these causal invariant trans-
formations may be impractical, we further show that it suf-
fices to know only a subset of these transformations. Based
on the theoretical findings, a regularized training procedure
is proposed to improve the OOD generalization capability.
Extensive experimental results on both synthetic and real
datasets verify the effectiveness of the proposed algorithm,
even with only a few causal invariant transformations.

1. Introduction
The success of many machine learning algorithms with

empirical risk minimization (ERM) relies on the indepen-
dent and identically distributed (i.i.d.) hypothesis that train-
ing and test data originate from a common distribution. In
∗Equal contribution. Work was done during an internship at Huawei

Noah’s Ark Lab.
†Corresponding author.

practice, however, data in different domains or environ-
ments are often heterogeneous, due to changing circum-
stances, selection bias, and time-shifts in the distributions
[47, 57]. Accessing data from all the domains of interest,
on the other hand, is expensive or even impossible. Con-
sequently, the problem of learning a model that generalizes
well on the unseen target distributions is a practically impor-
tant but also challenging task and has gained much research
attention in the past decades [6, 7, 17, 49, 68].

Since data from some domains are unavailable, assump-
tions or prior knowledge on the unseen domains are gen-
erally required to achieve a guaranteed out-of-distribution
(OOD) generalization performance. Recently, causality
has become a powerful tool to tackle the OOD problem
[2, 51, 55, 57]. This is based on the assumption or obser-
vation that the underlying causal mechanism is invariant in
general, even though the data distributions may vary with
domains. It has been shown that a model would perform
well across different domains in the minimax sense if such
a causal mechanism is indeed captured.

To capture the invariant causal mechanism, existing
works have assumed a particular form of the causal dia-
gram [25,46,48,57,67], which may be restrictive in practice
and is untestable from the observed data. Other works try to
recover the so-called “causal feature” from the data to im-
prove the OOD generalization performance [10, 22, 44, 55].
These works usually assume a linear form of causal fea-
ture [10, 22, 44, 57] or that there are sufficiently many and
diverse training domains so that the causal feature could
be identified via certain invariant properties [2, 50, 55]. In
the absence of these assumptions, existing methods such as
invariant risk minimization [2] can fail to capture the in-
variance or recover the causal feature even in simple exam-
ples [30]. In real applications like image classification, the
linearity assumption may not hold, and it may be expensive
or even impossible to ensure that the available domains are
indeed sufficient. As such, the identifiability issue of causal
feature can hardly be resolved in practice.

In this paper, we obviate the aforementioned assump-
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tions and propose a new approach to learn a robust model
for OOD generalization under the invariant causal mecha-
nism assumption. We do not try to explicitly recover the
causal feature; rather, we directly learn a model that takes
advantage of the invariant properties. Our approach is based
on the observation that though the explicit functional form
of the causal feature is generally unknown and maybe also
hard to learn, we often have some prior knowledge on the
transformations that the causal feature is invariant to, i.e.,
transformations that modify the input data but do not change
their causal feature. For example, the shape of digit in an
image from MNIST dataset [38] can be treated as a causal
feature when predicting the digit, while flipping or rotation
does not change causal meanings. A detailed discussion on
this issue is given in Section 3.5. We refer to these transfor-
mations as causal invariant transformations (CITs).

Theoretically, we prove that given complete prior knowl-
edge of CITs, it is feasible to learn a model with OOD
generalization capability using only single domain data.
Specifically, we show that if all the CITs are known, then
minimizing the loss over all the causally invariant trans-
formed data, which are obtained by applying the CITs to
data from the given single domain, would lead to the de-
sired model that achieves a minimax optimality across all
the domains of interest. Noticing that obtaining all CITs
may be impractical, we further show that, for the purpose of
OOD generalization, it suffices to know only an appropriate
subset of CITs, referred to as causal essential set and is for-
mally defined in Definition 2. The learned model is then
shown to generalize to different domains if it is invariant to
transformations in a causal essential set. This is different
from existing works [59, 65] that demonstrate an improved
i.i.d. generalization capability from invariance properties.

Following these theoretical results, we propose to reg-
ularize training with the discrepancy between the model
outputs of the original data and their transformed versions
from the CITs in the causal essential set, to enhance OOD
generalization. The CITs can be viewed as data augmenta-
tion operations; in this sense, our theoretical results reveal
the rationale behind data augmentation in OOD problems.
Experiments on both synthetic and real-world benchmark
datasets, including PACS [40] and VLCS [17], verify our
theoretical findings and demonstrate the effectiveness of the
proposed algorithm in terms of OOD performance. Notice-
ably, in some experiments, we use CycleGAN to learn the
transformations between different environments, which are
then used as our CITs. This is in contrast with [78] which
conjectured that source-to-source transformation could pro-
vide little help to domain generation tasks in their approach.

