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The proposed graph prototype contrastive learning
(GPC) can be formulated as Expectation-Maximization
(EM) solutions. In this appendix, we first provide a the-
oretical EM modeling for GPC to prove its validity and
convergence, and then systematically present the relations
and differences between the proposed approach and exist-
ing contrastive learning paradigms.

Preliminaries. For clarity and convenience, we adopt
a more general notation here, which is different from that
used in the paper. Suppose that a training set S = {si}ij\il
contains N skeleton sequences, where s; € REXK K =
J x 3, J is the number of body joints with 3D positions, and
F is the sequence length (z.e., number of consecutive skele-
tons). We first represent each sequence with skeleton graphs
by: G(s;) = ©; = (G1, -+ ,GF), where G() is the pre-
defined graph construction function, &; = (G1,--- ,Gr)
is the consecutive graphs representing the i‘" skeleton se-
quence s;, and G, denotes the t*" graph corresponding to
the t*" skeleton in s;. In our work, instead of using origi-
nal skeleton sequences, we utilize their skeleton graph rep-
resentations as inputs to capture richer skeletal body and
motion features. The objective of skeleton graph represen-
tation learning is to learn a graph embedding/encoder func-
tion fy (realized via f-parameterized neural networks) that
maps the skeleton graphs x; to v; € R¥, by v; = fq (),
such that v; can effectively represent latent features of x; to
perform person re-identification.

Formally, the goal is to find the network parameter 6

that maximizes the log-likelihood function of the observed
. N

graph representations {x;},_, of N skeleton sequences as
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follows:
0* = argmax L(xq, -+ ,xN;0)
' N
= arg ;rlaxgp (xi;0)
N
= arggna)(;logp(:1:1»;9)7 (1
where L(x1, -+ ,xn;0) denotes the likelihood function of

the observed skeleton graph representations with regard to
0, and each skeleton graph representation' x; is hypotheti-
cally related to a certain skeleton graph prototype c; € R,

with ¢; € {cj} _, and K is the number of graph proto-
types. Under thls assumption, we can re-formulate the ob-
jective in Eq. (1) as:

N
0* =argmax » logp(x;;0
s Y o (20

N K
:arg;naxiZlogZp(wi,cj;H), (2)

Directly optimizing this function is intractable, thus we con-
sider a lower-bound by using a surrogate function as:

N K
Zlog Zp(wi, c;;0)
—ZlogZQ (¢)) mZECJ,)’g)

>ZZQ ¢;)log Z’QC”)’ 9 3)

=1 j=1

IFor simplicity of presentation, we use the “skeleton graph representa-
tion” to denote the graph representation of a skeleton sequence.



where @ (c;) represents some distribution over {c; }fil

and Zjil Q (c;) = 1. We apply Jensen’s inequality to

derive the last step of Eq. (3), where the equality can be

t p(xi,cj30)
Q(cy)

achieved under the condition tha is a constant.

To realize this equality, we have:

N p (i, cj;0) _ p(xi,c530)
Qo) = Zﬁzlp(wi,cmﬂ) -~ p(xi0)

where @) (c;) is a posterior probability related to ¢;, «;, and
6. Different from [1, 2] that employ clustering to estimate
prototypes and representation distributions under the fixed
f, we exploit the graph feature centroid of each ground-
truth identity as a different graph prototype. In particu-
lar, when given the f-parameterized encoder to encode all
skeleton graphs (x;) at the Expectation step, their corre-
sponding graph prototypes (c;) are assumed to follow the
distribution of ground-truth classes in the dataset. The
graph prototype distribution is hence constant and can be
computed by @Q (¢;) = p(c;;x;,8). We can re-write Eq.
(3) as:

N K
SN Qe logp (mi,¢5:0) — Q(c;) log Q (c5)),
i=1 j=1

()

where the constant — Zfil Zfil Q (¢j)log Q (c;) can be
ignored and we need to maximize:

N K
D> Qe logp (xi,c;;0). 6)

i=1 j=1

For the Expectation (E)-step, p (c;; x;,6) (see Eq. (4))
is estimated by the ground-truth class distribution. In our
approach, the number of graph prototypes (K) is identi-
cal to the number of different classes, and we generate
skeleton graph prototypes {c; }]K:l by computing the fea-
ture centroids of encoded skeleton gra];(h representations
v; in different classes. We use {C;};_, to denote the
groups’ of graph representations (referred to as “sample
groups”’) belonging to different prototypes. Then, we com-
pute p (¢j;x;,0) = 1 (x; € C;), where 1 (x; € C;) =1
if z; belongs to the j*"* sample group C ; (i.e., correspond-
ing to graph prototype c;); otherwise 1 (x; € C;) = 0.

