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Abstract

Point cloud matching, a crucial technique in computer
vision, medical and robotics fields, is primarily concerned
with finding correspondences between pairs of point clouds
or voxels. In some practical scenarios, emphasizing lo-
cal differences is crucial for accurately identifying a cor-
rect match, thereby enhancing the overall robustness and
reliability of the matching process. Commonly used shape
descriptors have several limitations and often fail to pro-
vide meaningful local insights about the paired geome-
tries. In this work, we propose a new technique, based
on graph Laplacian eigenmaps, to match point clouds by
taking into account fine local structures. To deal with the
order and sign ambiguity of Laplacian eigenmaps, we in-
troduce a new operator, called Coupled Laplacian', that
allows to easily generate aligned eigenspaces for multiple
registered geometries. We show that the similarity between
those aligned high-dimensional spaces provides a locally
meaningful score to match shapes. We firstly evaluate the
performance of the proposed technique in a point-wise man-
ner, focusing on the task of object anomaly localization on
the MVTec 3D-AD dataset. Additionally, we define a new
medical task, called automatic Bone Side Estimation (BSE),
which we address through a global similarity score derived
from coupled eigenspaces. In order to test it, we propose a
benchmark collecting bone surface structures from various
public datasets. Our matching technique, based on Cou-
pled Laplacian, outperforms other methods by reaching an
impressive accuracy on both tasks.

1. Introduction

Point cloud matching, or more generally 3D shape match-
ing, is a fundamental task in computer vision. It involves
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finding the closest matching geometry to a target shape
within a set of reference shapes [65]. In addition, if the
task involves finding rigid transformations that best align
the target shape with the reference, it is often part of a reg-
istration process. In particular, point-set rigid registration
determines the relative transformation needed to align two
point clouds without altering their internal structures [41].
This problem is essential for many practical computer vi-
sion tasks, such as medical image analysis [3, 32, 48, 61],
intelligent vehicles [21, 34], human pose estimation [22]
and objects retrieval and tracking [46, 64]. Traditional
[8, 19, 57] and probabilistic registration and matching meth-
ods [15, 20, 30, 45], while robust, often struggle to opti-
mally align complex geometries, especially in cases with
intricate local structures or slight deformations.

Over the years, several methods have been proposed
to tackle the challenge of accurate and efficient 3D shape
matching and retrieval [5, 9, 11, 51, 53, 65, 73]. Data-driven
3D shape descriptors [54], capturing underlying properties
of the shapes under study, are the common denominator of
early shape matching techniques. Global descriptors, such
as volume and areas descriptors [78], describe the entirety
of the shape in one compact representation, often failing
to capture local fine details of complex geometries. On the
other hand, local descriptors [38, 57] aim to tackle this issue
but they generally are sensitive to noise, based on landmarks
and they might not capture semantic information [63]. More
recently, deep-learned shape descriptors [6, 72] and neural
networks for shape matching, based on auto-encoders [73]
or transformers [59, 68], have been proposed. Despite their
good performances, these methods require a huge amount
of annotated data for training, which are hard to collect in
fields such as medical imaging [37]. Furthermore, non-rigid
point cloud matching and retrieval methods [35, 36, 71] are
designed to handle shape deformations and, therefore, they
might be excessively flexible ignoring fine local details that
are not due to deformations, such as anomalies.
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In this study, we introduce a novel method for rigid 3D
point cloud matching, based on spectral Laplacian eigen-
maps [4, 23], which focus on local details. This technique
is designed to overcome the limitations of shape descrip-
tors and, although it can be seen as a linear graph neural
network, it does not require training. One of the main rea-
sons that combinatorial and geometric Laplacians are of-
ten considered for spectral graph processing is that their
eigenvectors possess properties like the classical Fourier
basis functions [79]. We leverage these characteristics to
perform locally-aware shape comparison of point clouds,
equipped with k-nearest neighbor graph, without relying
on additional descriptors. Nevertheless, eigenspaces align-
ment, including both eigenvalue ordering and sign dis-
ambiguity of the eigendecomposition, is required to cor-
rectly match shapes in the spectral space. Current State-
of-The-Art methods for such alignment are based on Lapla-
cian eigenfunctions matching [42, 60], i.e. matching the
histograms of the eigenvectors. The latter is not robust
and frequently fails in possible scenarios with highly sym-
metric geometries, such as bones, with small eigenvalue
separation. In this work, we introduce a novel operator,
called Coupled Laplacian, designed to simultaneously pro-
duce aligned eigenspaces for multiple registered geome-
tries. Namely, we show that when two or more shapes, each
with their corresponding graphs, are merged into a single
graph using artificial cross-edges, the eigendecompositon
of the Laplacian derived from such a combined graph yields
aligned spectral spaces for each individual component. Fur-
thermore, this method is order-invariant, count-agnostic and
landmarks-free, enabling it to handle point clouds without
being influenced by their specific arrangement or the num-
ber of points contained. Finally, we utilize the distance
between these aligned higher-dimensional spectral spaces,
which accounts for intricate local structures, as a global
or point-wise score for different applications of 3D shape
matching, as shown in Fig. 1.

