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1. The proof of Theorem 3.1

Following previous works [, 3,6, 8], we analyze the error bound of the importance weight strategy. We denote py(x) =
N (z|pp, , Xy, ) as the long-tailed distribution and g (z) = N (x|p,, , X, ) as the ground truth balanced distribution, and
i (@) = N (|pg: , By ) as estimated distribution, where index k denotes the k' class. For simplicity, we analyze the error
bound of a given class k, and the error bound of other tail classes can also be analyzed following the same procedure. We
denote importance weight wy () = gi(x)/pr(x) and wj(x) = ¢;;(x)/pr (). The unbiased error is:

error = By, [wi(2)L(s(2/T),y)] — Ep, [wy(®)L(s(z/T), y)]|
= [Epy [w(@)L(s(2/T), y) — wi(x)L(s(2/T), y)]|
\/Epk [(wi () — wi(x))?]Ep, [(L(s(2/T),y))?] (Cachy-Schwarz Ineqaulity) (1)

(]E N(wi (@) — wi(@))?] + Ep [(L(s(2/T),y))?])  (AM/GM Inequality)
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As shown in Eq. (1), the unbiased error is sensitive to the term E,, [(wy(z) — w}(x))?] since E,, [(L(s(z/T),y))?]) is
determined. To better understand our method, we analyze the upper bound and lower bound for the first term and denote
e = E,, [(wg(x) — wi(x))?]. The Eq. (2) shows that the upper bound of error, that is da(qx||px) + d2(g};||px). The formula
d2(q||p) presents the exponential in base 2 of the Renyi-divergence [7] and is defined in Eq. (4) and Eq. (5).

(w(z:) — w*(2:))]

o
Vpk [wi(z) — wi(x)] + (Bp, [wi(z) — wi(x)])?
= Vp, [wi(z) — w ()] (Epy [wi(2)] = Ep, [wy(z)] = 1)
=V, [wi ()] + V,, [wi ()] — 2Cov(wi (), wy(x)) (Cov denotes covariance function.) (2)

(),
da(qr|lpx) + d2(gillpk) — 2Cov(wy (), wi(z)) — 2
= da(qx|lpr) + da(qil|px) — 2Ep, [wi (x)w) ()]
< da(qrllpr) + d2(aillpr)

We also analyze the lower bound of our strategy, which is shown in Eq. (3). This indicates that the error of our method
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will be larger than (v/d2(ax[[pe) — /Z2(g5[pw))°-
e = da(grllpi) + da (a7 Ip) — 2B, [wp ()i ()]
> da(anllpr) + da(aflIpr) — 24/ B [(wi () By, [ (w7 ()?]
= da(gelp) + dagfl[px) — 20/ (Vi [wa())] + 1)(Vp [} ()] + 1) 3
= da(gellpr) + da (i 1p) — 21/ (a ) (2 g [pv)

= (Vda(qrllpr) — \/d2(q;Ipx))?

« _ 1 aX,+(1—a)X
Da(qu): 7(“’q_“p)T[aEP+(1_a)Eq] l(uq_up)_ 2(04—1) 1n| |zp3 |1Ea|2 )Oz q|
q p
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do(ql|p) = 2P=dllP) 5)
Therefore, we draw the conclusion that € € [(\/d2(gx|[pr) — /d2(qi]Ipk))?, d2(gkllpr) + d2 (g |lpk))-

2. The calculation of 7, and 7

For simplicity, we constitute one-dimensional Gaussian distribution p(z) = N (2|, 02) and g(x) = N (x|, 07), where
pa # iy and 02 < o2. When ¢(z) > p(x) we have w(x) > 1. As shown in Eq. (6), the formula equals to solve the inequality
h(z) =202 (x — pa)? — 202(x — pp)* + 40202 (Ino, — Inoy) > 0. h(z) is a quadratic function.