2. Related Work
As data from some unseen domains are completely un-

available, assumptions or prior knowledge on the data distri-

butions are required to guarantee a good OOD generaliza-
tion performance. We will briefly review existing domain
generalization methods according to these assumptions.

Marginal Transfer Learning A branch of works assume
that distributions under different domains are i.i.d. real-
izations from a superpopulation of distributions and aug-
ment the original feature space with the covariate distribu-
tion [6, 7]. This i.i.d. assumption on the data distribution
is akin to the random effect model [8, 37] or Bayesian ap-
proach [13, 54], but may be inappropriate when the differ-
ence between domains is irregular, e.g., different styles and
backgrounds in the PACS and VLCS datasets, respectively.

Robust Optimization Existing works also consider OOD
data that lie close to the training distribution in terms of
probability distance or divergence, e.g., Wasserstein dis-
tance [39,64,68,73] or f -divergence [16,20,28]. They pro-
posed to train the model via distributional robust optimiza-
tion so that the model generalizes well over a set of distribu-
tions, the so-called uncertainty set [5,60]. However, picking
a suitable probability distance and range of uncertainty set
in real scenarios is difficult in practice [16]. Besides, the
distributions in the uncertainty set are actually the distribu-
tions of corrupted OOD data such as adversarial sample and
noisy corrupted data [73], while the commonly encountered
style-transformed OOD data are not included [26].

Invariant Feature Another branch of methods aim to
seek a model with features whose (conditional) distributions
are invariant across different domains. To this end, it was
proposed to learn the feature representation by minimizing
some loss functions involving domain scatter [21, 42, 49].
Here domain scatter is a quantity characterizing the dis-
similarity between (conditional) distributions in different
domains, as defined in [21]. [41] and [43] considered to
regularize training to reduce the maximum mean discrep-
ancy of the feature distributions of different domains and
the Jensen-Shannon divergence of the feature distributions
conditional on the outcome, respectively. The rationale be-
hind these methods is to minimize a term that appears in
the upper bound of the prediction error in unseen target do-
mains [3, 4, 21]. Theoretically, the success of these meth-
ods hinges on the assumption that other terms in the upper
bound are small enough [21]. However, the implication of
this assumption is usually unclear and provides little guid-
ance for the practitioner [11]. Although often not stated ex-
plicitly, the validity of these methods relies on the covariate
shift or label shift assumption that is implausible if spurious
correlations occur under certain domains [11, 36, 44, 76].

Invariant Causal Mechanism As in this paper, many
existing works also resort to causality to study the OOD

376



generalization problem [1, 2, 10, 22, 25, 44, 48, 55]. In the
last few years, the relationship between causality, predic-
tion, and OOD generalization has gained increasing inter-
est since the seminal work of [50]. The causality-based
methods rest on the long-standing assumption that causal
mechanism is invariant across different domains [51]. To
utilize the invariant causal mechanism and hence improve
OOD generalization, some works impose restrictive as-
sumptions on the causal diagram or structural equations
[25, 46, 57, 67]. Another way is through recovering the
causal feature [10, 22, 55]. For example, [55] proposed to
select causal variables by statistical tests for equality of dis-
tributions, and [10] leveraged some conditional indepen-
dence relationships induced by the common causal mech-
anism assumption. It is worth noting that recovering the
causal feature generally relies on restrictive assumptions,
e.g., linear structural model or sufficiently many and diverse
training domains [2,10,22,35,44,50,55]; see [56] for a fur-
ther discussion on these two assumptions. Without these
assumptions, existing methods such as invariant risk mini-
mization [2] can fail to choose the right predictor even in
simple examples [30]. In contrast, our approach rests on a
more general causal structural model and require less train-
ing domains.

Data Augmentation Data Augmentation is an impor-
tant technique to the training pipeline in deep learning
[29, 34, 71, 74, 75, 79]. Commonly used methods include
image rotation, cropping, Gaussian blurring, etc. With aug-
mented data involved in training, the model generalization
capability can be improved on both in-distribution [63] and
out-of-distribution data [69]. Different from the above men-
tioned works, when domain partition is available, we apply
CycleGAN [80] to learn the source-to-source translations
to generate corresponding images with different styles, i.e.,
artificially generated casual invariant transformed data.