One natural application of the proposed technique, is 3D
object anomaly detection thought the identification of lo-
cal differences between two shapes. Hence, we tested our
method on the MVTec 3D-AD dataset [7], recently pro-
posed for unsupervised point cloud anomaly detection and
localization. Furthermore, in the context of medical imag-
ing, correctly identifying the side of a bone (left or right) is
crucial for diagnosis, treatment planning, or skeletal anal-
ysis [12]. We refer to this task as Bone Side Estimation
(BSE). Recent studies on bone landmark detection [18] and
statistical shape modeling [31] have highlighted the limita-
tions of manual side identification for ensuring proper func-
tioning. To the best of our knowledge, manual bone mark-
ings [2] are currently the only technique used for this pur-
pose. Consequently, automatic BSE arises as an interesting,
yet challenging, task to assist the development of fully auto-
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Figure 1. Overview of the proposed technique applied to different
tasks. The global similarity between aligned eigenmaps of multi-
ple geometries, generated from the Coupled Laplacian, is used to
match bones and predict their body side. While local similarity is
exploited for accurate 3D anomaly detection.

mated pipelines for medical image analysis, such as patient-

specific preoperative planning for Total Knee Arthroplasty

(TKA) [33] or Anterior Cruciate Ligament Reconstruction

(ACLR) [17, 44]. Due to the bilateral symmetry of the an-

imal and human body [27, 67], i.e. right and left sides are

mirror shapes of one another, the BSE can be defined as

a non-trivial chiral shape matching problem. Then, given

a known reference or source bone, assessing the side of

a target bone involves finding the best match between the

source-target pair and its mirrored counterpart. The com-

plexity of this task arises from subtle local differences in
mirrored bones, which makes it a suitable application of
the proposed shape matching technique utilizing coupled

Laplacian eigenmaps as local geometry descriptors. We

propose a benchmark for human BSE by extracting sur-

face point clouds of different bones, e.g. femur, hip and
tibia, from public datasets [18, 31, 47]. We also discuss,
in the Supplementary Material, a non-rigid correspondence
application of the proposed matching algorithm, the cross-

species BSE (human to animal), on an internal dataset [40].
Our contributions are summarized as follows:

e We propose a new method to preform locally-aware 3D
rigid point cloud matching, considering fine local struc-
tures, based on graph Laplacian eigenmaps.

e We define the Coupled Laplacian operator for aligned
graphs to tackle the order and sign ambiguity issue of
the eigendecomposition.

e Based on the proposed technique, we introduce a new
method for automatic BSE to assist fully automated med-
ical pipelines and we propose a benchmark to test it.
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e We extensively evaluate our method on two tasks:
anomaly detection and BSE, outperforming previously
proposed techniques.

2. Related Works

Early efforts in developing hand-crafted 3D local features
for point cloud matching, registration and retrieval have
typically drawn inspiration from 2D descriptors. Several
methods, such as Signature of Histograms of OrienTations
(SHOT) [58, 66], Rotational Projection Statistics (RoSP)
[25] and Unique Shape Context (USC) [66] rely on the es-
timation of an unique Local Reference Frame (LRF). The
latter is usually based on the eigendecomposition of the
covariance matrix of the neighbours of a point of interest,
which are then projected into the LRF to analyze their ge-
ometric properties. For instance, SHOT [58] captures lo-
cal shape and orientation information by computing his-
tograms of surface normals and point distribution around
keypoints. In contrast, LRF-free approaches [10, 56, 57]
try to rely just on features that are intrinsically invariant.
The most common LRF-free features are Fast Point Feature
Hisograms (FPFH) [57] which, similarly to SHOT, calcu-
lates histograms of surface normals considering their rela-
tionships in a local region around a keypoint and generat-
ing 33-dimensional descriptors. Despite the progress made
with hand-crafted 3D local features, they encounter diffi-
culties when it comes to deal with issues like point cloud
resolutions, noisy data, and occlusions [26].