Assumption 1 Prototype-Class Consistency. The global
distribution of graph prototypes is consistent with the distri-
bution of class feature centroids, 1.e., all samples belonging

2The graph prototypes {c; } f: , for {ml}i\; 1 are generated based on
their encoded features {'v%}i\]:1 while {C; }JK:1 are groups of {ml}f\lzl
belonging to different graph prototypes.

to a ground-truth class explicitly correspond to the sample
group of a certain prototype. In the E-step, we adopt this as-
sumption to generate skeleton graph prototypes and derive
p(Cj;CCi,e) =1 (a:l c C])

In the Maximization (M)-step, we combine Eq. (4) to
maximize the lower-bound in Eq. (6) after the E-step:

N K
> Q(c))logp (z:, ¢;;6)

i=1 j=1

K
= Z ZP(CJ‘; x;, 0)logp (x;, c;j;0)

N K
=YY 1(x; € Cj)logp(xi,cji0). (D)

Assumed that each class is equally important and the
sample number of each class is approximately identical in
learning, each graph prototype ¢; can have a uniform prior
probability p (c;;0) = +. We have:

p(xi,c;;0) =p(xi;c5,0) p(c;;0)
1
where the distribution of samples around each graph proto-
type is assumed to be an isotropic Gaussian, leading to:

L 2
o ()

K —(vi—c;)*\’
Zj:l eXp( (vQO_JgCJ) )

where v; = fp (x;) and ¢, is the graph prototype for the
sample group C, containing x;, i.e., x; € Cp. We apply
/3-normalization to both v and ¢ to have (v — ¢)? = 2 —
2v - ¢. Then combining this with Eq. (2), (3), (6), (7), (8),
and (9), we can get the maximum log-likelihood estimation
with:

p(xi5¢5,0) = )

N
6* = arg min Z —lo ;Xp (vi - ¢p/7p) —

i=1 21 €xp (vi - ¢;/7;)

K Ny i

exp (vf - eg/T
9*:argminZZ—log Kp( ! kk/ t) ,
4 k=11i=1 Zj:l exp (vi : Cj/Tj)
(10)

where v¥ denotes the encoded features of 7' sample (i.e.,
skeleton graph representation) belonging to the k" graph
prototype ¢y, N}, is the number of samples in the &*" sample
group, and 7 is related to the distribution of encoded graph
representations around different graph prototypes.

Assumption 2 Maximum Homogeneous Similarity. The
homogeneous samples, which are defined as samples within



the same-prototype sample group, should share higher in-
herent similarity than heterogeneous samples between dif-
ferent groups. In other words, the graph prototype of each
sample group can represent the unique skeleton concepts
and attributes of a certain identity, and the same group’s
samples possess the homogeneity of features correspond-
ing to this prototype [3]. According to Assumption I, it
can be equivalent to the objective that the representation
of each sample should be maximally similar to the corre-
sponding prototype and be minimally similar to other pro-
totypes. In the M-step, we maximize the probability that
each sample representation belongs to its unique prototype
(see Eq. (9)) based on this assumption. The equivalent for-
mulation of this objective in Eq. (10) after applying feature
ly-normalization can be further interpreted as to maximize
the dot-product based similarity between samples and their
prototypes while maximizing the dissimilarity to other pro-

totypes.
Relations to Existing Contrastive Losses [1,2,4-7]:

1. The InfoNCE loss [4] re-formulated in MoCo [5] and
SimCLR [6] can be interpreted as special cases of the
maximum log-likelihood estimation in Eq. (10), where
the prototype ¢, for a feature v; is replaced by the aug-
mented feature v’; generated from different views of
augmentation of the same instance (i.e., ¢, = v’;) and
T is fixed as a temperature for contrastive learning.

2. The masked prototype contrastive (MPC) loss in [1]
and skeleton prototype contrastive (SPC) loss in [2]
can be viewed as unsupervised generalized versions of
the objective in Eq. (10). Both of them leverage unsu-
pervised clustering algorithms (e.g., DBSCAN [&]) to
generate class-agnostic prototypes c,. The SPC loss
exploits the multi-scale graph features of a skeleton
sequence as v;, while the MPC loss replaces it with
the features of random skeleton subsequences of a se-
quence. However, the instability (e.g., varying clus-
ter numbers caused by over-clustering) or/and unreli-
ability of the used identity-agnostic prototypes (e.g.,
lower confidence to characterize a ground-truth iden-
tity) largely limit their practical performance.

3. The ProtoNCE loss used in PCL [7] is a combination
of momentum-based contrastive (MoCo) learning [5]
and unsupervised prototype estimation with k-means
clustering. It has a similar form as Eq. (10), where
T is estimated with the assumption that the distribution
of feature representations around each prototype varies
in different clusters. However, PCL estimates the fea-
ture distribution under the Euclidean distance metric
used in the k-means clustering. Such estimation could
be inapplicable (e.g., can not be generalized) to mod-
els that employ different clustering algorithms (e.g.,

density-based DBSCAN [8]) or/and different distance
metrics (e.g., Jaccard metric), thus failing to getting
satisfactory performance in practice [1].

Temperatures. In our work, we adopt a generic form
following the common practice [5,6,9], ¢.e., setting a global
temperature 7 for the proposed approach. By assuming a
uniform feature distribution around each instance (i.e., 7 =
Ty = T;), we encourage the model to learn representa-
tions with higher global uniformity, which could improve
the quality of contrastive representation learning as theoret-
ically and empirically proved in [1, 10, 1 1].