Next we clarify the difference between our method and
the existing methods that also involve generative models to
obtain augmented data [31,77,78]. Specifically, in [77,78],
they generate data from inexistent “novel domains”, instead
of the data from known domains—it was conjectured and
empirically shown in [78] that source-to-source transforma-
tion could provide little help to domain generation tasks in
their approach. Roughly speaking, our augmented data rep-
resent the same “causal feature” under different domains
and we leverage the augmented data by contrasting them
with the original ones, while existing methods add the av-
erage loss on the augmented data from inexistent domains
to the objective. Also related is [31] that artificially gener-
ates the counterfactually-augmented data which modify the
causal feature but keep the non-causal part. Our work is
different in that we use CITs to modify the non-causal fea-
ture but keep the causal part unchanged. Moreover, in our

experiments, these CITs are obtained from prior knowledge
or learned from training data, without the need of human
manipulations to each training datum.

3. OOD Generalization via Causality
In this section, we consider a general causal structural

model for the OOD generalization problem. We prove that
the minimax optimality of a model can be obtained via the
causal feature, even if we only have access to the data from
a single domain. However, as discussed in the introduction,
it may be hard to recover the causal feature exactly. We
hence proceed with the aid of CITs and show that a learned
model can achieve the same guaranteed OOD performance.

3.1. Invariant Causal Mechanism

We begin with a formal definition of the causal structural
model used in this paper. In practice, data distributions can
vary across domains, but the causal mechanism usually re-
mains unchanged [51]. We consider the following causal
structural model to describe the data generating mechanism:

Y = m(g(X), η), η ‚ g(X) and η ∼ F, (1)

where X , Y are respectively the observed input and out-
come, g(X) denotes the causal feature, η is some random
noise, and m(·, ·) represents the unknown structural func-
tion. The relationship η ‚ g(X) means that the noise η is
independent of the causal feature g(X), and η ∼ F indi-
cates that it follows a distribution F that can be unknown.

Notice that the structural model (1) imposes no assump-
tion on the distribution of the input X . Thus, the distribu-
tions of the outcome Y can vary with X under different en-
vironments, even though Y depends on X only through the
causal feature g(X) in the data generating mechanism. Be-
sides, there can be two correlations in the structural model,
summarized as follows:

1. Although the causal feature g(X) is assumed to be in-
dependent of noise η, X can correlate with noise η un-
der a certain domain. To see this, let us consider a toy
example with the observed input X = (X1, X2). Here
noise η is correlated withX1 while η is independent of
X2. Then for the causal structural model Y = X2+ η,
we have g(X) = X2 and g(X) ‚ η while the input X
is correlated to η.

2. There may exist correlations between causal feature
and other spurious features, e.g., correlation between
the objective shape and the image background in im-
age classification tasks.

Unlike the invariant causal mechanism, these two correla-
tions are supposed to vary across domains and hence are
called spurious correlations [2, 70]. If not treated carefully,
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the spurious correlations would deteriorate the performance
of ERM-based machine learning methods and make the
model perform poorly on the target domain [2, 44, 61, 62].
For instance, in an image classification task involving horse
and camel, it is very likely that in the training data all
the horses are on the grass while the camels are in the
desert. The spurious correlation between horse/camel and
the background could easily mislead the model to mak-
ing predictions using the background. Consequently, the
trained model would be unreliable on OOD data.

Existing works consider a similar causal mechanism to
(1) while more structural assumptions are usually imposed,
e.g., g(·) is linear and the noise is additive [22,44,50,52,55].
Our structural model (1) generalizes existing ones as we get
rid of the two structural assumptions. Thus, our model con-
stitutes a more flexible construction that is suitable to tasks
in which the assumed linear or separable structural models
appear implausible, e.g., the image classification task [2].
Besides, our algorithm proposed in Section 4 does not re-
quire explicitly learning the causal feature g(X), thus avoids
dealing with the identifiability issue of g(X).

3.2. Generalization via Causal Feature

Throughout the rest of this paper, we focus on the distri-
butions under structural model (1):

P={P(X,Y ) | (X,Y )∼P(X,Y ) under structural model (1)},

with fixed g(·), m(·, ·) and F . Our goal is to train a model
that generalizes well across all distributions P(X,Y ) ∈ P
which follow the causal mechanism in structural model (1).
Particularly, we aim to find a model h∗(·) such that

h∗(·) ∈ H∗ := argmin
h

sup
P∈P

EP [L(h(X), Y )], (2)

where L(·, ·) denotes a loss function, e.g., mean squared er-
ror for regression or cross entropy for classification. A simi-
lar minimax formulation appears in many existing works for
the OOD generalization problem; see, e.g., [2,9,22,44,55].

