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Abstract

Principal component analysis (PCA), along with its ex-
tensions to manifolds and outlier contaminated data, have
been indispensable in computer vision and machine learn-
ing. In this work, we present a unifying formalism for PCA
and its variants, and introduce a framework based on the
flags of linear subspaces, i.e. a hierarchy of nested linear
subspaces of increasing dimension, which not only allows
for a common implementation but also yields novel vari-
ants, not explored previously. We begin by generalizing
traditional PCA methods that either maximize variance or
minimize reconstruction error. We expand these interpre-
tations to develop a wide array of new dimensionality re-
duction algorithms by accounting for outliers and the data
manifold. To devise a common computational approach, we
recast robust and dual forms of PCA as optimization prob-
lems on flag manifolds. We then integrate tangent space ap-
proximations of principal geodesic analysis (tangent-PCA)
into this flag-based framework, creating novel robust and
dual geodesic PCA variations. The remarkable flexibility
offered by the ‘flagification’ introduced here enables even
more algorithmic variants identified by specific flag types.
Last but not least, we propose an effective convergent solver
for these flag-formulations employing the Stiefel manifold.
Our empirical results on both real-world and synthetic sce-
narios, demonstrate the superiority of our novel algorithms,
especially in terms of robustness to outliers on manifolds.

1. Introduction

Dimensionality reduction is at the heart of machine learn-
ing, statistics, and computer vision. Principal Component
Analysis (PCA) [27, 52] is a well-known technique for re-
ducing the dimensionality of a dataset by linearly trans-
forming the data into a new coordinate system where (most
of) the variation in the data can be described with fewer di-
mensions than the initial data. Thanks to its simplicity, ef-
fectiveness and versatility, PCA has quickly been extended
to nonlinear transforms [6, 46, 61], Riemannian mani-
folds [21, 37, 55] or to unknown number of subspaces [71].
These have proven indispensable for extracting meaningful
information from complex datasets.
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In this paper, we present a unifying framework marrying
a large family of PCA variants such as robust PCA [36, 44,
57], dual PCA [69], PGA [63] or tangent PCA [21] speci-
fied by the norms and powers in a common objective func-
tion. Being able to accommodate all these different ver-
sions into the same framework allows us to innovate novel
ones, for example, tangent dual PCA, which poses a strong
method for outlier filtering on manifolds. We further enrich
the repertoire of available techniques by representing the
space of eigenvectors as ‘flags’ [4], a hierarchy of nested
linear subspaces, in a vein similar to [54]. This ‘flagifica-
tion’ paves the way to a common computational basis, and
we show how all these formulations can be efficiently im-
plemented via a single algorithm that performs Riemannian
optimization on Stiefel manifolds [8]. This algorithm addi-
tionally contributes to the landscape of optimization tech-
niques for dimensionality reduction, and we prove its con-
vergence for the particular case of dual PCA.
In summary, our contributions are:
¢ Generalization of PCA, PGA, and their robust versions
leading to new novel variants of these principal directions
* A unifying flag manifold-based framework for comput-
ing principal directions of (non-)Euclidean data yielding
novel (tangent) PCA formulations between L; and Lo ro-
bust and dual principal directions controlled by flag types
* Novel weighting schemes, not only weighting the direc-
tions but also the subspaces composed of these directions.
* A practical way to optimize objectives on flags by map-
ping the problems into Stiefel-optimization, which re-
moves the need to convey optimization on flag manifolds,
an issue remaining open to date [66, 77]
Our theoretical exposition translates to excellent and re-
markable findings, validating the usefulness of our novel
toolkit in several applications, from outlier prediction to
shape analysis. The implementation can be found here.

2. Related Work

Our work will heavily combine PCA with flag manifolds.

PCA and its variants. Although there are many variants
of PCA [5, 11, 27-29, 61, 71, 78], we focus on certain
forms of Robust PCA (RPCA) [35, 44, 46] and Dual PCA
(DPCA) [69]. As opposed to RPCA, DPCA finds directions
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orthogonal to RPCA and is designed to work on datasets
with outliers by minimizing a 0-norm problem [69].

We also consider the generalization of PCA to Rieman-
nian manifolds, Principal Geodesic Analysis (PGA), which
finds geodesic submanifolds that best represent the data [21]
and has been applied to the manifold of SPD matrices on
“real-world” datasets [25, 62]. Though, exact PGA is hard
to compute [63, 64]. Principal Curves [26] finds curves
passing through the mean of a dataset which maximize vari-
ance and have seen their own enhancements [37]. Lin-
earized (tangent) versions of PGA perform PCA on the tan-
gent space to the mean of the data [1, 6]. Geodesic PCA
(GPCA) removes the mean requirement [30, 31]. Barycen-
tric Subspace Analysis (BSA) realizes PCA on more classes
of manifolds than just Riemannian manifolds by generaliz-
ing geodesic subspaces using weighted means of reference
points [54]. Recent years have witnessed further general-
izations [9, 55, 58] as we will mention later.

