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1. Introduction

This document provides the following contents:

* A brief introduction to the implicit function theorem
which was used to derive Lemma 1.

* The proof of Lemma 1.
* The proof of Lemma 2.
* The proof of Theorem 1.
* The proof of Lemma 3.
* The proof of Theorem 2.

* The partial derivatives of entries in M.

2. Implicit Function Theorem

Here we introduce the implicit function theorem [1]. We
used it to derive Lemma 1.
Implicit Function Theorem Let f : R"™™ — R™ be a
continuously differentiable function, and let R" ™™ have co-
ordinates [x,y]. Fix a point [a,b] = [a1, - an,by - by
with f(a,b) = 0, where 0 € R™ is the zero vector. If the
Jacobian matrix of f with respect to y is invertible at [a, b],
then there exists an open set U C R" containing a such
that there exists a unique continuously differentiable func-
tiong : U — R™ such that g(a) = b, and f(xz,g(x)) =0
forall x € U. Moreover, the Jacobian matrix of g in U with
respect to x is given by the matrix product:

%9

2 (2) = ~3py@.9@) Tralz.g@) O

where J¢ (,g(x)) is the Jacobian matrix of f with re-
spect to y at [x,g(x)], and J ¢ (x, g(x)) is the Jacobian
matrix of f with respect to x at [z, g(x)].

From the implicit function theorem, we know that we
can get S—g (z) without knowing the exact form of g(x).

3. Proof of Lemma 1

Aq 3 is the smallest root of
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Suppose that 7r; is observed at x;, as demonstrated in Fig.

1. Assume xj,, is the mth element of x;. The following
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Lemma 1. Using the notations in (3), we have
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where - represents the dot product and p; = (K; - Xi)~

and &, T

Proof. a;, b;, c; are functions of poses in X;. Here we only
consider one variable x j,,, of x; (i.e., the mthentry of x; €

X
X;). To compute ===2, we treat x,, as the only unknown
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jm
and other variables in X; as constants. Thus, a;, b;, ¢; are

functions of x;,,. Then, we define

F(@im, i) = =Al5 + aid] g+ biNis+ci. (5

Then we have
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According to the definition of 5;-m in (4), it has the form
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Substituting the definitions of ¢;, X, K4, and J;, into (6),
we have
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Using the implicit function theorem, for f(x;m,, Ai3) = 0,
we have
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Substituting (8) into (9), we finally get
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4. Proof of Lemma 2

Suppose that 7r; is observed at x; and x, as demon-
strated in Fig. 1. Assume z;,, is the mth element of x;,

and zp, is the nth element of x;. The following lemma
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provides the formula of DD

Lemma 2. Using notations in (3) and (4), we have
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Proof. We first compute the partial derivative of a,\, 2 in
Ljm

(4) with respect to x,,. According to the productlon rule of
calculus, we have
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Let us first focus on the term 66;: in (12). As p; =
(ki -xi)~ ", we have
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Now let us consider 6lm Xi a
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Figure 1. Summary of our algorithm. X; is the set of poses which
can see ;. Here x; € X; and =, € X;. The key point of our al-
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Theorem 1 provides their formulas. From Theorem 1, we know
that the partial derivatives of a;, b;, and ¢; with respect to ; and
xy in (16) are crucial. As a;, b;, and ¢; are polynomials with
respect to mey (e = 1,2,3 and f = 1,2,3), to get the partial
derivatives of a;, b;, and ¢; with respect to «; and x5, we need to
compute the partial derivatives of m.y with respect to «; and .
Section 8 proves these partial derivatives of mey.

gorithm is to get gji- =

Substituting (14) into (12), we have
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5. Proof of Theorem 1

Let us define
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Using the above lemmas and notations, we can derive g;»
i
and HY,.

Theorem 1. Using the notations in (3), (4) and (16), gj» and
H; i have the forms
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where K;k = g;uT - 'u(g}%)T, u = 2\ sk + B —i— (2q -
6Ai3)gy, and v = 2); 3o + B}, and similar to g;, g; =
—; Al x; is the gradient block for xy.

Proof. Expanding the definition of A’ in (16), we have
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Substituting the definition of éj-m in (7) into (18), we can
write A as
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Assume jy, is the mth variable of x;. Then g} can be
written as
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Here 32;3 is the mth element of g; Substituting (19) into
g;- in (17), we can obtain the formula of g:“s as
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The above formula is what we proved in Lemma 1. Us-
ing Lemma 1, we known that the formula of gj- in (17) is
correct.

