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1. Theoretical Analysis and Results

1.1. Notation

We will be using the same notation as sec. 3 in the main paper. We review this notation for the convenience of the reader.

We consider a depth L neural network with layer widths {ny,...,nz}. Welet X € RV>"0 denote the training data, with
ng being the dimension of the input and N being the number of training samples. We let Y € RV X"~ denote the training
labels. The output at layer k£ will be denoted by F}, and is defined by

Fr,_Wrp +bp, k=1L
Fr = ¢(Fp1Wi +bi), kel[L—1] (1.1)
X, k=0

where the weights W, € R™—1%"k and the biases by € R™* and ¢ is an activation applied component wise. The notation
[m] is defined by [m] = {1,...,m}. For a weight matrix W}, at layer k, the notation W} will denote the initialization of
that weight matrix. These are the initial weights of the network before training begins under a gradient descent algorithm. In
general, we will denote the whole neural network by F. A neural field is any such network that parameterizes a continuous
field.

All networks will be trained with the standard Mean Square Error (MSE) loss defined by
1
£(0) = SlIFL©) = Y17 (1.2)

where 6 denotes the parameters of the network F i.e. the weights and biases.
For the activation ¢ we will be primarily focused on the following functions:

1. Gaussian activations [2, 15, 18]: e~ /%" where w > 0 is a fixed hyperparameter. The square of this hyperparameter is the
variance of the Gaussian i.e. how wide the Gaussian is.

2. Sine activations [19]: sin(wz) where w > 0 is a fixed hyperparameter, which gives the frequency of the sine function.

3. Sinc activations [16]: sinc(wz) := %;”) for z # 0 and 1 for z = 0.

4. Wavelet [17]: eiw0Te=e*/wi where i denotes the complex imaginary number, wy > 0 is a frequency hyperparameter and
w? > 0 is a variance hyperparameter. Observe that this activation is complex valued, hence when dealing with real-valued
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signals we will always take the real part of the associated output of the neural network. In fact we will always deal with
real-valued signals and hence will never need to consider the imaginary part. Note sometimes this wavelet is explicitly
called the Gabor wavelet. When the context is clear we shall just call this activation the wavelet activation.

5. ReLU: This is the Rectified Linear Unit that is commonly used throughout all of machine learning.

For this section we will generally assume the frequency and variance parameters are fixed. In the experiments sections, sec.
2 and 3, we will choose these parameters by runnnin sweeps and picking the best values.

When we employ a ReLU activation we will primarily do so with a positional embedding layer (PE), which is simply an
embedding of the data into a higher dimensional space. The reader who is unfamiliar with PE should consult the standard
references [10, 20]. A ReLU-networks that employs a positional embedding layer will be denoted by ReLU — PE.

We will also need the following complexity notations: O(-), O(+) and (). We recall that f(x) = O(g(z)) if there exists
constants C' > 0 and o > 0 such that f(z) < Cg(x) for all x > x. We have that f(x) = Q(g(x)) if the reverse inequality
to to big O is true. Namely, that there exists constants C' > 0 and z9 > 0 such that 0 < Cyg(z) < f(x) for all z > .
Finally, we remind that reader that f(z) = O(g(z)) if f(x) satisfies both sides of the inequality, that is f(x) = O(g(x)) and

f(@) = Qg(x)).

Finally, we use the notation w.h.p to denote with high probability and the notation w.p. to denote with probability/.
1.2. Conditions for the convergence of gradient descent

In this section we will prove a preliminary result that will be integral to the proofs of the main theorems in sec. 4 of the main
paper. F' will denote a fixed network of depth L as given by (1.1). When we want to emphasize that the network is of depth
L, we will denote the network by F,. We will denote the gradient descent updates by

9k+1 = Hk- — nvkﬁ(ﬂk) (1.3)

and let F} = F}(6), where 6}, denotes the parameters at iteration k of the gradient descent update. When context clearly
implies the iteration step, we shall simply write F; and forget the k-superscript. Furthermore, when we want to talk about the
weight matrices at a particular gradient descent iteration k, we will denote them by (W/*)£_,. Thus superscripts will always
denote the iteration step of the gradient descent algorithm.

In this section, we will assume the activation ¢ satisfies the following two inequalities

l¢(z)| < Aand |¢(z)| < B. (1.4)
Example 1.1. Examples of activation functions satisfying eqns. (1.4) are sine, Gaussian, sinc, wavelet, tanh and sigmoid.
Example 1.2. Examples of activation functions not satisfying eqns. (1.4) are ReLU, GeLU and SiLU.
The following lemma bounds the kth-layer feature matrix for 0 < & < L — 1 in terms of a bound on the activation, the width
of the layer and the number of samples.

Lemma 1.3. Let ¢ be an activation function such that |¢| < A. Then for 0 < k < L — 1, we have that
1Fll, < 11Felle < VAN

Proof. For a give matrix the 2-norm || - ||, is given by the maximum singular value of the matrix, which is always bounded
above by the Frobenius norm. To obtain the bound on the Frobenius norm, observe that each entry of F} is given by
(Fr)ij = ¢((Wy,Fr—1)i;), since the activation function act component wise. In particular, each entry of F}, is bounded above
by A. Since there are a total of ny N entries the result follows. O

The following lemma provides a bound on the gradient of the loss.
Lemma 1.4. For 0 = (W,,)._, and k € [L] we have

IV, LO)]

L
< BY Ay N T IWsllullF = YL,

p=k+1

where we remind the reader that N is the number of training samples.