Flag manifolds. Flag manifolds are useful mathematical
objects [4, 15, 34, 74, 77]. Nishimori ef al. use Riemannian
optimization and flag manifolds to formulate variations of
independent component analysis [48-50, 50, 51]. Others
represent an average subspace as a flag [16, 42, 43] and find
average flags [41]. Flags even arise as nested principal di-
rections and in manifold variants of PCA [54, 55, 77].

3. Preliminaries

Let us start by briefly introducing Riemannian geometry,
flag manifolds, and methods for finding principal directions.
The flag and flag manifold definitions follow [41].

Definition 1 (Riemannian manifold [38]). A Riemannian
manifold M is a smooth manifold with a positive definite
inner product {(-,-) : TxM x TxM — R defined on the
tangent space TxM at x € M.

Definition 2 (Geodesics & Exp/Log-maps [38]). A
geodesic v : R — M parameterizes a path from v(0) = x
to (1) = y. The exponential map Exp, (v) : TxM — M
maps a vector v € TxM to the manifold in a length pre-
serving fashion such that % (0) = v and Exp, (v) = y. Its
inverse, the logarithmic map is Log, (y) : M — TxM for
X,y € M and computes the tangent direction from X t0'y.
Hence, y(t) = Expy (TLog,(y)) for T € R is the geodesic
curve. H € M is said to be a geodesic submanifold at
x € M ifall geodesics through x in H are geodesics in M.

Definition 3 (Flag). A flag is a nested sequence of sub-
spaces of a finite-dimensional vector space V of increas-
ing dimension, is the filtration {0} = Vo C V1 C ... C
Vi CVWith) =ng < ny < ... < ng < n where
dimV; = n; and dimV = n. The type or signature of this
flagis (n1,...,ng;n) or (ng,...,ng).

Notation: We denote a flag using a point X on the Stiefel
manifold [18] St(n,n) = {X € R : XTX = TI}.

Given X € St(ng,n) and x;, i column of X, we define

Xit1 = [Xn;41  Xni12 Xpy, | € RWMH (1)

where m; = n; —n;—q fori = 1,2,... k. [Xq,...,X}]
denotes the span of the columns of {X1,...,X;}. Then

[Xl] - [Xl,Xg} c---C [Xl,...,Xk] = [X] Cc R™.

is a flag of type (n1, . ..,ng;n) and is denoted [X].

Definition 4 (Flag manifold). The set of all flags of
type (ni,...,ng;n) is called the flag manifold due to
its manifold structure. We refer to this flag manifold as
FL(n1,...,ng;n) or FL(n+1). Flags generalize Grass-
mann and Stiefel manifolds [18] because FL(ng;n) =
Gr(ng,n) and FL(1,...,ng;n) = St(ng,n). We denote
Sflags as FL(n + 1) using the fact from [77]:

FL(n+1) = St(ng,n)/O(m1)xO(ma) X -+ xO(Mp41)-

4. Generalizing PCA and Its Robust Variants

Principal directions are the directions where the data varies.
We now review and go beyond the celebrated principal com-
ponent analysis (PCA) [27] algorithm and its variants. In
what follows, we present PCA in a generalizing framework,
which further yields novel variants. We consider a set of p
centered samples (points with a sample mean of 0) with n
random variables (features) X = {x; C Rn}§:1 and col-
lect these data in the matrix X = [x1,Xa, ..., Xp).

Definition 5 (PCA [27]). PCA aims to linearly transform
the data into a new coordinate system, specified by a set of
k < n orthonormal vectors {u; € R" ;?:1, where (most
of) the variation in the data can be described with fewer di-
mensions than the initial data. The i principal direction
is obtained either by maximizing variance Eq. (2) or mini-
mizing reconstruction error (Eq. (3)):

E; [lIms, (x5)13] )

u; = argmax
uTuzl,uESiJ‘

E; [lIx; — s, (x)l13],  (3)

u; = argmin
ufu=1,ucs}

where Tg,(x) := uulx, S; = span{uy,ug,...,u;}, Si
denotes its orthogonal complement, and E; denotes expec-
tation over j. Although these objectives can be achieved
jointly [73], in this work, we focus on the more common
practice specified above. Notice that Eq. (2) is equivalent
(up to rotation) to solving the following optimization:

arg max tr(UTXXTU) 4)
UuTu=I1

Directions of maximum variance captured by the naive
PCA are known to be susceptible to outliers in data. This
motivated a body of work devising more robust versions.
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Definition 6 (Generalized PCA). The formulations
in Dfn. 5 can be generalized by using arbitrary L,-

norms, q-powers, and weighted with real weights
{wla w2, . .. 7wp}"
U* = argmax E; [ijwSU (Xj)||;ﬂ , 5)
UTU=I
U* = argmin E; [wj”xj — T8y (xj)Hg] , (6)
UTU=I

where s, (x) := UUTx. Both problems recover PCA up
to a rotation when p = q = 2. Whenp < 2and q < 2, a
more outlier robust version of PCA is achieved, and the two
formulations become different. The variance-maximizing
(Eq. (5)) ¢ = 1 case is known as L,-RPCA [36]. Specif-
ically, when ¢ = p = 1, it recovers L1-RPCA [44] and
when q = 1, p = 2, it recovers Lo-RPCA [57]. On the
other hand, minimizing the reconstruction error (Egq. (6))
leads to L1-Weiszfeld PCA (L1-WPCA) [46] forq =p =1
and Lo-WPCA [14] forq =1, p = 2.

