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Abstract

This supplementary material contains the proofs of theoretical results, implementation details for numerical experiments
and illustrations of experiment datasets.

S.1. Proof of Theorem 1

Theorem 1 (Proxy) Assume supp(qy) C supp(py ), the following identities hold.
(a) Kantorovich OT: .
OTInaSk(Pw 7Q7C) = OTqY (Pw ?Q?C)'

cond
(b) Sinkhorn OT: .
Smask(P*,Q.C) + AH(Qy) = SiIi(P*",Q,C).
(c) UOT: there exists non-negative o(-) on Y such that supp(«) = supp(gy ), Zyey aly) = 1and
S (P*,Q,C) + Co(a, Qy) = Sehi (P, Q,C),

mask cond

where Cy is a constant depending only on o and Qy .

Proof For convenience, we first introduce some notations for proof. For finite sample setting, denote |Y| = k as class
number, n;/my as the sample size of l-th source/target class. Since supp(qy ) C supp(py ), we denote supp(py) = Y =
{1,2,...,k}, supp(py) = {1,2,...,ko} and ng = Zfil ny, where kg < k is the number of shared classes and ng the
sample size of shared classes on source domain. Without loss of generality, we denote the data matrix with cluster data as
X® = [X5,X3,...,X;] € R and X' = [X4,XE,..., X} | € RY™™, where d is data dimension, X; € R*" and
Xt € R¥™ gre the data matrix of I-th source class and l-th target class, respectively. Generally, for a matrix A, let the
uppercase letters A;; denote the blocks of A and lowercase letters a;; the entries of A. Note that for the reweighted source
we have

ko
PY =D Py Pxly = D GPxly = ) dv=iPx|is (S.1)
yey yeY =1

which implies the proportions of outlier classes are 0 in reweighted distribution. Then a submatrix Csub ¢ Rroxm of C,
which considers the cost between samples of shared classes, is defined as the first ng rows of C. Now we begin to prove the
main results.

(1) Kantorvich OT.
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Recall the masked Kantorvich OT is formulated as

OTmask(Pw*,Q7C) = min <I‘,C> .
Tell(PY",Qx) F

Let the source distribution of shared classes be X € R™, which consists of the first ng elements of p*" . Since the values
of outlier classes’ samples are 0 in p§; € R"™ as Eq. (S.1), there transport plan for outlier classes will be 0, i.e., v;; = 0 if
1 > ng. Then the original problem boils down to the transportation between shared classes:

OTmasc(P*,Q,&) = min o <r, (3>F — min <]_-\SUb’ ésub>

Temn(ry™, Tsuwbell(RY",Qx) F

On the other hands, note that the transport plan between inter-class sample pair will be 0 since, i.e., 'yjjub =01ify; # yj

since otherwise the overall transport cost will be infinity and the problem will not be well-defined. It implies the plan T"P
under masked cost admits a block diagonal structure, then we have

OTpas(P”,Q.C) = min  (p=, &)
Tsubel(RY™,Qx) r
s ... 0 Csub ... 00

= min < : : , : : >

Tsubel(RY™,Qx) ’ b ’ ~
0 .. Iy 00 --- CZ%E-O »
ko

_ min < 5ub Csub>
Fsubel‘[(Rgé* Qx) ; '
ko

— min < sub Csub>
= T3P ell(qy— RY 4y =1 Qx1) F
ko b

I‘Sll

= Z . min qy =1 < CSUb>

=1 Ui L E(R X\L’QX”) =l £
Tsub ko
(Fsub A Tl ) — ZQY:l min < Tsub Csub>
qy =1 = T ell(RY),Qx 1) F

ko

= av=10T(RY,;, Qx i, Cii™)
I=1
ko

= ay=1OT(P¥,;, @x), Cii™) (S.2)
=1

- OTZan( ’w aQa C)7

where T5™ and C31™ are ny x my blocks of I-th class, Eq. (S.2) holds since Ry v i = PX‘lfor shared classes and C5}'® = C5

for intra- class sample pairs.
(2) Sinkhorn OT.
Recall the masked Sinkhorn OT is formulated as

SA (PY,Q,C)=  min I,C) +\{I,InT
mask( Q ) FEH(P}Q’* Qx) < >F < >F



Similarly, we have
Sr)I\lask(Pw* ) Q7 é)