q(z) > p(z)
Ing(z) > Inp(z)
( /Lb)2 (:17 - /Ln,)Q (6)
th'a— 20_; >1n0b—T

40202 In0, — 202 (x — up)? > 4020 Inoy, — 202 (x — p1a)?

The equation of h(z) = 0 have two solutions and denote as 7y and 73, 71 < T2, respectively. The condition for the
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inequality to hold is x > 7 or < 7;. Normally, the solution of quadratic function is . The coefficient of our

function is shown in Eq. (7). Therefore, we get the value of 71 and 75 in Eq. (8).
A =20} — 202
B = 4;“,0(3 — 4,11(10[2, @)

C =2uco} —2uio? — 40202 (Inoy, —Inoy,)

a0} — 0% — 0404\/Tia —u)? ¥ (0 — o2)(nof —no?)

T1
2 2
ay o,

®)

_ 1a0? — 102 + a0/ (fa — )2 + (02 — 02)(Ino? — Ino2)
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T2 3
Oy —0g

3. Training procedures

Our calibration method consists of four procedures. 1. Estimate the feature distribution of each class on the validation
set: the effect is to obtain the statistics for both head and tail classes for similarity calculation and knowledge transfer. 2.
Calculate attentions between head and tail classes based on the Wasserstein distance between their distributions: the effect
is to determine how much knowledge is transferred from each head class to a tail class in a principled manner. 3. Estimate
importance weights with the calibrated distributions: the effect is to compensate for tail classes by reweighting their samples.
4. Learn the temperature 7' with the importance weights: the effect is to scale prediction confidence scores for calibration
under long-tailed distribution.



CIFAR-100 ‘ ResNet-32  DenseNet-40 VGG-19

ours(W-dist) | 1.50 2.37 1.99
Re-weighting | 1.90 2.45 2.18
Re-sampling | 1.83 2.55 2.00

Table 1. The ECE(%) on CIFAR-100-LT with IF=10.

4. Dataset and training strategy

Dataset. The distribution of CIFAR-10-LT, MNIST-LT, CIFAR-100-LT, and ImageNet-LT, are shown in Fig. 1, Fig. 2,
Fig. 3, and Fig. 4, respectively. The training set and validation set follows the long-tailed distribution while the test set is not.
For CIFAR-100-LT and ImageNet-LT, the local distribution of the validation set and the training set exists a little difference.
Since we split data randomly and such a phenomenon is rational.

Training strategy. For CIFAR-10-LT and CIFAR-100-LT, we use ResNet-32 as our backbone following [2]. We use the
SGD optimizer and set the initial learning rate to 0.1. The model has trained a total of 200 epochs. The first five epochs
are trained with the linear warm-up [4] learning rate schedule. The learning rate drops by 0.1 at epoch 160 and epoch 180,
respectively. We follow the most popular setting to set the batch size, the momentum, and the weight decay to 128, 0.9,
and 5 x 1074, respectively. For MNIST-LT, we use LeNet-5 as the backbone. We use an SGD optimizer and set the initial
learning rate to 0.1. The model has trained a total of 100 epochs. The learning rate drops by 0.1 at epoch 60. We follow the
most popular setting to set the batch size, the momentum, and the weight decay to 256, 0.9, and 5 x 10~4, respectively. For
ImageNet-LT, we use ResNet-50 as backbones and adopt the cosine learning rate schedule [5] that gradually decays from 0.1
to 0 in the first stage. The model has trained a total of 180 epochs. We follow the most popular setting to set the batch size,
the momentum, and the weight decay to 256, 0.9, and 5 X 104, respectively.

5. More ablation studies

We compare our method with the inverse frequency sampling (resampling) and loss weighting (reweighting) in Tab.1.
Since there exists some randomness of instance selection in the re-sampling method, the results of re-weighting and re-
sampling are slightly different. Our method outperforms these model-agnostic baselines. It relies on the features extracted
by the model, so the estimated importance weights can better reflect the bias of the model.

We employ the Wasserstein distance (W-dist) because it incorporates second-order statistics that can be important because
calibration aims to make the prediction uncertainty more precise. W-dist between two Gaussian distributions has a closed
form. As shown in Tab.2, W-dist outperforms L distance and cosine similarity that does not consider second-order statistics.