Generalizing Dual-PCA. Momentarily assume that the
data matrix can be decomposed into inliers X; and outliers
Xo: X = [X;,Xo]P, where P is a permutation matrix.

Definition 7 (Dual-PCA [69]). Assuming the samples live
on the unit sphere, {x;}!_, € S"~!, DPCA seeks a sub-
space S, = span{by,bs, ..., by} so that S} contains the
most inliers (e.g., columns of Xy). In other words, we seek
vectors {b;}¥_, that are as orthogonal as possible to the
span of the inliers. This is formalized in the iterative opti-
mization problem

b; = argmin || X7b]o. (7

IIb||=1, beS;- |
When we re-write the maximum variance formulation of
the PCA optimization in Eq. (5) as the minimization (e.g.,
- : TH |2
b; = argminjy—1 yest  [|X"b||3) we see that Dual-
PCA minimizes a similar objective that is robustified by con-
sidering a 0-norm.

Definition 8 (Dual Principal Component Pursuit (DPCP)).
Relaxing the Ly-norm sparse problem into an Li-norm one
turns the DPCA problem into L1-DPCP [69]. When solved
via an Lo-relaxed scheme, we recover Lo-DPCP (referred
to as DPCP-IRLS by [69]).

Definition 9 (Dual PCA Generalizations). In general,
we can think of Dfn. 7 and 8 as variance-minimizing
(Eq. (8)) and reconstruction-error-maximizing (Eq. (9)), re-
spectively:

B* = arg min ]Ej [HWSB (X])Hg] ®)
BTB=I

B* = argmax E; [[[x; — msy (%)]|2] - ®)
BTB=I

Using Eq. (8), we recover L1-DPCP withp = q = 1 and
Lo-DPCP withp = 2 and q = 1.

Remark 1 (New DPCP Variants). Two other possibilities
optimize Eq. (9) whenp = q = landp = 2,q = 1. We
call these methods L,,-Weiszfeld DPCPs (WDPCPs), specif-
ically, L1-WDPCP and Lo-WDPCP for different p values.

Extension to Riemannian manifolds. Principal geodesic
analysis (PGA) [21] generalizes PCA for describing the
variability of data {x; € M}?_, on a Riemannian manifold
M, induced by the geodesic distance d(-,-) : M x M —
R.. To this end, PGA first requires a manifold-mean:

p =argminE; [d(x;, y)2] , (10)
yeM

where the local minimizer is called the Karcher mean and if
there is a global minimizer, it is called the Fréchet mean. A
more robust version of the Karcher mean is the Karcher me-
dian which minimizes E; [d(x;,y)] and can be estimated
by running a Weiszfeld-type algorithm [3]. Next, PGA
uses geodesics rather than lines, locally the shortest path
between two points, as one-dimensional subspaces.

Definition 10 (PGA [20, 63]). The i*" principal geodesic
for (exact) PGA is defined as v;(t) = Exp,(u;t) con-
structed either by maximizing variance (Eq. (11)) or by
minimizing reconstruction error (or unexplained variance)

(Eq. (12)):

u; = argmax
[ull=1, ues;

E; [d(p, mrs0) (%5))%] (11)
w = argmin  E; [d(x;, ms,)(%)%], (12)
lul=1, uest,

where Sy = span{u}, the i*™ subspace of TuM, and

S; = span{uy,ug,...,u;}. (13)

The projection operator onto H(S) C M, the geodesic sub-
manifold of S C Ty, M, is '

w3 (x) = argmin d(z, x). (14)
z€H

where H(S) = {Exp,(v) : v € S}.

Remark 2. In contrast to PCA, PGA needs to explicitly de-
fine H(S) because the tangent space and manifold are dis-
tinct. While in Euclidean space, maximizing variances is
equivalent to minimizing residuals, Eq. (11) and Eq. (12)
are not equivalent on Riemannian manifolds [63]. PGA
results in a flag of subspaces of the tangent space of type
(1,2,...,k;dim(T,,(M)) in Eq. (15) along with an in-
creasing sequence of geodesic submanifolds in Eq. (16)

S CSQC"'CS}CCTM(M), (15)
H(S1) C H(S2) C - C H(Sk) C M. (16)

U7 g can use any monotonically increasing function of distance on M.
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Additionally, a set of principal directions, {w;}¥_,, form
a (totally) geodesic submanifold H(S;) C M as long as
geodesics in H(Sy,) are carried to geodesics in M [67].

Similar to Dfn. 6, we now generalize PGA.

Definition 11 (PGA Generalizations). Let {w;}_;, C R
denote a set of weights. The weighted principle geodesic is
7i(t) = Exp,, (u;t) where u; maximizes / minimizes:

w;, = argmax E; [wid(p, s, (%5))] 17)
lull=1,ues;",

u;, = argmin E; [wjd(xjvﬂ-’}'[(s“)(xj))q] o (18)

lull=1,ues;,
This recovers PGA when q = 2 and w; = 1 for all j.