On the contrary, spectral-based point cloud descriptors
[1, 28, 52, 55, 62, 69, 70] are a category of feature ex-
traction methods that leverage spectral analysis techniques
from graph theory to capture the underlying structure and
intrinsic geometric properties of point clouds. Among them,
shape-DNA [52] is a surface descriptor based on eigenvalue
analysis of the Laplace-Beltrami operator. They propose to
use the sequence of eigenvalues (spectrum) of the Laplace
operator as a fingerprint characterizing the intrinsic geome-
try of 3D shapes represented as point clouds. This method
has been used for shape retrieval, classification, and cor-
respondence. Weinmann et al. [70] also proposed to ex-
tract a features set consisting of 8 eigenvalues-based indices
for each 3D point of a cloud. Furthermore, Heat Kernel
Signature (HKS) [62] and Wave Kernel Signatures (WKS)
[1] are descriptors measuring how heat and wave propagate
across a shape, having the eigendecomposition as leading
element of the computation. Scaled eigenvectors evaluated
at each point are instead directly exploited by the Global
Point Signature (GPS) [55] to represent a point cloud as
a set of infinite-dimensional vectors, characterizing each
point within the global context of the surface it belongs.
Nevertheless, the vast majority of these works assumes that
the eigenvalues of a shape are distinct and, therefore, can be
ordered. Indeed, in practice, due to numerical approxima-

tions, we cannot guarantee that the eigenvalues of the Lapla-
cian are all distinct and, possible symmetries in the shapes
may cause some of them to have multiplicity grater than
one. As shown by Mateus er al. [42], when dealing with
shape matching, an elegant way to overcome this problem
is to use the Laplacian eigenmaps scheme [4], which can
be seen as a reduced GPS, and perform a-posteriori align-
ment of the resulting point cloud embeddings. Matching the
eigenfunctions histograms, i.e. their signatures, is the only
reliable method for such embeddings alignment [42, 60].
Recently, Ma et. al. [39] proposed a canonization algorithm
for sign and basis invariance, called Maximal Axis Projec-
tion (MAP), that adopts the permutation-invariant axis pro-
jection functions to determine the canonical directions. Un-
fortunately, when the eigenvalues separation is small due to
symmetries in the geometries, these methods becomes un-
stable and sensitive to noise. To overcome this issue, in
this work we propose the Coupled Laplacian operator to
produce a-priori aligned eigenmaps for several registered
shapes, and perform locally-aware shape matching.

Deep-learned point-cloud descriptors [6, 24, 72, 77]
arose as an alternative to generate local features for 3D
sufraces. We can distinguish three main categories de-
pending on the backbone architecture employed. Convo-
Iutional Neural Networks (CNNs) are often used on point
clouds projected into 2D depth images [16, 29] or directly
on 3D voxels [24, 29, 77]. Secondly, to work directly on
raw point cloud data, PointNet and PointNet++ have been
proposed aiming to learn rotation and permutation invari-
ant features [49, 50]. Based on PointNet, several learned
descriptors have been introduced [13, 14, 75, 76]. Among
them, PPFNet [ 14] and PPF-FoldNet [13] try to improve the
feature representation of PointNet by incorporating global
context and point-pair features. Nevertheless, the lack of
convolutional layers in these models limits the learning of
local geometries. Finally, transformers-based descriptors,
such as Deep Closest Point [68], have been recently pro-
posed trying to exploit the attention mechanisms to cap-
ture shapes and surfaces intrinsic characteristics. Arguably,
training a deep-learning model, especially if based on trans-
formers, it is not always feasible in terms of training sam-
ples required to achieve good performances. Furthermore,
in supervised algorithms [13, 14, 24, 77], paired 3D patches,
such as in the 3DMatch dataset [77], are needed to train the
models. For this reason, the 3D rigid point cloud matching
method we propose does not need training and utilizes only
the similarity among properly aligned spectral embeddings
to relate an unseen target shape to the given references.