Now we consider the Hessian matrix. According to the

definitions of 6}, X, and Jém, we have
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Let us denote the entry in the mth row and nth column of
HY; as H); (m,n). Using the formula of H’; in (17) and
the variables in (22) and (23), we have

i o\ da; ob;
ij(m, TL) =— i 3 (2)\.;’3 a + ) —_

i

. x;
L5t . i
wlékn AT jm

2 27 2
s <)\2 3&1 —|—A 81)1 + aCZ )+

43 axjm(‘)m;m i3 8mjm8xkn 8$]‘m81‘kn
961
‘PiXi'iaz'::
6AZ 3 8@1 (9[)1 8/\7, 3
i 2\ 2a — 6)\; :
axjm ( 3 O%kn + O%kn + ( “ 73) 8xkn)

-1
;3 dv;

#i 0% jm O,
(s X 08 i O
T (6jm’ OTkn X OTin O%jm OTkm
24
On the other hand, we know
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Comparing (11) and (24), we know that the formula of H; &
in (17) is correct. L]

6. Proof of Lemma 3

A3 is the smallest eigenvalue of M;(X;):

Mi(Xz’) = Z Sz’j - Niﬁiﬁz‘Ta (26)
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ST Py, (pfjk,> Here the elements in M;, S;; and
p; in (26) are all functions of the poses in X;. As pfjk =
T;Dijr, we have

Nij
Sij=T; Y Pirbix T; = T;UuT],

k=1

—_——

Uij
27
1 Jig 1

pmy X T pwsg X T

Y jcobs(m;) k=1 ! jcobs(m;)
——

Pij
Here U;; and p;; in (27) are constants.

Lemma 3. In terms of x; and xy, p; in (27) has the form

pi(xj, ) = Tjqi; + Trqir + cij, (28)



1= 1=
where qi; = ~; Pij» dik N, Piks and ¢y, =

N% Zne@)jk T, Pin. Here O, = obs(m;) — {j, k} repre-
sents the set of indexes of the poses that can observe T,
excluding the jth and kth poses.

In terms of x;, p; has the form

pi(z;) = Tjai; + ¢y, (29)
where c;; = Ty + ik
Proof. For j € obs(m;) and k € obs(;), we take N%Tjﬁq;j
and N%ka)z-k out the summation. Then, we can write p; as
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For j € obs(mr;), we can write (30) as
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—_————
cij 3D
=T;qi; + ¢
O
7. Proof of Theorem 2

Theorem 2. In terms of x;, M; in (26) can be written as
M;(z;) = T,QT] + T,K: + (K\)"TT + C, (32)
where Q;- =U;; — quijqiTj and K; = —Niqijc;j’;-. Here

U;; and q;; are defined in (27) and (28), respectively.
In terms of x; and x, M; can be written as

M, (z;, zk) = T;0%5, T + T4 (0! )TT+Clk (33)

where O%; = —N;qi;q};.
Proof. Substituting (31) into (26) and using the formula of
Sij = T;UTT in (27), we have
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Thus we get the formula of M;(x;) in (32). Now let us
prove (33). Let us define
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Substituting (30) into (26), we obtain
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8. Partial Derivatives of Entries in M,

As illustrated in Fig. 1, the derivatives of a;, b; and ¢; in
(16) are the crux to get gj, ”, and H . The a;, b; and ¢;
in (2) are first-, second-, and third- order polynomials with
respect to the elements in M, respectively. Let us denote
the eth row and fth column entry of M; as m.s. According
to the chain rule in calculus, to compute the partial deriva-
tives in (16), we have to calculate

82m€f
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6mef azmef
8$j ’ 8:133

(36)

From our paper, we know that we only need to compute
their value at £y = [0;0;0;0;0;0]. Assume g, ke, and
0y are the eth row and fth column entries of Qi i , and

O ji» respectively. Using Theorem 2, the values of 8mef ,

d Mef

3,y » and o 55t at a9 have the forms in Table 1, Table 2,
k

am(,f 2 Mey a2 Mef
Ox; > Ox;0xy’ and ox?

it is easy to get the derivatives of a;, b;, and ¢; in (16).

a;, b;, and ¢; are polynomials. Using the relationship be-
tween the monomials can simplify the computation. For
instance, as shown in Fig. 1, miymago is a term of b,
and m11M22M33 is a term of C;. As mi11Mo2M33 =
(mq1ma2) mas. The first- and second-order partial deriva-
tives of mi1mes can be used to compute the first- and
second-order partial derivatives of m11maoomss.

and Table 3, respectwely With

T+C
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