—  min <r,é> +A(D,InT),
Tell(PY",Qx) E

— min <I\sub7 ésub> + A <I\sub’ In I\sub>F
rsubell(RY,Qx) F

sub ~sub sub
e .. 0 Cib . o LI 0

= min < : : , : + Aln . :
FS“bGH(RS‘é*,Qx) . .b . _ ‘. . ,b
o o)L oo o o 1/,
ko
-  mn (T3®, Ci®) + A(TH®, InT5
b el(RY,Qx) ; ’ F (3™, )r
ko
=3 min (T3 Ci) + A (T3 T3,

=1 ;P EH(QY:LR%} 'ay =1Qx 1)

ko sub sub
rsub r ‘
= Z sub min qy =1 |:< u s C:illlb> _|_ )\ < U 71n ]_-\?lub> :|
B F

r o qy =i qy =i
=1 q}l/l:l EH(RX”’QX\Z)

ko b b sub sub
. b b T r
= Z Lsub min qy =i |:< i ) C?lub> + A < i 71n i > + A < i ) (hl qY—l)lnlxml> :|
=1 q;fl:z EH(R;TUQX\Z) Iy=1 F ay=l Iy=t/F qy =i F

ko
= Z qy =i Lsnbenr(?%{?* Oxn) <F?lllb’ Clslllb>F + A <I‘?lub’ In I‘?lllb>F + Aln qdy =i <I‘?lub7 1anmL>F]
1=1 1 x| Xl

ko
= av= Lmbengg . (Tii®, c;“b>F + A (T, InT5™) .+ Aln qy_l]
1=1 u X

k}o kO
= ay=1SMRY L Qx i Ci™) + A av—ingy—
=1 =1

ko
=Y av=SM(P¥, Qxp Ci™) — AH(Qy)
=1

= SM (PYT Q,C) — AH(Qy).

cond

Therefore, we have S7 (P*",Q, C) = SA W (PY",Q,C) + AH(Qy)

cond

(3) Unbalanced OT.
Recall the masked unbalanced OT is formulated as

PY) 4+ Dy(To, llQx)|

B w™ ~\ . ~

Smask(P ’ Q’ C) - I‘EMI_?(I]{{}"X"")<F’ C>F + )‘ <F7 111 F>F + ﬁ |:D¢(I‘P)’§*
where Dy, is KL divergence. The major difference between unbalanced OT and other OTs with marginal constraints is that
the T is only required to be a distribution over R"*™, i.e., T € M (R"*™) will satisfy that ~;; >= 0 and Zij vi; = L

Since T is no longer a coupling of (Pw* ,Q, C), it is necessary to consider whether the 0 transport plans for outlier classes
still hold.

Note the KL penalty D (T pu~ P}‘(’*) implies that T p.~ should be absolutely continuous with respect to PY", since
otherwise the penalty value will be infinity and the probler)ﬁt is not well-defined. Therefore, for the i-th source sample, if it
belongs to outlier classes, the corresponding values in P}é’* are 0 (i.e., [Pj(“*]l = 0), and the transport plan will also be 0
(ie., [T P)u(,*}i =5 ;% =0 = 75 =0) Therefore, the original problem can also be written as the transportation
between shared classes, i.e.,




)\1 su ~su sSu su su w Su
S P QO = | min (PG A (T I 6 DT IRY) + Dol Q)]
+

Let T5"°" be the optimal solution for the objective above. Similarly, T5"™°" is also block-diagonal since the non-zero plan
values for inter-class sample pairs (x3, x5 ) will induce infinite transport cost with cs“b. Then we consider the following

coefficient
a(l) =Y [T,

ij

which represents the values assigned to the transportation between l-th source class and l-th target class. It is clear that o)
is non-negative on Y and satisfies that supp(«) = supp(qy ). For simplicity, we denote the blocks of I‘j;f* and I‘Z}‘)‘? as
X

o o}
. =| @ | eR™, Ty =| : |€R”
@ : :
S t
Ok, Ok,

where o € R™ and Of € R™, Then we have

SMEL(PY,Q,C)

mask
. ]_-\sub7 Csub> A I\sub’ 1 I\sub |:D
Fsube_/\irf&noxnl)< F+ < 1 >F+ﬂ d)( R

)+ Do(TB2 Q)]