In contrast with methods based on data from sufficiently
many domains [35, 44, 53, 55, 58], we next show that if g(·)
is known, we can learn h∗(·) via single domain data. Let
Ps be the distribution of the source domain from which the
training data are collected. Denote the set of optimal models
under Ps based on causal feature g(X) by

Hs =

{
φ ◦ g

∣∣∣ φ(w)∈ argmin
z

EPs
[L(z, Y ) | g(X) =w]

}
,

(3)
where ◦ is the composition of functions. In this paper, we
do not distinguish two functions of w that are equal to each
other “almost surely”, i.e., are equal for all w except a set
of probability zero. Then we have the following result.

Theorem 1. If Ps ∈ P , thenHs ⊆ H∗.

A proof of Theorem 1 can be found in the supplementary
material. Theorem 1 gives a class of models that belong to
H∗, the set of solutions to the minimax problem defined in
Eq. (2). A model in H∗ makes predictions via the causal
feature g(X), and can be learned using the single domain
data if the form of g(·) is known. Theorem 1 generalizes
existing results in [44, 55], in the sense that it is derived
under a more general structural model and also readily in-
cludes more loss functions L(·, ·) beyond the mean squared
loss and cross entropy loss considered in [33].

3.3. Learning via Causal Invariant Transformation

Theorem 1 shows that it is possible to use only single
domain data to learn a class of optimal models Hs in the
minimax sense. However, such a result requires an explicit
formulation of causal feature g(X), which is somehow im-
practical [2]. On the other hand, learning causal mechanism
from the observed data may face the issue of identifiability.
Thus, in this section, we aim to learn a model of Hs with-
out the requirement of the explicit form of g(X). The idea
of our method is to leverage the transformations that do not
change the underlying causal feature.

Specifically, although the explicit form of g(·) is un-
known in general, we can have prior knowledge that the
causal feature should remain invariant to certain transfor-
mations T (·). For example, consider the horse v.s. camel
problem in Section 3.1. For a given image, the shape of a
horse/camel could be the causal feature that determines its
category. The exact function w.r.t. pixels representing the
shape may be hard to obtain. Nevertheless, we do know
that the shape does not vary with rotation or flipping. We
now formally define these transformations.

Definition 1 (Causal Invariant Transformation (CIT)). A
transformation T (·) is called a causal invariant transfor-
mation if (g ◦ T )(·) = g(·).

Henceforth, Tg = {T (·) : (g ◦T )(·) = g(·)} denotes the
set consisting of all CITs. As shown in Lemma 1 in the sup-
plementary material, the set Tg is quite informative for g(·)
and hence helps resolve the OOD generalization problem
according to Theorem 1. In some cases, knowing Tg may
be equivalent to knowing the causal feature or the causal
parents of the outcome, e.g., assuming linear causal mecha-
nism. However, in applications like image classification, the
causal relationships are complicated and the prior knowl-
edge on CITs can be more accessible compared to that of
causal parents, as illustrated at the end of Section 3.5.

With Tg , the following theorem states that Hs is avail-
able by solving a minimax problem constructed from single
domain data, even for unknown g(·).

Theorem 2. If Ps ∈ P , then forHs defined in Eq. (3)

Hs ⊆ argmin
h

sup
T∈Tg

EPs [L(h(T (X)), Y )]. (4)
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A proof of Theorem 2 is in the supplementary mate-
rial. If the minimax problem (4) has a unique minimum
(when, e.g., some convexity conditions on the loss function
L(·, ·) hold), Theorem 2 implies that the model performs
uniformly well over the transformed data obtained from the
transformations in Tg can generalize to distributions in P .

Let Paug = {P(X′,Y ) | (X,Y ) ∼ Ps, X
′ = T (X), T ∈

Tg}, then we can rewrite the minimax problem in (4) as

min
h

sup
P∈Paug

EP [L(h(X), Y )], (5)

Problem (5) has a similar form to problem (2). Recalling the
structural model (1), it can be verified that Paug is a subset
of P . We then have the following two remarks:

1. Paug can be a proper subset of P . Thus, the supre-
mum taken in (5) is more tractable compared with that
in (2), as we require less information of P . To see this,
suppose that (X, η) ∼ P(X,η) = PX × F for a dis-
tribution PX and Ps = P(X,m(g(X),η)). Then for any
P ∈ Paug, we have Y ‚ X | g(X) if (X,Y ) ∼ P .
However, there can exist P ′ ∈ P so that X is corre-
lated with η and hence the conditional independence
no longer holds. That is, P ′ lies in P but not in Paug.