Remark 3 (Tangent-PCA (7T PCA) [21]). PGA is known to
be computationally expensive to compute except on a few
simple manifolds [59, 67]. As a remedy, Fletcher etal. [2]]
leverage the Euclidean-ness of the tangent space to define
principal geodesics as y(t) = Exp,,(tu;) where {u;}}_,
are the principal components of {Log,,x; }le. This ap-
proximation, known as Tangent-PCA, and we will later ap-
proximately invert it to reconstruct data on M by (i) using
principal directions to reconstruct the data on T,,(M), then
(ii) mapping the reconstruction to M using Exp,, (*).

Proposition 1 (Robust PGAs (RPGA & WPGA)). Setting
1 < q < 2, gives us novel, robust formulations of the PGA
problem (RPGA and WPGA) defined in Dfn. 11, which we
will solve in the unifying flag framework we provide. While
general robust manifold-optimizers such as robust median-
of-means [40] can be used to implement RPGA and WPGA,
to be consistent with TPCA, we will approximate these
problems by performing RPCA and WPCA in the tangent
space of the robust Karcher median (removing the square
in Eq. (10)). We will refer to these tangent space versions
as tangent RPCA (RT PCA) and tangent WPCA (WT PCA).

We are now ready to formulate novel, dual versions of PGA.

Proposition 2 (Dual PGA (DPGA)). Given a dataset on a
Riemannian manifold, we define dual robust principal di-
rections, analogous to DPCA (Dfn. 9):

b, = argmin E; [wjd(uﬂrH(Sb)(xj))q] (19)
Ibll=1,bes;,

b; = argmax E; [wjd(xj,ﬂH(Sb)(xj))q}. (20)
Ibl|=1,beS;=,

We refer to these novel principal directions as
DPGP (Eq. (19)) and WDPGP (Eq. (20)). Again,
we can approximate these problems by performing DPCP
and WDPCP in the tangent space, resulting in the tractable
algorithms of tangent DPCP (TDPCP) and tangent
WDPCP (WTDPCP).

| |(p,q)|| Variance Rec. Err. FL(n)
=[(2,2)]] PCA[27] PCA[27] (1,2,..,k)
=|.5|(2,1)|| Lo-RPCA [57] Ly-WPCA [14] (k)
8|&|(1,1)|| L1-RPCA [44] L1-WPCA [46] (1,2, ..., k)
SI_1(2,2)|| LPCA[69] LPCA[69] (1,2,...k)
a § (2,1)|| Lo-DPCP [69] Ly-WDPCP (k)
(1,1)|| L;-DPCP [69] L,;-WDPCP (1,2, ..., k)
=[(2,2)|| TPCA[21] TPCA[21] (1,2,....k)
) g (2,1)|| Lo-RTPCA Ly-WTPCA (k)
S|~|(1,1)|| Li-RTPCA L;-WTPCA (1,2,...,k)
=
S|_[(2,2)] LTpPca LTPCA (1,2,...k)
§(2,1) Lo—-TDPCP  Lo-WTDPCP (k)
(1,1)|| L1-TDPCP L;~WTDPCP (1,2,..., k)

Table 1. A summary of variants of PCA, robust PCA and tan-
gent PCA. The new PCA variants introduced in this paper are
highlighted in blue. For robust variants of PCA: optimizing over
FL(1,2,...,k;n) = St(k,n) recovers L, and optimizing over
FL(k;n) = Gr(k,n) recovers Ly formulations. Optimizing for
any other flag type will provide a collection of novel algorithms
between L; and L2 versions.

Remark 4 (Normalization). Classical DPCA works with
datasets normalized to the unit sphere. Our tangent formu-
lations of DPCP variations do not perform this preprocess-
ing on the tangent space.

We summarize all the PCA methods as well as our ex-
tensions in Tab. 1.

5. Flagifying PCA and Its Robust Variants

We now re-interpret PCA in Euclidean spaces as an opti-
mization on flags of linear subspaces. This flagification will
later enable us to introduce more variants and algorithms.

Definition 12 (Flagified (weighted-)PCA (fPCA) [54]). A
(weighted-)flag of principal components is the solution to:

k
[U]* = argmax E; lZw”HWU(xJ)%] (1)

[UJ€FL(n+1) ]

where w;; denote the weights. We refer to a weighted flag
PCA algorithm optimized over FL(ny,ng,...,ng;n) as
weighted — fPCA(n1,na, ..., ng;n). Whenw;; = 1V4i, 4,
we recover fPCA.

Remark 5. The solution to Eq. (4) is only unique up to rota-
tion, and PCA is unique (up to column signs) because we or-
der by eigenvalues. This ordering imposes a flag structure.
Interpreting this optimization problem over a flag empha-
sizes the nested structure of principal subspaces [13] and
provides a slight loosening of the strict eigenvalue order-
ing scheme from PCA. Also note that the joint optimization
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over the whole flag of subspaces (instead of optimizing each
subspace independently) poses a computational challenge,
preventing [54] from a practical implementation. This gap
is filled via a manifold optimization in [77] by characteriz-
ing the Riemannian geometry of F L(-). We provide further
details in the supplementary.