3. Method

Graph Laplacian. A 3D point-cloud {z;}}_; can be
treated as a connected undirected weighted graph G(V, &),
where V = {z;}}_, is the nodes set and & = {e;;} is the
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Figure 2. Proposed workflow of the Coupled Laplacian applied to proximal femur shapes. The N sources are registered to the target
using a rigid or affine registration. After that, cross-connection are added between each target-source pair (for simplicity, in the zoom the
shapes are not overlapping) and the Coupled Laplacian is computed on the global graph. Its eigendecomposition leads to aligned spectral
embeddings of the input geometries that can be used for shape matching.

edge set. The latter is generally obtained though the con-
struction of a nearest neighbors graph [4]. To that purpose,
in this work, we consider the k-Nearest Neighbour (k-NN)
approach, that is, node j is connected to node ¢ if x; is
among the k nearest neighbours of ;. Hence, we can build
a weighted adjacency matrix, W = {w;; }, which stores the
connections between nodes. In particular, in spectral graph
theory, a Radial Basis Function (RBF) is commonly used as
weight function for the edges between x; and x;, as

d2(:l:i,:1:j))

o2

Wij = €xXp < (D
where d2(~, -) is the Euclidean distance between two ver-
tices and o? a free parameter which, for simplicity, we
set to the maximum distance between connected nodes,
max;; dQ(xi,xj). The Laplacian matrix, L € R™*", of
a graph constructed in such way, is defined as L = D — W
where R"*" 5 D = diag([dy, - ,d,]) is the degree ma-
trix with diagonal elements d; = Z?zl w;; [43]. The
Laplacian eigenvalues, {\; }_,, and eigenvectors, {¢; }" .
can be computed by solving the generalized eigenproblem

where B € R"*" is generally set as D, and A\; < \;41. Fi-
nally, eigenmaps are simply eigenvectors sub-spaces, gener-
ated by leaving out ¢, corresponding to A\g = 0, and using
the next m eigenvectors for embedding graph nodes in an
m-dimensional space, ; — [@1(i), -, dm(7)]

Coupled Laplacian. The complete pipeline to gener-
ate aligned Laplacian embeddings through graph coupling
is illustrated in Fig. 2. Let G7 be the graph of a target
3D point cloud and gsl, cee ,QSN the ones of N different
sources. We construct a global graph, or coupled graph,
GY, by adding cross-connections separately between the

vertices of the source, V7 = {z] ?:Tl, and each of the
reference shapes, V3¢ = {z* }f:s’f withk=1,--- ,N. To
include meaningful cross-connections, we first perform a
rigid [19, 20, 45] or affine [45] registration of the source ge-
ometries to align to the target. These methods are preferred
to a non-rigid registration because, when dealing with the
identification of fine local variations, they do not change the
relative position of the points inside a point-set and, there-
fore, the deformations are kept unchanged. After that, a
sub-set of vertices, F7 < V7 ,is stochastically extracted
from the target geometry and their nearest correspondences
are searched in each of the aligned reference point clouds as

Fo = {ff’“ : arg min dz(xf’“,ijHfJT cFT} (3

s
z kFeVsk

with k = 1,--- | N. In this way, there is no constraint on the
original number points comprising each shape nor on their
initial coordinates systems. Furthermore, the cardinality of
the target sub-set, is chosen as a fraction of its total points,
|F7| =1-n", where 0 < | < 1. The cross-connection are
therefore added for each pair (f5%, f7), 1 < i < |F7],
between the target and the k-th source. Finally, we ar-
range the vertex indices of the coupled graph such that they
are grouped for each individual geometry, and the whole
weighted adjacency matrix can be computed as in Eq. (1).

We define the Laplacian matrix of a global graph, con-
structed as describe above, as the Coupled Laplacian, L &
R™%" wheren = n’ + Z}?f:l nS% . Thanks to the vertex or-
dering of the coupled graph, the solution of the generalized
eigenproblem of Eq. (2) applied to the Coupled Laplacian,
with B¢ = diag([D7, D*1,--- ,D"V]), yields to coupled
eigenvectors {¢¢ }1_,. These eigenvectors can then be split
into each single component of the coupled graph as

¢ZC = [¢Z-> ¢;’S17 R} ¢;'SN}T- (4)
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The eigenspaces restricted to the single geometries, ob-
tained thought the Coupled Laplacian, are intrinsically
aligned up to a certain component, depending of the fac-
tor [, and the eigenvalues ordering issue is automatically
solved since the split eigenvectors are associated to the same
eigenvalues. The proof of this property for the ideal case of
perfect match and more theoretical aspects of the Coupled
Laplacian are reported in the Supplementary Material.