We split the class id of 0-2 as head classes on CIFAR-10-LT, which follows MiSLAS [9]. Tab.2 shows the results of
different split strategies. We also evaluate the split by utilizing the similarity of all classes, whose results are worse than ours.
This is because the distributions of tail classes are not reliable due to the few samples, thus transferring such knowledge is
harmful.

We also demonstrate the effectiveness of our attention mechanism. As shown in Tab.2, our attention mechanism out-
performs the simple normalization strategy, where the inverse W-dist values are directly normalized. We use this attention
mechanism because its effectiveness has been demonstrated in many areas and the softmax function enhances the knowledge
transfer from closer header classes.

6. More evaluation metrics

We evaluate our method with different evaluation metrics. The results are shown from Tab. 3 to Tab. 14. Ours1 and ours2
denote our method with v = 0.998 and o = 0.995, respectively. For the SCE metric and ACE metric, our method achieves
competitive results. The accuracy table shows that our method will preserve the model’s accuracy.



CIFAR-10 IF=100 IF=50 IF=10
ours(W-dist) 9.84 3.99 1.00
class id 0-1 9.14 4.29 1.07
class id 0-5 10.22 491 1.36
class id 0-8 12.21 6.48 2.13
similarity of all classes | 9.91 4.05 1.17
Lo distance 10.15 4.18 1.22
cosine similarity 10.41 4.53 1.46
normalization 10.39 4.51 1.48

Table 2. The ECE(%) on CIFAR-10-LT.

4000

3500

3000

2500

2000

1500

1000

500

—e— IF=100
—o— IF=50
—e— IF=10

1000

—e— IF=100
~o— IF=50
—e— IF=10

—o— test

Figure 1. The distribution of long-tailed CIFAR-10-LT. The horizontal axis represents the class index and the vertical axis represents the

number of instances.
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Figure 2. The distribution of long-tailed MNIST-LT.
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Figure 3. The distribution of long-tailed CIFAR-100-LT. The horizontal axis represents the class index and the vertical axis represents the

number of instances.
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Figure 4. The distribution of long-tailed ImageNet-LT. The indices are sorted by the number of instances per class. The horizontal axis
represents the class index and the vertical axis represents the number of instances.

IF Dataset Method
Base TS ETS TS-IR IR IROvA SBC GPC Oursl Ours2
CIFAR-10 511 421 420 403 409 422 409 433 408 397
Fojoo CIFAR-IOL | 649 497 496 482 501 502 493 507 473 449
CIFAR-10.1-C | 12.63 1021 102 1034 1031 1021 1007 1039 965  9.00
CIFAR-F 661 495 494 501 499 496 496 505 470 447
CIFAR-10 408 336 336 319 326 335 320 348 327 329
poso  CIFAR-10.1 | 529 403 406 381 402 404 388 415 38 376
CIFAR-10.1-C | 12.18 956 9.69 9.64 974 950 940 981 867 8.14
CIFAR-F 587 432 437 438 451 432 430 449 407  4.04
CIFAR-10 193 131 129 132 132 130 126 147 127 134
Fojo  CIFAR-I0L | 317 197 188 212 217 191 204 225 184 183
CIFAR-10.1-C | 1091 851 825 876 858 835 848 891 809  7.60
CIFAR-F 456 322 3.4 332 335 323 321 337 311 3.9
Table 3. The SCE (%) on CIFAR-10-LT.
Method
IF Dataset Base TS ETS TS-IR IR IROVA SBC GPC Oursl Ours2
CIFAR-10 499 416 415 402 407 415 405 430 404  3.99
Fojop CIFAR-IOL | 622 480 480 48 485 496 478 500 465 445
CIFAR-10.1-C | 12.44 10.16 10.15 1027 1024 10.14 1003 1033 962  9.01
CIFAR-F 637 487 487 487 484 486 483 493 466 451
CIFAR-10 396 333 335 32 324 333 317 347 331 337