Building off of these, we now flagify the robust variants of
PCA before introducing new dimensionality reduction al-
gorithms and moving onto the principal geodesic.

Flagified Robust (Dual-)PCA variants. To respect the
nested structure of flags, we must embed the flag structure
into the optimization problem. Generalized versions of ro-
bust PCA in Eq. (22) and Dual PCA in Eq. (23) change the
objective function value and the space over which we opti-
mize. We state these flagified formulations below.

Definition 13 (Flagified (Dual-)PCA). In the sequel, we de-
fine flagified (f) RPCA / WPCA / DPCP / WDPCP:

[U]* = (22)

argmax E; [S0 mu,(x)2],  (RPCA)
[UleFL(n+1)

argmin E; [ X4, x5 - mu,(x;)]l2] . (FWPCA)
[UleFL(n+1)

[B]" = (23)

argmin E; [L5, Ims,(x;)2],  (DPCP)
[B]eFL(n+1)

argmax B[S0, x; — 78, (x;)]2] . (FWDPCP)

[B]eFL(n+1)
where U; and B; as X; is defined using Eq. (1).

Remark 6. Formulating these flagified robust PCAs over
FL(,2,...,k;n) recovers Ly formulations and over
FL(k;n) recovers Lo of robust PCA and DPCP formula-
tions. This fact is enforced in Tab. 1.

Inspired by Mankovich and Birdal [41], we now show
how to implement these robust variants by showing equiva-
lent optimization problems on the Stiefel manifold [18]. We
start by viewing weighted fPCA in Eq. (21) as a Stiefel op-
timization problem in Prop. 3. For the rest of this section,
we will slightly abuse notation and use [U] for flags of both
primal and dual principal directions, discarding B. We will
provide the necessary proofs in our supplementary material.

Proposition 3 (Stiefel optimization of (weighted) fPCA).
Suppose we have weights {w”}zzlszf for a dataset
{xj}ﬁ?:l C R"™ along with a flag type (n1,n2,...,nK;n).
We store the weights in the diagonal weight matrices

{W. k| with diagonals (W) ;; = wi;. If

k
U* = argmax Z
UeSt(ng,n) ;1

tr (UTXW, X" UL) (24)

PCA Variant || fRPCA/fDPCP | fWPCA /fWDPCP

Weight || W from Eq. (25) | W from Eq. (26)

Table 2. Weight matrix assignment according to the flagified ro-
bust PCA formulation.

where 1, is determined as a function of the flag signature.
For example, for FL(n + 1):

1, l:5€{m_1+1,ni_1+2,...,ni}
(Ii)l,s - 0

Then [U*] = [U]* is the weighted fPCA of the data with
the given weights (e.g., solves Eq. (21)) as long as we re-
strict ourselves to a region on FL(n + 1) and St(ng,n)
where (weighted) fPCA is convex.

otherwise

Sketch of the proof. Our proof, whose details are in the
supp. material, closely follows [41]. O

We propose an algorithm for finding
(weighted) fPCA wusing Stiefel Conjugate Gradient
Descent (Stiefel-CGD) [22, 60] in the supplementary.

Next, we translate the flagified robust PCA optimizations
in Egs. (22) and (23) to problems over the Stiefel manifold
with diagonal weight matrices

(W ([U]));; = max {|[ULUTx;[5,¢} ", (25)
(W; ([U]));; = max {|x; — ULU x;||2,¢} ", (26)

chosen according to the robust fPCA optimization of con-
cern, as outlined in Tab. 2.

Proposition 4 (Stiefel optimization for flagified Robust
(Dual-)PCASs). We can formulate fRPCA, fWPCA, fDPCP,
and fWDPCP as optimization problems over the Stiefel
manifold using [U]* = [U*] and the following:

U* = @7
argmax Y+, tr (UTP#UL), (fRPCA)
UesSt(n,nk)

arg min Zle tr (P; —UTP; UL), (fWPCA)
UeSt(n,ny)

U* = (28)
arg min Zle tr (UTP; UL), (fDPCP)
UeSt(n,nk)

argmax Y. tr (P; — UTP;UL) (fWDPCP)
UeSt(n,nk)

where P~ = XW; ([U)XT, P+ = XW; ([U])XT and
W ([U]), W ([U]) are defined in Tab. 2 as long as we
restrict ourselves to a region on FL(n + 1) and St(ny, n)

where flag robust and dual PCAs are convex.
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Algorithm 1: fRPCA, fWPCA, fDPCP
Input: Data {x; € R"}/_, flag type (n +1),€ >0
Output: Flagified principal directions [U]*
Initialize [U]
while (not converged) do
Assign weights:
case fRPCA or fDPCP do
| Assign {W; ([U])}~_, using Eq. (25)
case fWPCA do
| Assign {W; ([U])}}_, using Eq. (26)
Update estimate:
case fRPCA do
At < Y LUTXWSXT
| U« argmaxzegy(s,n) AT ([U])Z
case fWPCA do
A« Y LUTXWXT
B U « argminge gy s ) A ([U)Z
case fDPCP do
| Assign U using Eq. (28) with {W;F ([U])}

[U]* + [U]

Egs. (27) and (28) offer natural iterative re-weighted
optimization schemes on the Stiefel manifold for obtain-
ing flagified robust PCA variants, where we calculate a
weighted flagified PCA at each iteration with weights de-
fined in Tab. 2. This is similar to [10]. We summarize these
algorithms in Alg. 1. We further establish the convergence
guarantee for the case of fDPCP Prop. 5 and leave other
convergence results to future work. The assumption in our
convergence guarantee is realistic because in the presence
of real-world, noisy data, we cannot expect to recover dual
principal directions that are perfectly orthogonal to the in-
lier data points. We leave dropping this assumption, lever-
aging optimizing our algorithm, and more advanced proof
techniques similar to those in [2, 53] for a future study.