L.
Fsu,},)* sub
<r;;}3 ,In Rw* > + <rg};,1n Q@;«> ]
F I3
o; 0 o}

(8.3)

min b, CSUb> + (D% In TPy 4
FSub€M+(R7lDX7n) < F < >F /B

k
— zo: min < sub Csub> Y <1—\” ub In Fsub> + B

= T ea) My X m)
<]‘-‘lslub Csub> + A <I‘S‘lb In Fsub>
a(l)’ F a(l)’ F

S s t t
o oy o oy
+ ,1117* + 7,11’17
6<04(l) qy = IREU(|Z> 6<Oé(l) QYleX|l>F‘|

<rb“b cwb> + (TP, In T+ Alna(l)

of y, o _ <°§1 o > S4
+B<a(l)’ qy= lRX|l> +h Oé(l)’nqyzz@xu o 54

where Eq. (S.3) holds since TS"" is block diagonal, which implies the minimization problem can be divided into ko sub-
problems and the mass assigned to l-th class is «(l). Note that for the KL terms, we have

o/ In 7018 + <0§ In 70% >

a(l)’ QY:IREU{” h all)” av=1Qx)/ &
_[ o o} <ols a(l)1m> <0}5 o > <0f1 a(l)lm,> . 3
<a<z> § <Z>R3’é*l> Na0 ™ o /e e M anexd /T \a0 " e /e ©Y

Denote 6] = % €ando! = %, then Y .[67]; = >_,;[0}]; = 1 since the mass assigned to l-th class is o(l). Then Eq. (S.5)

ko
= Z min a(l)
=1 T e ay mrexm)

(l)

= min a(l)
F<|1b€M+(thl Xmg )




can be further written as

o o +<°f 1n°f>
a(l) gy= zRX” all)” av=1Qx)/ &

_ of a(l) o} a(l) ,_
= (06}, ln—L In —2~ 1, 1 In —2~ (&t,1,,
<0l7 an >F+ <0l7 L>F+<Ol7 nQ >F+ Ilq <0lv l>F

qy =i X\ Y=l

=S At
= (o, In—L ) +In o(l) +<o§,1n i > IR0 (S.6)
qu qy =i Qx| F Qy =i

Finally, by substituting KL terms in Eq. (S.6) into main proof Eq. (S.4), we have

SN (PY,Q,C)

mask
_ l illb Ciub A fwsubl I_xsub Al l
erubeMHf%sz) ()[< > + (TR, InT3P)  + Ana(l)
o’ o’ ol ol
ol (e,
<a(l) qy = zRX|l> a(l)” gy=1Qx)/
ko
-3 min a(l) < ub csub> + (T, T . + Alna(l)
= lraubeM (R"lxml)

o} a(l) < i > a(l)
+ﬁ<ol’ R%l> +Aln qy =i +h QX|Z —i—,Blan:l

5 At
- Za ) min <r;lub c>ub> + AT T+ 5 (6f, In — L +B<o§, ot >
— T5ube M (RP1X™0 ) Rw s Qxpi/ p

X\l

| IS

+Z {)\a Jlna(l) + 2681 a(l) O‘(l)}

=1 qy =i

—Z SM(PY L Qi Ci™) — AH(Qy) + 28Dy (0| Qy)

= S;,ﬁf( ,Q,C) — AH(Qy) + 28Dy (al|Qy).

Therefore, the non-negative o.(-) such that Sjofdo‘( v Q,C) = Silik( PY" . Q,C)+Cy(e, Qy), where Co(cr, Qy) =
)\H(Qy) — 26D¢(OL )