CIFAR-10.1 499 402 406 3.84 393  3.96 383 414 383 3.83

IF=30 CIFAR-10.1-C | 11.97 9.5 9.63 959 9.66 9.44 936 9.76  8.67 8.17
CIFAR-F 562 428 433 431 443 428 426 438 4.14 4.13
CIFAR-10 1.76 1.31 1.28 1.29 1.28 1.30 1.23 1.42 1.27 1.35

IF=10 CIFAR-10.1 2.82 1.81 1.76 191 1.89 1.78 1.87 194 1.73 1.78

CIFAR-10.1-C | 10.71 847 823 8.68 852 835 844 883  8.08 7.61
CIFAR-F 429 312 3.07 314 312 3.08 3.06 318 3.04 3.02

Table 4. The ACE (%) on CIFAR-10-LT.



Method

IF Dataset Base TS ETS TSIR IR IROVA SBC GPC Oursl Ours2
CIFAR-10 69.38 6938 6938 7055 7027 6886 69.89 6928 6938 69.38
oo CIFAR-I0.1 | 5980 59.80 59.80 60.90 6050 5930  60.35 59.75 59.80 59.80
CIFAR-10.1-C | 27.55 2755 2755 2774 2770 2740 2786 2754 2755 2755
CIFAR-F 5779 5779 5779 5845 5856 5729 5827 5776 5779 57.79
CIFAR-10 7468 7468 1468 7492 7465 7422 7492 747 7468 74.68
oo CIFAR-I0.I | 66,10 6610 6610 6580 6600 6540 6645 66.10 66.10 66.10
CIFAR-10.1-C | 29.06 29.06 29.06 2875 2871 2890  29.08 29.05 29.06 29.06
CIFAR-F 6151 61.51 6151 613 6121 61.06 6149 6149 6151 61.51
CIFAR-10 86.10 8610 8610 8636 8609 8586 8614 86.13 86.10 86.10
pejo  CIFAR-I0L | 7775 7775 7775 719 7175 7145 719 7175 7175 7175
CIFAR-10.1-C | 33.45 3345 3345 3379 33.66 3334 33.60 3345 3345 3345
CIFAR-F 6784 67.84 67.84 6824 6806 67.65 68.12 67.83 67.84 67.84
Table 5. The Accuracy (%) on CIFAR-10-LT.
Method

IF Dataset | p e TS ETS TSIR IR IROVA SBC GPC Oursl Ours2

MNIST | 0.82 085 082 097 097 085 092 083 087 090

Foioo SVHN | 477 368 406 725 735 459 430 439 361 350

USPS 394 334 366 423 424 332 383 354 325 320

Digital-S | 799 624 7.6 807 811 691 697 7.4 600 5.62

MNIST | 043 044 043 049 049 043 050 043 045 047

Foso SVHN 308 322 307 633 671 287 565 308 328 343

USPS 339 324 355 423 427 331 400 339 320 329

Digital-S | 5.11 4.59 448 805 820 455 724 511 445 4.8

MNIST | 020 022 022 021 022 021 024 022 023 023

Fojo  SVHN 352 373 376 621 551 356 377 358 380 385

USPS 291 307 3.09 327 329 3.15 330 3.1 3.8 331

Digital-S | 4.86 427 425 602 569 435 481 443 423 423

Table 6. The SCE (%) on MNIST-LT.
Method

IF Dataset | p e TS ETS TSIR IR IROVA SBC GPC Oursl Ours2

MNIST | 0.78 085 082 092 093 083 092 08 086  0.89

Fojop SVHN | 484 381 424 731 737 454 455 448 373 365

USPS 382 328 356 411 402 338 369 343 321  3.10

Digital-S | 7.84 629 7.09 799 800 685  7.07 7.08 606 579

MNIST | 040 043 041 045 045 041 048 040 044 046

Foso  SVHN 321 351 322 619 660 312 565 321 363  3.90

USPS 326 3.5 337 401 401 327 389 326 312  3.18

Digital-S | 505 4.58 538 7.69 7.83 466  7.04 505 443 431

MNIST | 0.17 0.9 0.9 019 0.9 018 020 018 019 020

Fojo SVHN | 379 402 403 626 558 388 403 383 408 416

USPS 282 303 305 305 310 306 309 289 310 322

Digital-S | 4.84 443 442 586 555 440 476 456 437 437

Table 7. The ACE (%) on MNIST-LT.