Shape Matching with Eigenmaps. The Coupled Lapla-
cian allows the generation of m-dimensional embeddings
aligned for the graph vertices of the target and reference
shapes, ®7 = (¢7,---,¢]) € R"7X™ and &% =
(@5F,--- ,@5¥) € R™:*™ for 1 < k < N, respec-
tively. Therefore, a comparison of multiple geometries in
this higher dimensional spectral space yields to a proper
consideration of local structures. We consider in the fol-
lowing two possible applications of the coupled eigenmaps:
(1) a global shape matching score and (2) local similarity
scores. The first one can be obtained by measuring the sim-
ilarity between the aligned eigenspaces through the Grass-
mann distance, dg(+,-) [74]. Nevertheless, it cannot be
computed directly, since we consider point clouds of ar-
bitrary size and we do not have point-to-point correspon-
dences. Hence, we restrict the distance computation only
to the set of cross-connected vertices, F'7 for the target and
FS¥ for the k-th reference. In order to get the reduced basis
restricted only to those coupled points, we perform a QR
decomposition of the restriction of the eigenmodes to the
cross-points. The best matching source is then given by

arg min dg(QT,QS’“). (5
E

where Q7 and Q°* are obtained from the QR factorization
of ®7 (F7,:) and ®°*(F*,:), respectively. This first ap-
proach is used in the following to solve the BSE task by
using two source shapes, i.e. the reference bone of known
side and its contralateral mirrored version.

On the other hand, to obtain point-wise similarity scores
we propose to compare the m-dimensional embeddings of
the cross-connection vertices by using the cosine distance
function. In this case, we interpret the distance value as
the probability of local structural difference, where O means
that the two compared points have the same local structure.

4. Experiments
4.1. Experiment settings

Bone Side Estimation. The proposed global shape match-
ing score is used to perform automatic BSE. Assuming gen-
eral unknown initial frames, we used the Principal Com-
ponent Analysis (PCA) to generate a mirrored version of
the reference surface, i.e. a synthetic contralateral bone.
Namely, we identified that the bilateral symmetry of hu-
man and animal bodies is equivalent to a mirroring around

Table 1. Summary of the point cloud bone structures collected for
the BSE benchmark. L and R stands for Left and Right, respec-
tively, and S for Sheep.

Dataset ‘ Femur ‘ Hip ‘ Tibia ‘ Fibula
[T R|L R|L R|L R

S Fisheretal [18] 18 19| 20 20| - - - -
E SSM-Tibia[31] | - - |- - |- 30| - 30
& ICL[47] 35 35| - - |35 35|35 35
@ Internal [40] | 18 18| - - | 18 18] - -
Total | 70 72] 20 20| 53 83| 35 65

the second principal component on the vast majority of
bones, such as the ones considered in this study. Hence,
given the three point clouds, target, source and mirrored
source, the Coupled Laplacian of Fig. 2 can be applied.
More specifically, we selected the Random Sample Con-
sensus (RANSAC) [19], preceded by a spectral scaling, as
rigid registration method to handle varying bone lengths
without altering local structures. The scaling is performed
using only the information carried by the Fiedeler vector,
i.e. the eigenvector ¢; corresponding to the first non-zero
eigenvalue \;. A rough estimation of the bones length, in-
dependently of the Euclidean frame, is given by the dis-
tance between the points corresponding to minimum and
maximum values of the Fiedler vectors. Thanks to that,
one of the two bones can be scaled in order to match the
length of the other and improve the RANSAC registra-
tion. The three aligned m-dimensional embeddings, derived
from the eigendecomposition of the Coupled Laplacian, are
then used as in Eq. (5) to retrieve the best matching source
and, consequently, the target side. Note that, the proposed
BSE method is fully independent of the target and reference
frames and therefore can be applied directly on the segmen-
tation obtained from a medical image, without any previous
knowledge, in a fully automated pipeline. In alternative,
one can using two different bone references, one left and
one right, avoiding the mirroring step, or apply the mirror-
ing on the target shape while letting the source unchanged.
Full details of the described algorithm are provided in the
Supplementary Material.