2. In the horse v.s. camel example in Section 3.1, the
spurious correlations lead to misleading supervision.
The set Paug, on the other hand, is likely to contain
distributions that do not have these spurious correla-
tions or even entail opposite correlations. Thus, the
model that overfits spurious correlations can not gen-
eralize well on these distributions, and can not be a
solution to problem (5). For example, the data from
some P ∈ Paug can have most horses on the desert
while most camels are on grass. Thus, the model that
overfits the spurious correlation between animal and
background does not perform well on this distribution.

Although Theorem 2 provides a way to learn a model
with guaranteed OOD generalization, it may be computa-
tionally hard to calculate the supremum over Tg when it
contains plenty of or possibly infinite transformations. Take
image classification tasks for example. Suppose that Tg
contains rotations of θ degree, with θ = 1, . . . , 360. Com-
puting the loss over a total of 360 transformations is com-
putationally expensive. Thus, it is natural to ask a question:
can we substitute Tg in (4) with a proper subset?

3.4. Learning via Causal Essential Set

In this section, we positively answer the question at the
end of Section 3.3. We show that it is sufficient to use only
a subset of Tg , referred to as causal essential set. Next, we
first give a formal definition of causal essential set and then
prove that it is indeed the desired subset.

Definition 2 (Causal Essential Set). For Ig ⊆ Tg , Ig is
a causal essential set if for all x1, x2 satisfying g(x1) =
g(x2), there are finite transformations T1(·), · · · , TK(·) ∈
Ig such that (T1 ◦ · · · ◦ TK)(x1) = x2.

Clearly, there may be multiple causal essential sets, e.g.,
Tg itself is a causal essential set. In most cases, we believe
that there exists Ig that is a proper subset of Tg . For exam-
ple, rotation with one degree itself forms a causal essential
set if Tg is the set of rotations with θ = 1, . . . , 360, degrees.

The next theorem indicates that the prior knowledge on
any such causal essential set is sufficient to achieve a guar-
anteed OOD generalization, using only single domain data.
A proof is provided in the supplementary material.

Theorem 3. If Ps ∈ P , then for any Ig that is a causal
essential set of g(·) andHs defined in (3)

Hs = argmin
h

EPs
[L(h(X), Y )],

subject to h(·) = (h ◦ T )(·), ∀ T (·) ∈ Ig.
(6)

Compared with Theorem 2, “⊆” related to Hs in (4) is
replaced by “=” in this theorem, which is a stronger theo-
retical result. Thus, one can also readily obtain the model
that generalizes well on OOD data by minimizing the loss
w.r.t. any data distribution induced by structural model (1),
but require less CITs. In certain cases, the structure of a
causal essential set is simple and is possible to be identi-
fied. Due to space limit, this is illustrated by an example in
Section S3.1 in the supplementary material.

3.5. Necessity of Prior Knowledge

Before ending this section, we would like to clarify that
the prior knowledge on causal invariant transformations can
be more manageable, compared with prior knowledge re-
quired by many existing approaches.

First, assumption or prior knowledge is necessary to get
guaranteed causal results from observational data. As pre-
viously introduced, some recent works assume a prior par-
ticular forms of causal graphs, whose correctness cannot
be tested from observational data. Notice that learning
causal graphs from the data, or the so-called causal dis-
covery methods [51, 66, 81], faces the same issue. Other
works that have theoretical guarantee on OOD generaliza-
tion require sufficiently many and diverse training domains
[2] and/or incorporate prior knowledge on causal diagrams
and causal mechanisms [25, 45, 56]. Despite the valuable
understanding and theoretical guarantee of OOD general-
ization for these causality based methods, it is not clear
whether the assumed conditions or prior knowledge indeed
hold in practical applications. In general, only randomized
controlled experiments are the golden standard to infer the
causal relationship, summarized as “no causation without
manipulation” [27]. On the other hand, directly creating
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Figure 1. Profiles of cows in these figures are considered as causal
features, while the different backgrounds are spurious features.

“manipulated” data can lead to a better causal effect estima-
tion. In [31], authors artificially generate counterfactually-
augmented data that modify the causal feature but keep the
non-causal part for each sentence. Then simple processing
(e.g., directly combining the observational and the manipu-
lated data) improves the generalization performance.