IF Dataset Method
Base TS ETS TS-IR IR IROVA SBC GPC Oursl  Ours2
MNIST | 95.12 95.12 95.12 94.69 9457 9492 9484 9517 9512 95.12
Foiop SVHN 26232623 2623 2285 2339 2574 2674 2627 2623 2623
= USPS 7299 7299 7299 7179 7179 7224 7224 7279 7299 72.99
Digital-S | 30.88 30.88 30.88 28.84 28.84 30.13  30.75 30.81 30.88 30.88
MNIST | 97.44 9744 9744 9749 975 9734 9727 9744 9744 9744
Feso  SVHN 3626 3626 3626 3216 3179 358 3013 3627 3626 3626
= USPS 76.08 7608 7608 7573 7563 7583 7598 76.08 7608 76.08
Digital-S | 41.58 4158 41.58 3926 388 41.13 3836 41.62 41.58 41.58
MNIST | 9857 9857 9857 9838 9835 9856 9850 9856 9857 9857
Fejo  SVHN 3571 3571 3571 2969 306 3349 3557 3576 3571 3571
= USPS 79.67 79.67 79.67 78.62 7852 7947  79.67 7972 79.67 79.67
Digital-S | 43.38 4338 4338 4026 41.03 41.81 4249 435 4338 4338
Table 8. The Accuracy (%) on MNIST-LT.
Method
Model Dataset | p e TS ETS TSIR IR IROVA SBC GPC Oursl Ours
ResNet-32  CIFAR-100 | 052 033 032 039 040 034 038 033 033 032
DenseNet-40 CIFAR-100 | 0.44 033 033 037 037 033 035 034 033 033
VGG-19 CIFAR-100 | 0.64 028 028 028 029 029 036 029 027 028
Table 9. The SCE (%) on CIFAR-100-LT.
Method
Model Dataset | p e TS ETS TSIR IR IROVA SBC GPC Oursl Ours2
ResNet-32  CIFAR-100 | 037 028 029 035 035 029 035 029 028 028
DenseNet-40 CIFAR-100 | 033 028 028 031 031 028 030 029 028 028
VGG-19 CIFAR-100 | 039 026 026 035 034 027 033 027 026 027
Table 10. The ACE (%) of CIFAR-100-LT.
Method
Model Dataset Base TS  ETS TS-IR IR IROVA SBC GPC Oursl Ours2
ResNet-32  CIFAR-100 | 56.13 56.13 56.13 54.67 5489 5598 5552 5585 56.13 56.13
DenseNet-40 CIFAR-100 | 60.39 60.39 6039 59.74 595 6025 6040 6041 6039 60.39
VGG-19 CIFAR-100 | 56.06 56.06 56.06 544 548 5601  55.63 5597 5606 56.06
Table 11. The Accuracy (%) on CIFAR-100-LT.
Method
Model Dataset | p e TS  ETS TSIR IR IROVA SBC GPC Oursl Ours2
ResNet-50 ImageNet | 0.051 0.049 0.049 0053 0053 005 0052 0.049 0.049 0.049

Table 12. The SCE (%) of ImageNet-LT.



Method

Model Dataset | p e TS  ETS TSIR IR  IROVA SBC GPC Oursl Ours

ResNet-50 ImageNet ‘ 0.042  0.041 0.042 0.043 0.043 0.041 0.043 0.041 0.041 0.041

Table 13. The ACE (%) on ImageNet-LT.

Method

Model Dataset | p e TS ETS TSIR IR  IROVA SBC GPC Oursl Ours

ResNet-50 ImageNet ‘ 48.68 48.68 48.68 48.11 48.11 48.61 48.68 48.68 48.68 48.68

Table 14. The Accuracy (%) on ImageNet-LT.
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