Proposition 5 (Convergence of Alg. 1 for fDPCP). Alg. /
for fDPCP converges as long as |ULUTx;||2 > € Vi, j as
long as we restrict ourselves to a region on FL(n + 1) and
St(ng,n) where fDPCP is convex.

Sketch of the proof. Similarto [7, 41, 43], we first show that
an iteration of Alg. 1 decreases the fDPCP objective value
and then convergence follows easily. O
Remark 7 (Flagifying PGA or Tangent-PCA). True flagifi-
cation of exact PGA is a difficult task. While Eq. (15) resem-
bles a flag structure, this is not the case for the nonlinear
submanifolds in Eq. (16) [12, 23, 24]. Instead, we will fo-
cus on its tangent approximations, where we map the data

to the tangent space of the mean and perform (weighted)
fPCA along with fRPCA, fWPCA, and fDPCP in the tan-
gent space, just like in T PCA (remark 3).

Remark 8 (Computational Complexity (CC)). Alg. I for
JRPCA, fWPCA, and fDPCP has a CC of O(N,M)
and Alg. 1 in TeM for fRTPCA, fWTPCA, and
JTDPCP has a CC of O(N,pnnZ) + O(N,M), where N,
is the number of iterations of the outer loop, N, is the num-
ber of iterations of the Karcher median, M is the CC of
Stiefel CGD, p is the number of points, and the flag is of
type (N1, M, ..., Ng; N).

Remark 9 (Flagifying Tangent (Dual)-PCA). All these
flagified PCA formulations can be run in the tangent space
of a manifold centroid, producing a corresponding tan-
gent version. Following the same convention, we dub these
JTPCA, fRTPCA, fWT PCA, and fT DPCP and propose an

algorithm for their computation in the supplementary.

Remark 10 (Even further fPCA variants). As summarized
in ??, optimizing over FL(1,2,...,k;n) recovers Ly ver-
sions of robust PCA while FL(k;n) recovers Lo versions,
in particular RPCA, WPCA, and DPCP. Naturally, one can
employ other flag types recovering robust PCAs “in be-
tween” Ly and Lo that differ from L,, 1 < p < 2.
Moreover, these flagified PCA formulations can be run in
the tangent space of a manifold centroid to recover tan-
gent robust Ly and Loy principal directions, and even ones
in between. These generalizations immediately produce
a plethora of novel dimensionality reduction algorithms.
While we glimpse their potential advantages in Sec. 6.1, we
leave their thorough investigation for a future study.

6. Results

Baselines. Our algorithm results in a family of novel
PCA/TPCA algorithms (c¢f. Tab. 1 in blue). We compare
these to their known versions using state-of-the-art imple-
mentations. In particular, we use the bit-flipping algo-
rithm of [45] for L;-RPCA, the alternating scheme of [72]
for Lo-WPCA, and the iteratively reweighted algorithm
of [69] (DPCP-IRLS) for L,-DPCP. Finally, we use the Py-
manopt [68] implementations for Stiefel CGD and Rieman-
nian Trust Region (RTR) methods on flag manifolds [47] to
directly optimize the objectives in Prop. 4.

Implementation details. We always initialize Alg. | ran-
domly and determine convergence either if we reach a max-
imum number of iterations (max. iters. of 50) or meet
at least one of |f([UM™]) — f([U™HV])]| < 1079 or
d.([UM], [U+D]) < 1072 where d,(-, -) is the chordal
distance on FL(n + 1) [56]. Karcher’s mean/median con-
vergence parameter is 10~%, and step size is 0.05. All algo-
rithms are run on a 2020 M1 MacBook Pro.

Qutlier detection. Euclidean formulations of PCA yield
the residuals of ||x; — UUTx;,||5 (for WPCA, RPCA, and
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L,-RPCA Lo-WPCA L,-DPCP

Obj.1 | Time | Obj.| |Time | Obj.| |Time

Baseline 54.69|70.66 | 42.89/0.24 | 34.83|0.26
Flag (Alg. 1) 54.66 | 0.19 | 42.92]0.45 | 34.66| 0.38

Table 3. Objective function values and run times comparing
fRPCA(1, ..., k)/ fWPCA(k)/ fDPCP(k) found with Alg. 1 to
baselines L1-RPCA/ Lo-WPCA/ L2-DPCP respectively.