These observations together motivate us to consider:
how to generate manipulations to achieve a causal guar-
antee at a lower human cost? For example, one need not
apply human manipulations to each training datum. This
consideration leads us to the CITs, on which we often have
some prior knowledge. Many augmentation techniques
can be used as CITs, such as rotation and Gaussian blur-
ring. When domain partition is available, e.g., in the multi-
domain learning setting [2, 50], the CITs can be learned
from the data. For example, we employ GAN or other
generative models to synthesize “manipulated” data in Sec-
tion 5.2. We believe that such prior knowledge on CITs
is more accessible than artificially manipulated data, and is
manageable in practical applications.

Finally, we clarify that prior knowledge on CITs can also
be more accessible than that of causal feature in many tasks,
as illustrated by Figure 1 from [18]. In Figure 1, profiles of
cows (highlighted by green lines) are considered as causal
feature, and a prediction model only based on such causal
feature can generalize well to images with different back-
grounds. However, we do not know which pixels or what
function of pixels represent the profile; indeed, the profile
depends on different pixels in the first and the second im-
ages in Figure 1. In contrast, we readily know that changing
the background of the image, e.g., transforming the second
image to the third, will not affect the causal feature. This
can be treated as our prior knowledge on CITs.

4. Algorithm
We now propose an algorithm based on the previous

analysis w.r.t. CITs. Let D(·, ·) denote some measure of
discrepancy satisfying D(v1, v2) = 0 if v1 = v2 and
D(v1, v2) > 0 otherwise. Then for any model h(·) and
transformation T (·), EPs [D

(
h(X), h(T (X))

)
] = 0 implies

h(·) = h(T (·)) almost surely. Together with Theorem 3,
we consider the following formulation

min
h

EPs [L(h(X), Y )] ,

subject to EPs

[
sup
T∈Ig

D
(
h(X), h(T (X))

)]
= 0,

Algorithm 1 Regularized training with Invariance on
Causal Essential set (RICE).
Input: Training set {(x1, y1), · · · , (xn, yn)}, batch size S,
learning rate η, training iterations N , model hβ(·) with pa-
rameter β, initialized parameter β0, regularization constant
λ0, causal essential set Ig , and discrepancy measureD(·, ·).

1: for i = 1, . . . , n do
2: Generate transformed samples {T (xi)}T∈Ig .
3: end for
4: for t = 0, · · · , N do
5: Randomly sample a mini-batch S = {(xt1 , yt1),
· · · , (xtS , ytS )} from training set.

6: Fetch the transformed samples {T (xt1)}T∈Ig , · · · ,
{T (xtS )}T∈Ig .

7: Update model parameters via first-order method
e.g., stochastic gradient descent:

βt+1 = βt −
η

S

S∑
i=1

∇βL(hβ(xti), yti)
∣∣∣
β=βt

+

η∇β
{λ0

S

S∑
i=1

sup
T∈Ig

D
(
hβ(xti), hβ(T (xti))

)}∣∣∣
β=βt

.

8: end for

where Ig is a causal essential set. To obviate the difficulty
of solving a constrained optimization problem, we further
consider to minimize a regularized formulation

EPs
[L(h(X), Y )]+λ0EPs

[
sup
T∈Ig

[D(h(X), h(T (X)))

]
(7)

with a given regularization constant λ0 > 0. Supposing that
we have training samples {(xi, yi)}ni=1, then we propose to
minimize the empirical counterpart of (7)

1

n

n∑
i=1

L(h(xi), yi)+
λ0
n

n∑
i=1

sup
T∈Ig

[D(h(xi), h(T (xi)))].

We then propose Algorithm 1, Regularized training with In-
variance on Causal Essential set (RICE), to solve the above
problem, where the update step in line 7 can be substituted
by other optimization algorithms, e.g., Adam [32].

Note that obtaining a complete causal essential set may
also be hard in many applications. Nonetheless, we usually
have or can learn certain transformations with the desired
causal invariance. We will empirically show that the pro-
posed RICE enables an improved OOD generalization, even
with a set of only a few CITs. In this case, we can simply
replace Ig with this set in Algorithm 1.