S.2. Experiment Details and Additional Discussions

S.2.1. Implementation Details

The network-based model is implemented in PyTorch [ 1] platform. For network architectures, f, consists of ResNet-
50 [6] and two Fully-Connected (FC) layers (R?%48 — R1924 _ R512) with batch normalization, where the FC layers are
activated by Leaky ReLU (a = 0.2) and Tanh, respectively; f. is a single FC layer (R®'? — RIY'l) with SoftMax activation.
For optimization, we use batch gradient descent with Adam optimizer (5; = 0.9, B2 = 0.999), where the learning rate is set
as le-3. Entropic parameter ) is empirically set as 1e-2 in numerical experiments. To ensure the more accurate OT estimation
with larger batch-size, we load the pretrained parameter on ImageNet for the ResNet-50 in representation learner f,., and then
froze them during the training. Therefore, the overall model is trained with batch gradient descent on Office-Home, Office-
31, ImageCLEF and mini-batch gradient descent (batch size is 5k) on VisDA-2017. The importance weight w is estimated
by BBSE algorithm [7] and updated on the fly. In training stage, we first warm up the model on source domain with risk
Ep[l(f(x®),y*)] for 20 epochs, and then train the model with full objective. Such a warm up will reduce the uncertainty
induced by pseudo labels effectively. The overall training pipeline for full objective is summarized in Alg. S.1. Note that



Algorithm S.1 MOT-based Model for PDA

Input: labeled source data { (x5, y5)}"_; and unlabeled target data {(x!)}"" ,, training epochs F,.x, conditional alignment
parameter 7;
Qutput: representation learner f,, task learner f,;
1: Initialize f, and f. as neural networks;
2: fori=1,2,..., Fpax do
3. Forward propagate {x{}1*, and {x!}!'*; and obtain {(z{,¢;)}", and {(z,,9})}1};
# Weight Estimation
4:  Estimate importance weight w on-the-fly with BBSE algorithm [7];

# Transport Assignment Learning
5:  Compute reweighted source p% as Def. 1 and maksed kernel K as Eq. (10) with pseudo target labels {9830 s
6:  Compute transport plan T = arg ming Leong for MOT according to Alg. 1;
# Conditional Alignment and Risk Minimization
7. Compute alignment 10ss Leona(fy, ') and risk loss Ly (fy, f) with transport plan T and barycenter mapping ;
8:  Update learners with overall loss L(f, fc) = Liisk(fr, fe) + 1Leona(fr, f‘):

fTF,fr_Avfrﬁ(frafc)’ fc<_fc_)\vfcﬁ(frafc)
9: end for

studying deep model-based implementation with mini-batch OT [3, 9] is also a meaningful direction. Compared with the
shallow networks with larger batch-size, mini-batch OT algorithm ensures larger capacity of deep model.

S.2.2. Dataset Details

e Office-Home [14] contains 15k images from 4 domains with 65 classes, i.e., Art (A), Clipart (C), Product (P) and
Real-World (R). In PDA setting, target domain consists of the first 25 classes (alphabetical order).

e VisDA-2017 [12] contains 152k synthetic images from domain S and 55k real images from domain R. There are 12
classes, and we form target domain with the first 6 classes.

o Office-31 [13] contains 4k images and 31 classes from Amazon (A), Webcam (W), Dslr (D). We follow standard protocol
[1] to form target domain with 10 classes.

e ImageCLEF [2] contains 3 domains with 12 classes, i.e., Caltech (C), ImageNet (1), Pascal (P). We form target domain
with the first 6 classes as protocol [&].

S.2.3. About Parameters

There are two major parameters for MOT model, i.e., entropic regularization parameter A and relaxation parameter /3 for
UOT. For sensitivity of parameters, the model performance is generally robust under different entropic parameter A\, while
the larger A (i.e., closer to original OT) may reduce the convergence speed of Sinkhorn iteration. For relaxation parameter 3,
its impact is related with the degree of label shift. When label shift is severer, /3 (i.e., penalty on marginals) should be smaller
to reduce negative transfer. In this case, the impact of S will be significant, and vice versa.

S.2.4. About Barycenter Map

Note that the barycenter maps learned with original plan and entropy regularized plan are generally different. Empirically,
we observed that intuitive strategy for increasing the sparsity of Sinkhorn plan is effective. For example, truncating the small
values in plan I" with threshold or contribution ratio can improve the proportion of accurate connection pairs in I'. Therefore,
learning de-biased map and reducing the density of I, e.g., low entropy regularization in Eq. (12), could be meaningful
problems.

S.2.5. About Partial OT

For relaxation strategy, there is another methodology called partial OT (POT) [4, 5, 10]. For masked version of POT,
the empirical modeling can be directly achieved by replacing the UOT-based relaxation model Eq. (8) with partial OT. But,
the theoretical understanding of mask mechanism with partial OT needs an in-depth analysis, which could be a meaningful
problem. We will provide preliminary discussions on masked partial OT.
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