In the proposed approach, each ground-truth identity is
represented with a unique graph prototype, which is gener-
ated by computing the class centroid of encoded graph rep-
resentations. We combine both sequence-level and skeleton-
level graph representations to perform the graph prototype
contrastive (GPC) learning, so as to learn more identity-
associated graph semantics from different levels. The pro-
posed sequence-level (L) and skeleton-level GPC loss
(L‘akﬁc) can be formulated based on Eq. (10) as:

K N

exp (vF
L2 = —log
GPC Z Z Z] 1 exp (

Ck/Tl)

-¢j/T1)

;D

k=11i=1

. 5 o (- 20/)
AR 3) 3) P :

k=1i=1 t=1 > 1exp( CJ/TQ)

12)

where c;, &; denotes the 4" graph prototype and its lin-
ear projection, i.e., & = F(c;), v¥ (equivalent to Sy ;
in the paper) denotes the graph representation of the i
skeleton sequence belonging to the k'" class, 'F;f,t (equiv-
alent to F (sfC j) in the paper) represents the linear projec-
tion of graph representation of the #** skeleton in the i*"
quence belonging to the k*" identity, 71 and 7 represent the
global temperatures for sequence-level and skeleton-level
contrastive learning, and Fi(-), F(-) are linear projection
heads to transform skeleton-level graph representations and
graph prototypes into the same contrastive space R?. It is
worth noting that the graph prototypes are generated from
higher level (i.e., sequence-level) representations and the
learnable linear projection in Eq. (11) can be viewed as
integrating related graph features from both levels for con-
trastive learning. Overall, the proposed GPC loss can be
viewed as a generalization of existing skeleton prototype
contrastive losses [1, 2] with: (1) Full skeletal relation en-
coding, which exploits Skeleton Graph Transformer (SGT)
to simultaneously captures structural and actional relations
from both adjacent and non-adjacent body joints (see Sec.
3.2 of the paper); (2) Fine-grained skeleton semantics learn-
ing, which combines graph prototype contrastive learning



(sequence and skeleton level semantics, see Sec. 3.3 of the
paper) and graph structure-trajectory prompted reconstruc-
tion (graph and node level semantics, see Sec. 3.4 of the

paper).
Convergence Proof

We prove the convergence of GPC under modeling the
maximum log-likelihood estimation (see Eq. (10)). Recall
Eq. (2) and (3) and let

N

= logp(z0
z;l p

= ZlogZp(wi,cj;Q
— =

K .
1ng Q (cj) p(mi7 Cj; 9)
1 g=1

Il
M= L

o Q(cj)
N K
! p (i, c;;0) 13
- i:ljZ;Q(C]) o Q (c)) 13

The above inequality holds with equality when @ (¢;) =
p (cj;x;,0) is a constant (see Eq. (4)).

In the " E-step, we have estimated the constant value
QY (cj) = p(cj;z;,0W) based on the ground-truth class
distribution. Then we have:

(033500

=1 j=1

(mh J? o(t))
. (14)
CQU(¢y)
For the ¢ M-step, we fix Q) (¢;) = p(c;;2;,00)
and train model parameters 6 to maximize Eq. (14). In this
way, we can always have:

¢ (o) > ZZQ“’ (c;) log 2

p (@i, 00HD)

=1 j=1 Q(t) (cj)
N K e (t))
> (t) ) 1 p (m’Lv C]v 9
- ; j:1 Q (Cj) Og Q(t) (Cj>
— (0<t>> . (15)

The above result that ¢ (9 ) monotonically increases with
more iterations suggests the convergence of the algorithm.

The detailed convergence properties of the EM algorithm
are discussed in [12, 13]. Here we only discuss the general
case, and follow [13] to make the assumptions for the EM
algorithm:

* (a) Q) is a subset in the r-dimensional Euclidean space
R".

s (b) Qo) = {6 €Q:£(0) >¢(0©)} is compact for
any /¢ (0(0)) > —o0.

* (¢) £(-) is continuous in {2 and differentiable in the in-
terior of ).

Under the assumptions of (a), (b), and (c)*, we have:
@ {¢ (Q(t))}t>0 is bounded above for any 09 e (.
As a consequence of (d) and the inequality (15) (i.e.,
¢ (0(”1)) >/ (Q(t))), ¢ (H(t)) converges monotonically to
some £*.

It is worth noting that there is no guarantee that ¢* is
the global maximum of £(-) over 2. As reported in previ-
ous works [13-17], if the log-likelihood function ¢(-) has
several (local or global) maxima and stationary points, the
convergence of the EM sequence {¢ ("))} to either type
of point depends on the choice of starting point. Readers
can refer to [12, 13] for more details about different conver-
gence cases of the EM algorithm.

The aforementioned fact may account for the perfor-
mance changes (i.e., small variations) of our model on the
same dataset, as different random initializations of model
parameters could change 0(9) (i.e., the starting point) hence
the final convergence result. In practice, we follow [, 18] to
train the model with different random initializations on each
dataset and report its average performance, which helps es-
timate a more stable EM convergence result with different
initialized starting points.
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