5. Experiments
In this section, we empirically evaluate the efficacy of the

proposed algorithm RICE on real-world datasets. We train
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the model using data from some of the available domains
and evaluate the performance on the data from the rest do-
mains that are not used in training. As suggested in [72],
the OOD data can be classified into two categories, namely,
data with correlation shift or with diversity shift. Empiri-
cal results show that RICE can handle both kinds of OOD
data. Due to space limit, part of results, including a toy
experiment of synthetic data mentioned in Section 3.4 and
ablation studies, are given in the supplementary material.1

5.1. Breaking Spurious Correlation

As we have discussed in Section 3.1, the spurious cor-
relation in the data may mislead the model to wrong pre-
dictions on OOD data, resulting in correlation shift. In this
section, we empirically verify that RICE in Algorithm 1 can
obviate overfitting such spurious correlations.

Data We use the colored MNIST (C-MNIST) dataset
from [15]. As in [15], we vary the colors of both foreground
and background of an image.

The original MNIST dataset consists of handwritten dig-
its from ten categories, namely, 0 to 9. To construct a train-
ing set of C-MNIST, we pick two colors for the foreground
of the images in a given category, and then randomly replace
the foreground color with one of the two colors assigned to
the category. The background color of each image is han-
dled similarly. For the test set, we randomly assign colors
to the foreground and background of each image from the
MNIST test set, regardless of its category. Some images
from the generated C-MNIST dataset are visualized in Fig-
ure S3 in the supplementary material. The construction in-
troduces a spurious correlation between category and color
in the training set, but not in the test set. In the following,
we will show that the proposed method RICE will not be
affected by this spurious correlation.

Setup Our model is a five-layer convolution neural net-
work as in [15]. For RICE, we choose the cross entropy
loss for L(·, ·) and the `2-distance for D(·, ·). The model is
updated by Adam [32], and other hyperparameters are given
in the supplementary material. For a handwritten digit, it is
known that the shape of its foreground, rather than the color
of either foreground or background, determines its category.
Thus, transforming the image background with a color (e.g.,
black) and its foreground with another color (e.g., white)
would be a desired CIT. In our experiment, we simply use
the original MNIST images as the transformed data to show
the effectiveness of the proposed method.

As we use the original MNIST dataset in training, the
training data can be seen from two domains, i.e., the origi-
nal MNIST and the C-MNIST datasets. As such, we com-

1Part of the experiments was supported by MindSpore (https://
www.mindspore.cn), a deep learning computing framework.

Table 1. Accuracy (%) on the C-MNIST test set.
Dataset ERM Mixup MTL GroupDRO DANN IRM RICE(OURS)
C-MNIST 13.3 17.5 14.7 14.1 28.1 15.8 96.9

pare RICE with several widely used domain generaliza-
tion algorithms using the same training data, including em-
pirical risk minimization (ERM), ERM with Mixup [75,
Mixup], marginal transfer learning [6, MTL], group distri-
butionally robust optimization [58, GroupDRO], domain-
adversarial neural networks [19, DANN] and invariant risk
minimization [2, IRM]. See the supplementary material for
a further introduction of these algorithms. For these base-
line algorithms, the hyperparameters are adopted from [23].
We remark that the same training data, i.e., MNIST and
C-MNIST, are used in our method and baseline methods

Main Results The empirical results are reported in Ta-
ble 1. We observe that only the proposed algorithm RICE
works well on the OOD data in this experiment. We specu-
late that this is because, for the baseline algorithms, the mis-
leading supervision signal from the color is memorized by
the models, even though the original MNIST images are also
included in the training set. However, for RICE, the regular-
izer penalizes the discrepancy between the model outputs of
the colored images and the corresponding MNIST versions,
which makes the model insensible to the spurious correla-
tion but more dependent on the invariant causal feature.

5.2. Generalizing to Unseen Domains

In this section, we conduct experiments on two bench-
mark datasets, PACS and VLCS, which are commonly used
in domain generalization. The two datasets correspond to
the diversity shift that we have mentioned. As in other re-
lated works in domain generalization [23, 76, 77], the do-
main labels are known in the training set.

Data PACS is an image classification dataset consisting
of data from four domains of different styles, i.e., {art, car-
toon, photo, sketch}, with seven different categories in each
domain. VLCS is a dataset comprised of four photographic
domains: {VOC2007, LabelMe, Caltech101, SUN09}, and
each domain contains five different categories.

Setup As in [23], we use the model ResNet50 [24] pre-
trained on ImageNet [14] as the backbone model, and
fine-tune the model with different baseline methods. For
RICE, the model is trained by Adam and the used hyperpa-
rameters are provided in the supplementary material. To
implement RICE, we need to generate casually invariant
transformed data. In the PACS dataset, each domain rep-
resents a style of images, e.g., photo or art. Since varying
the style of an image does not change its category, we con-
struct the transformations that modify image styles as CITs.
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Figure 2. The proposed algorithm RICE on the PACS dataset. The training data are from domains {art, cartoon, photo}, and we want the
model to perform well on the sketch data. This figure describes the training procedure of RICE for a training image from the art domain.