PCA) and ||Bx,||2 (for DPCP). To predict labels for out-
liers, we normalize these residuals between [0, 1] and decide
on a threshold during AUC computation. Non-Euclidean
versions, (fW7PCA, fRTPCA, and TPCA), given k flat-
tened principal directions U = [uy, ..., u;] at a base point
x € M, we compute 7y (r;) = UUTx; and reshape it
into v; € TxM. The predicted label is then obtained from
the reconstruction error for x; by thresholding the manifold
distance d(x;,%;), where x; = Exp,(v;). The predic-
tions for 7 DPCP follows a slightly different scheme which
uses flattened estimations for the dual principal directions in
B = [by,...,bg] and the data in the tangent space {v,}.
The predicted label for point j is obtained by thresholding
IBV;]|2-

6.1. Evaluating Euclidean Principal Directions

Can flagified PCAs recover specified algorithms? To
ensure that our robust algorithms in Alg. 1 can re-
cover traditional, specific PCA variants, we compare
fRPCA(1, ..., k) to L1-RPCA, fWPCA(k) to Ly-WPCA,
and fDPCP(k) to Lo-DPCP in Tab. 3 (with 200 max.
iters.) by computing the first & = 2 principal directions
of {x;}1% € R® where x; ~ U0, 1) is sampled uniformly.
As seen, our algorithms converge to similar objective values
as the baselines while Lo-WPCA and Lo-DPCP run faster
than the flag versions. Yet, the novel fRPCA(L, ..., k) is
much faster than L;-RPCA and fDPCP(k) converges to a
more optimal objective albeit being initialized randomly, as
opposed to SVD-initialization of Lo-DPCP.

Is our algorithm advantageous to direct optimization
on manifolds? We compare Alg. 1 to direct optimization
with Stiefel CGD and Flag RTR on data {x;}3°, € R?
where x; ~ U]0,1). Fig. 1 presents run times and objec-
tive values attained when computing the first £ = 2 prin-
cipal directions via fRPCA(1, ..., k), fWPCA(1, ..., k), and
fDPCP(1, ..., k) with 20 random initializations. Our algo-
rithms converge faster and to more optimal objective values
than naive Stiefel-CGD and Flag-RTR.

Outlier detection on remote sensing data. We use the
UCMercedLandUseDataset [76] with 100 inlier ‘runway’
and introduce outlier ‘mobilehomepark’ images. We use the
benchmark RPCA by Candes et al. [11]. Results in Fig. 2
(top) indicate a slight yet consistent increase in performance
using novel robust fDPCP(1, 40).

fDPCP(L,...K) L
B Ours
AWPCA(L,....k) - — Stiefel CGD
fRPCA(1,..., k) =gl I Flag RTR
10 15 20 25 0 20 40 60
Obj. Val. Time (sec.)

Figure 1. Alg. 1 converges faster to more optimal cost values com-
pared to Stiefel CGD or Flag RTR.

20 Outliers 40 Outliers 60 Outliers
1.01 T g e fDPCP(1,40)
o« L™ (31 LA o L2-DPCP
Fos{ -7 Y g L RPCA
(! ALl i PCA
107210110 107210-110° 1072101 10°
FPR FPR FPR
32 Outliers 64 Outliers 128 Outliers
1.0 T g = .
. 1l o RS A fWPCA(1,9)
£ el fDPCP(1,41)
0.8 -‘-wr_.’ -« PCA
1072101 10° 10-210-' 10° 10-210-! 10°
FPR FPR FPR

Figure 2. Average ROC curves over five trials of outlier samples
for UCMercedLandUse (top) and YaleFaceDB-B (bottom). All
data is reshaped and projected to R®® before outlier detection.

QOutlier detection on Cropped YaleFaceDB-B. Similar to
DPCP [70], we use the 64 illuminations of one face from
YaleFaceDB-B [75] as inliers and introduce outliers as ran-
dom images from Caltech101 [39]. Results in Fig. 2 (bot-
tom) indicate that our robust flag methods are advantageous
and the dual variant dominates as the outlier contamination
increases.

6.2. Evaluating Non-Euclidean Extensions

We now evaluate flagified tangent-PCA and its robust vari-
ants starting with a synthetic evaluation of the sphere and
Grassmannian before moving to real datasets. See the sup-
plementary for additional experiments.

Convergence on 4-sphere. To sample a dataset of inliers
and outliers on the 4-sphere §* = {x € R®: ||x[]s =1}
(see supplementary for details). Then we compute the
first k = 2 principal directions of fRTPCA(1,...,k),
fWTPCA(L, ..., k), and fTDPCP(1, ..., k) and plot objec-
tive values as Euclidean optimizations in the tangent space
of the Karcher median at each iteration of Alg. 1 in Fig. 3.
All methods converge quickly, while the spread of objective
function values due to initializations decreases.