We generated a benchmark to test the BSE task by col-
lecting several bone surface point cloud data from public
datasets [18, 31, 47]. Namely, from Fisher et al. [18] we
extracted Femur and Hip structures, from SSM-Tibia [31]
only right Tibia and Fibula, and from the Imperial College
London (ICL) [47] we collected Femur, Tibia and Fibula
point clouds. The detailed composition of the benchmark
is reported in Tab. 1. Such a variety of shapes, which
are acquired using different methods, makes the task more
challenging, including some intra-clinic variability. In our
experiments, for a given bone class, we performed cross-
testing by selecting each shape once as source and the others
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Table 2. Anomaly localization results. The area under the PRO curve is reported for an integration limit of 0.3 for each evaluated method
and dataset category. GAN, AE and VM results are provided by Bergmann et al. [7]. Moreover, we include the results obtained by
restricted GPS [55], eigenfunctions (Hist) [42, 60] and Euclidean matching and MAP [39]. All the matching methods are applied after
affine CPD registration, when not specified, or CMM + CPD Non-Rigid (NR) registration. The subsctipt on a method indicates the number
of eigenmaps used. The overall best performing methods are highlighted in boldface, while the bests for each category are underlined.

Method Bagel (C;;rllg Carrot Cookie  Dowel Foam Peach Potato Rope Tire Mean 1
Eg VM 0.388 0.321 0.194 0.570 0.408 0.282 0.244 0.349 0.268 0.331 0.335
& GAN 0421 0422 0778  0.696 0494 0252 0285 0362 0402  0.631 | 0474
2 AE 0432  0.158  0.808 0491  0.841 0406 0262 0216 0716 0478 | 0481
GAN 0.111 0.072 0.212 0.174 0.160 0.128 0.003 0.042 0.446 0.075 0.143
AE 0.147 0.069 0.293 0.217 0.207 0.181 0.164 0.066 0.545 0.142 0.203
VM 0.280 0.374 0.243 0.526 0.485 0.314 0.199 0.388 0.543 0.385 0.374
Euclidean (NR) 0.404 0.623 0.731 0.366 0.771 0.303 0.590 0.772 0.697 0.583 0.584
—:‘ GPS100[55] 0.452 0.616 0.695 0.364 0.738 0.471 0.659 0.844 0.647 0.651 0.613
o GPS200[55] 0.465 0.621 0.690 0.363 0.739 0.480 0.672 0.833 0.653 0.670 0.619
9} Histy oo [60] 0.476 0.629 0.703 0.365 0.744 0.473 0.661 0.840 0.647 0.693 0.623
MAP20 [39] 0.481 0.630 0.694 0.399 0.742 0.497 0.653 0.832 0.649 0.675 0.625
Hista00 [60] 0.491 0.629 0.698 0.351 0.746 0.501 0.663 0.841 0.652 0.695 0.627
Euclidean 0.655 0.631 0.743 0.615 0.803 0.528 0.726 0.875 0.762 0.695 0.703
Oursigo 0669  0.642  0.808 0714 0812 0582 0748 0897 0750  0.33 | 0.736
Ourszo0 0.702 0.630 0.728 0.735 0.812 0.701 0.780 0.914 0.767 0.713 0.748
Table 3. Accuracy [%] of human BSE. All the matching methods
are applied after RANSAC registration with spectral scaling, when Eigenmaps
not specified, or CMM + CPD Non-Rigid (NR) registration. The - ]
overall best performing methods are highlighted in boldface. :;g
75 30
Method ‘ Femur  Hip Fibula  Tibia ‘ Mean 1 °§
Chamfer (NR) 56.58 86.58 57.89 7474 | 68.95 % ’
Hausdorff (NR) | 57.37 87.63  59.47  73.68 | 69.54 < 65
Hausdorff 73.52 9795 5930 7252 | 75.82
Chamfer 71.64  98.65 64.62 74.47 | 77.35 60
FPFH [57] 68.88  96.67 66.69 7835 | 77.65
MAP2q [39] 76.05 98.54 7132 74.21 80.13
Histao [60] 77.63 9842 6947 7737 | 80.72 0 01 02 03 04 05
Ours2 7879  98.78 7128  78.46 | 81.83 Fraction of Cross-Edges
Ours;o 79.68 9776 7347 78.66 | 82.39

as targets on which the side has to be inferred. Therefore,
the average accuracy of all the experiments, achieved when
predicting the correct body side, i.e. binary classification,
takes into account the variability of the source shape. The
robustness of the method with respect to the reference is
discussed in the Supplementary Material.