To this end, we use CycleGAN [80] to learn the transforma-
tions for each pair of domains in the training set, and then
implement RICE using the trained CycleGAN models. In
VLCS, the photographic of the image plays a similar role to
the style in PACS, and we also apply CycleGAN to learning
the transformations. Other generative models may also be
used, e.g., StarGAN [12], for data from numerous domains.

The procedure of RICE is summarized in Figure 2. We
also compare the proposed RICE with other commonly used
domain generalization algorithms, as in the previous experi-
ment. For better results and a fair comparison with baseline
methods, we also provide an ablation study with single do-
main training data in the supplementary material.

Main Results The experimental results on PACS and
VLCS are summarized in Tables 2 and 3, respectively. The
results of baseline methods are from [23]. The proposed
RICE exhibits better OOD generalization capability com-
pared with the baseline methods on the PACS and VLCS
datasets, in terms of the average and particularly the worst-
case test accuracies. Here we provide an intuitive expla-
nation to the performance of RICE using PACS as an ex-
ample. From Figure S4 in the supplementary material, we
can see that the trained CycleGAN model is likely to intro-
duce spurious correlation related to domains, and models
which capture the spurious correlation would be penalized
in RICE. RICE can achieve an improved performance be-
cause it seeks to make predictions on top of the causal fea-
ture (e.g., shape of the object in the images), rather than
the spurious feature related to the domains (e.g., style for
PACS). Moreover, as also seen from Figure S4, some gen-
erated images from CycleGAN are indeed not similar to the
original images and are also blurring, which indicates that
our RICE is robust to the quality of generated data.

Finally, we verify whether the improved performance
of RICE originates solely from the augmented data gener-
ated by CycleGAN. We conduct ERM training with these
augmented data on PACS. The test accuracies on domains
P, A, C, S are respectively 96.2, 84.9, 81.2, 80.5, which
are worse than those of RICE. We believe that such a per-
formance, which is consistent with previous observations
in [78], demonstrates that the regularizer that compares dif-

Table 2. Test accuracy (%) of ResNet50 on the PACS dataset.
Method P A C S Avg Min
ERM 97.2 84.7 80.8 79.3 85.5 79.3

Mixup 97.6 86.1 78.9 75.8 84.6 75.8
MTL 96.4 87.5 77.1 77.3 84.6 77.1

GroupDRO 96.7 83.5 79.1 78.3 84.4 78.3
DANN 97.3 86.4 77.4 73.5 83.6 73.5
IRM 96.7 84.8 76.4 76.1 83.5 76.1

RICE (OURS) 96.8 87.8 84.3 84.7 88.4 84.3

Table 3. Test accuracy (%) of ResNet50 on the VLCS dataset.
Method V L C S Avg Min
ERM 74.6 64.3 97.7 73.4 77.5 64.3

Mixup 76.1 63.4 98.4 72.9 77.7 63.4
MTL 75.3 64.3 97.8 71.5 77.2 64.3

GroupDRO 76.7 63.4 97.3 69.5 76.7 63.4
DANN 77.2 65.1 99.0 73.1 78.6 65.1
IRM 77.3 64.9 98.6 73.4 78.5 64.9

RICE (OURS) 75.1 69.2 98.3 74.6 79.3 69.2

ferent augmentations with the original data is critical to cap-
ture the invariance and to improve the model robustness.

6. Concluding Remarks
In this paper, we theoretically show that knowledge of

the CITs makes it feasible to learn an OOD generalized
model via single domain data. The CITs can be either ob-
tained from prior knowledge or learned from training data,
without the need of human manipulations to each training
datum. Inspired by our theoretical findings, we propose
RICE to achieve an enhanced OOD generalization capabil-
ity and the effectiveness of RICE is demonstrated empiri-
cally over various experiments.

In our experiments, we focus on image classification
tasks for domain generalization. Nevertheless, our theory
and the proposed algorithm can apply to other datasets once
some CITs are available. For example, in natural language
processing (NLP), changing the position of the adverbial or
synonym substitution does not change the semantic mean-
ing and hence can be treated as CITs. However, generating
such causally invariant sentences via deep learning method
is not easy. How to ease the generation and apply our RICE
to NLP domain is left as a future work.
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