Outlier detection on G(2,4). To compare between dif-
ferent flag type realizations of flagified robust PCAs, we
now synthesize data with inliers and outliers on Gr(2,4),
the set of all 2-planes in R?* represented as Gr(2,4) =
{[X]: X e R**?and XTX =1} [I8]. To do so, con-
sider two random points [X],[Y] € Gr(2,4) acting as
centroids for inliers and outliers, respectively. Inliers are
sampled as Expxj(aV;) where a ~ U[0,1), V1,V €
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0 fRTPCA(1,...,k) fWTPCA(L,...,k) fDTPCP(1,...,k)
g /1 ” 20
‘520 40 \\ AN
o 30 0
0 1 2 700 25 5.0 0 1 2
Iteration Iteration Iteration

Figure 3. 50 random initializations of f7PCA variations. The
blue line is the mean and the shaded region is the standard devia-
tion. The x-axis of this plot is the number of iterations of Alg. 1
performed in the tangent space.

== 1 TPCA
fWTPCA(k)
B : fWTPCA(L,...,k)
fRTPCA(K)
) . fRTPCA(L,...,k)
R R R fTDPCP(K)
0.0 ‘ ‘ ‘ ‘ ‘ fTDPCP(1,...,k)
0.1 0.2 0.3 0.4 0.5
Prop. Outliers

1.0 C LT T meaw W R,y aEE

Figure 4. AUC of different algorithms for outlier detection using
the first k = 2 principal directions of outlier-contaminated data on
Gr(2,4). All iterative variants are optimized with 100 max. iters.

Tix)(Gr(2,4)) are two random tangent vectors and Exp(x;
is the exp-map of Gr(2,4). We randomly choose ¢ €
{1,2}. Outliers are sampled similarly as Expy|(bV)
where b ~ U[0,0.1) and gradually added to the dataset.
Fig. 4 plots the AUCs for outlier detection using the first
k = 2 principal directions. f7DPCP(1, ..., k) produces the
highest AUC and is more stable to the presence of outliers.
We also found that Euclidean PCA variants with the same
data produce lower AUC (see supplementary).

Qutlier detection and reconstruction on Kendall pre-
shape space. We use an outlier-contaminated version of the
2D Hands [65] to probe the performance on a real dataset.
We represent the 44 total inlier Procrustes-aligned hands
and added outliers in the Kendall pre-shape space [33]:
53 = (X R X = 1and 3, x; = 0.
We sample outliers as open ellipses with axes sampled
from N(.4,.5), centers from A (0,.1), and a hole that is
~ 6.8% of the entire ellipse. We project these outliers
onto ¥:3¢ by normalization and mean-centering. Fig. 5 re-
ports the AUC on outlier detection as we gradually add out-
liers. f7DPCP has the best outlier detections for both flag
variants followed by fRTPCA, fWTPCA, and 7PCA with
flag type (1,2, . .., k) producing different AUC than F L (k)
(cf. Tab. 1). All algorithms in these experiments are initial-
ized with the SVD. We further consider a dataset with 30
outliers to isolate the hands (inliers). We run 7PCA with
k = 4 principal directions to reconstruct the first hand
in Fig. 6. In a slight abuse of notation, we reconstruct a
hand x € X3° using k = 4 principal tangent directions
fur,...,w} € T, (¥3°) as x = Log, (UUTExp,(x))
where U = [uy,...,uy]. Since fTDPCP(1,...,k) and
fTDPCP(k) almost perfectly detect all the outliers, they

1.00 p=

1.00 e =ke ' " . == TPCA

ixth\. 0.981 o WTPCA(K)

o 0.751 \ t ' fWTPCA(L,...,k)
=) 0.961 =~ fRTPCA(K)

< 0.50 \ P % fRTPCA(L,... k)
0.25/ W | 0941y fTDPCP(K)

' ‘ ‘ 3 1 fTDPCP(1,...,k)

0.25 0.50 0.75 0.25 0.50

Prop. Outliers Prop. Outliers

Figure 5. Mean AUC for outlier predictions using the first £ = 4
principal directions where we gradually add outlier ellipses to the
2D Hands dataset. The mean is over 20 trials of adding outliers.

TPCA fWTPCA(k)

fRTPCA(k) fWTPCA(L,...,k)

~0.044

fRTPCA(1,...,k) fTDPCP(k) fTDPCP(1,...,k)  Ground Truth

Figure 6. Reconstructions using a PCA of the inliers detected by
variants of fW7 PCA, fRTPCA, f7TDPCP and 7 PCA on a the 2D
Hands dataset with 28 hands and 16 ellipses. The reconstruction
error is reported inside each hand.

produce the best reconstructions.

7. Conclusion

Having fun with flags, we have presented a unifying flag-
manifold-based framework for computing robust principal
directions of Euclidean and non-Euclidean data. Cover-
ing PCA, Dual-PCA, and their tangent versions in the same
framework has given us a generalization power to develop
novel, manifold-aware outlier detection and dimensional-
ity reduction algorithms, either by modifying flag-type or
by altering norms. We further devised practical algorithms
on Stiefel manifolds to efficiently compute these robust di-
rections without requiring direct optimization on the flag
manifold. Our experimental evaluations revealed that new
variants of robust and dual PCA/tangent PCA discovered in
our framework can be useful in a variety of applications.

Limitations & future Work. We cannot handle non-linear
flags [24] and hence cannot cover nested spheres/hyperbolic
spaces [17, 19, 32]. We have also not included Barycentric
subspaces et al. [54]. We leave these for a future study.
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