Anomaly Localization. We tested the proposed ap-
proach for the 3D anomaly detection task in the MVTec
3D-AD dataset [7]. This recent dataset was designed for
the unsupervised detection of anomalies in point clouds of
industrially manufactured products. It contains over 4000
high-resolution 3D scans of 10 object categories. In our ex-
periments, we chose one anomaly-free training sample for
each class as source and we used the point-wise distances
of the aligned eigenmaps between this shape and each tar-
get in the test set as anomaly scores. We performed the pre-

Figure 3. Average BSE accuracy with respect to the fraction of
cross-edges used to build the Coupled Laplacian and the number
of eigenmaps used for matching.

registration using affine Coherent Point Drift (CPD) [45],
which is more suited for objects like the ones included in
the MVTec 3D-AD, e.g. length and thickness variations are
better captured by an affine registration rather than rigid.
In order to speed-up the computation, we pre-processed
the point clouds by removing their flat backgrounds with
a threshold on the z-axis after a 3-dimensional PCA and,
without losing generality, we sub-sampled the number of
foreground points to a maximum of 13000. Finally, to com-
pare the obtained anomaly scores with the Ground Truth
(GT) image, we projected back the points to the original 2D
plane and, if any sub-sampling was performed, we applied
a dilation with a structuring element of size the inverse of
the sampling factor.
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Figure 4. Graphical comparison of 3D anomaly localization using different numbers of aligned eigenmaps, m. Tuning the dimension of the
embeddings computed with the Coupled Laplacian, it is possible to decide the extent and size of local surface differences that are detected.

4.2. Experiment results

Bone Side Estimation. In Fig. 3, the average accuracy of
BSE is depicted based on the fraction of artificial cross-
edges added to create the coupled graph and the dimen-
sion of the spectral embeddings, [ and m, respectively. We
can observe that the more coupled eigenmaps we aim to
utilize for computing a global similarity score, the greater
the need for additional cross-connections to ensure the re-
liability of the results. This occurs because, when graphs
are weakly coupled with only a few cross-connections, the
Coupled Laplacian captures limited intra-shape characteris-
tics and predominantly emphasizes individual local geome-
tries. In fact, when [ = 0 and therefore the coupled graph is
not fully connected, the eigenmaps obtained using the Cou-
pled Laplacian are equivalent to the ones computed inde-
pendently on each single graph, if the eigenvalues are the
same (proof in the Supplmentary Material). On the other
hand, not too many cross-edges, nor eigenmaps, are needed
to obtain meaningful global matching scores and achieve
good performances in the BSE task. In Tab. 3 a quantitative
comparison with other methods of human BSE accuracy is
reported. For a fair comparison, all methods are performed
after RANSAC registration of the sources. Hausdorff and
Chamfer discrepancies are calculated on the Euclidean co-
ordinates of the points, for completeness, also in case of
2-Step non-rigid GMM + CPD registration (2000x slower
than RANSAC). Our method, using 10 and 20 eigenmodes
with [ = 0.5 fraction of cross-connections, outperforms the
other techniques achieving higher accuracy both on the sin-
gle bones and in average. Hence, the description provided
by the aligned eigenmaps, obtained with Coupled Lapla-
cian, is more aware of local details than the other methods.

Anomaly Localization. Tab. 2 lists quantitative results

of each evaluated method for the localization of anoma-
lies. For each category, the normalized area under the Per-
Region Overlap (PRO) curve with an upper integration limit
of 0.3 [7], as well as, the mean performance, are reported.
Performance of Generative Adversarial Network (GAN),
Autoencoder (AE) and Variation Model (VM) on the same
test set are provided by the dataset authors [7]. Further-
more, we tested restricted GPS [55], eigenmaps histogram
matching [42, 60], MAP [39] and our method, all with the
same pre-processing and source shapes, using 100 and 200
eigenmaps. In order to obtain denser and more precise
anomaly localization, the coupled graph is built using the
whole set of points as cross-connections, i.e. [ = 1. Fur-
thermore, we include the result obtained using as anomaly
score for each target point the normalized Euclidean dis-
tance of the nearest point in the source geometry, both using
rigid and non-rigid registration. Our method, using only 3D
information, outperforms all the other techniques. More-
over, we obtained better results than deep-learning meth-
ods having RGB and Depth in combination as input. Inter-
estingly, the point-wise similarity computed on eigenmaps
not properly aligned (GPS and Hist) is worst than just con-
sidering Euclidean distances between points of registered
shapes, making worthless the computation of spectral em-
beddings. In Fig. 4 we compare the qualitative results ob-
tained using different numbers of eigenmaps to score the
point-wise similarities. Using a smaller m, the proposed
technique is prone to individuate only small regions with
highly dissimilar local geometries. By increasing the size
of the spectral embeddings, we can identify larger and more
subtle surface differences, even if they are not necessarily
classified as anomalies in the GT. For instance, the potato
and bagel surfaces have some natural irregularities, with re-
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Figure 5. Comparison of the anomaly score obtained using the
Coupled Laplacian technique, with m = 200 and [ = 1, and
Euclidean distance, both after affine CPD alignment.

spect to the source, that are not highlighted using 100 and
200-dimensional embeddings, but are instead detected with
300 eigenmaps. This concept is linked to the modal length,
which we define in the Supplementary Material. The trade-
off between number of maps and extent of differences de-
tected is interesting to tune the method to other tasks requir-
ing specific attention to identify surface dissimilarities.
Ablation Study. To further motivate the preference for
Coupled Laplacian spectral space over the Euclidean one,
in Fig. 5, we display comparisons of point-wise distances
(anomaly scores) between source and target in both spaces,
after the same registration. In the first and second row the
better resistance to noise and outliers in the spectral space
is highlighted. The bending of the cable gland, i.e. the
anomaly, is barely detected in the Euclidean space because
of noisy points on the back. Instead, with the aligned eigen-
maps comparison, the anomaly, as well as the noise, is cor-
rectly localized. This is because both are local differences,
with respect to the reference, and, therefore, they can be
easily captured with coupled eigenmaps. In addition, in the
third row, we show that our technique provides a sharper
anomaly split of the cookie point cloud, which simplifies
the anomaly detection task. Nevertheless, the usage of the
proposed landmarks-free Coupled Laplacian is limited to
tasks in which a correspondence between target and source
shapes can be defined by mean of a registration process.
Problems including graph isomorphism, such as articulated
shape matching [42, 60], or non-rigid shape matching, can
be still solved using our method, without relying on the rigid
alignment, if some cross-connection are defined a-priori. In
this case, landmarks and their neighbouring points would be
most likely the easiest option to connect separate graphs and
obtain aligned spectral embeddings for further processing.
Moreover, a wrong registration of the shapes, due to ran-
domness and errors in the selected registration algorithm,
may affect the alignment of the m-dimensional embeddings

derived from the Coupled Laplacian. We report here some
statistics on registration failures in BSE (failure rate [%] /
BSE accuracy on failures [%]), using different references,
for femur 6.84 + 7.82 / 96.67 £ 11.30 (high symmetry)
and hip 0.0 £ 0.0 (low symmetry). Moreover, to test ro-
bustness, we added white Gaussian rotation and translation
noise, i.i.d. in the 3 axis post-registration, obtaining (Rot.
SD [°] / Trans. SD [mm] / Acc. Drop [%]): 2.5/5/8.16
-5/5/15.13-7.5/10/18.16. Given the low registration
failure rates and high robustness to noise, we can rely on the
proposed coupling algorithm, making the method indepen-
dent of the acquisition frames. Moreover, the method can
well generalize to any chiral shape matching problem and
to tasks like identification of topological noise in graphs and
partial matching (see example in Supplementary Material).

5. Conclusions

We presented a versatile method to perform 3D rigid point
cloud matching, both globally and locally, by using aligned
eigenspaces for two or more similar shapes without prior
knowledge on the local frames or specif markers on them.
The introduction of the Coupled Laplacian operator en-
ables the generation of aligned eigenmaps relying on cross-
connections added between graphs of registered geometries.
We introduced a novel task consisting in the automatic de-
tection of a bone side, i.e. Bone Side Estimation (BSE), and
we proposed a benchmark to test it. Leveraging global sim-
ilarities of eigenmaps derived from the Coupled Laplacian,
we define a full pipeline to perform BSE on arbitrary bone
surfaces segmented from a generic medical image. More-
over, we tested the ability of the proposed method in captur-
ing local surface differences by performing 3D anomaly de-
tection on the MVTec 3D-AD dataset. The proposed tech-
nique outperforms other methods on the two tasks, therefore
capturing better both global and local similarities, thanks
to the matching performed on correctly aligned spectral
spaces. Beside the applications showcased here, we believe
that our work can help several tasks in many fields in which
the localization of local difference is crucial for matching,
detection or retrieval. Future extensions could explore gen-
eralizations of the technique, not only for rigid matching
but also to address challenges such as graph isomorphism.
This approach opens new avenues for advancing the State-
of-The-Art in 3D shape analysis and matching techniques.
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