Proof. The lemma is proved using the formula

L

Vec(VWkE(G)) = (FL(Q) — Y) H (Wp ® IN)Dp—l 'Im ® Fr_1,
p=k+1

where Vec denotes the vectorization operator. See [11] for a derivation of the formula.

We then estimate
IV, £O)]], = ||Vec(vwk£<e>) I

L
= H(FL(H) -Y) [[ Wp®In)Dpoy 1o, @ Frs

p=k+1 2
L
< BY S| FL0) = YILIF-all [T 11wl
p=k+1
L
< B AN [T WL IIEL9) = YL,
p=k+1
where the last inequality comes from applying lemma 1.3. O

The following lemma bounds the difference of a feature matrix at two different iteration points, along gradient descent.

Lemma 1.5. Let 0, € (WL |, 0, € (WP)E | and choose numbers N, > max{||W2||,, ||W}||,}. Then for any k € [L] we
have

[1F%(0a) = F5(00)]] -

k
< Bk||X|F(HAj)|Wf —wh,

j=1
k

k
+) Bk(il)\/Ani_1N< HAj> |We —WP|p
j=1

i=2
Proof. The proof proceeds via induction. We start by proving the base k = 1 case

I1Ff = FYlle = [lo(WiX) — o (WP X)),
< BIIX|| WS = WY,

Assume the statement for & — 1, we then prove it for k:

1E¢ = FRlle = [lo(WEF,) = o(WEF )l
< B||WiFi_y = WF_ ||,
< BIWiF_y = WEF_ + WEF_ = WEFL |,
< B(|WiFy = WEF | + IWEFR_y — WEFE_ )
< B(IWEILIFy = Fe_ille + 1 F LW = WELL)
< B|WELIIFy = Fi_illp + By A N||WiE = W[,

where the last inequality follows from applying lemma 1.3. Applying the induction hypothesis to the || F}¥_; — ,2’71 || term
proves the lemma. O



We now prove a theorem that gives conditions under which gradient descent converges to a global minimum. It will be used
to prove the main theorems in sec. 4 of the main paper by showing that under certain initializations the conditions of the
theorem are satisfied, thus allowing use to deduce that such initializations lead to convergence to a global minimum.

Theorem 1.6. Fix a deep neural network F given by (1.1), having activation function ¢ satisfying (1.4) and such that
nr—1 > N. Let (Cl)lel be any fixed sequence of positive numbers and let

J
00 = Omin(Fi_1), M = [[WPl], + Cu N = [ [ M, (1.5)
=1

where oy, denotes the minimum singular value. Assume that the following inequalities are satisfied at initialisation:

—=\[,—2— 71 XZ+1—>L}
o2 > 16y/2L(0)(B)" 2A(maxl,€[”{ ) (1.6)
0= (6)(B) mine 1 {C}
PN B L-1 L7172(L_.)_1 B L-1

ol > 321/2L(60) (B 1X[1 - (VAnoN o [T N+ Y B 77 (AnicaN)hiase [ Aj> (1.7)

j=1 i=2 j=i+1
— [=2L — ~ [ty - -

o8 > 8\, (B X oV AR N (M) Aassr—1)* + B (An,»_lN)(AiH_)L_l)Q)/\L (1.8)

1=2

where B = max{1, B} and A = max;c(1;{v/An/N}.

Assume that the learning rate satisfies
i o L B -1
7 < min {02, (Ap)~3 (BQLHX|F\/AnON(/\1)(/\2_>L_1)2 + ZBzL(Ani_lN)()\iH_,L_l)Q) } (1.9)
0 i=2

Then for any k > 0 we have that
2

k
cw»s<1—#})cww (1.10)
implying that the loss function L converges to a global minimum under gradient descent.

Proof. We will prove that for every k& > 0 the following conditions are satisfied:

IWH, < N, L€ (L), t €10,k (1.11)

%ao < Omin(FE_1), t €0, k], (1.12)
0'2 t

£ < (1-0%) £l60).t € .1 (1.13)

The proof will proceed via induction with the base k = 0 being clear. Therefore, assume that the three conditions hold for
iteration k. We will prove they hold for iteration k£ 4 1. Applying the triangle inequality and using the gradient decent update,



we have

W — WPl p

k
< Wt =yl
s=0

k
=) [IVwi L(0s)]],
s=0
k L
<nd B An N T IWILIE: =YL,
s=0 p=Il+1

k
<pBE-(HD Anl—lNle-&-l—)LHFf =Y,
s=0

8

k 2\ s/2
— g,
< 0B A N ) Y (120 ) IE -

s=0

where the second inequality follows from lemma 1.4, and the final inequality from the induction assumption.

(1 — n%g) 2 The above right term can then be bounded by

k
nB =D A N (Ngasn) Y wt||FE =Y,
s=0

1 ukJrl)

0
16
S?B DA N Nyis1) || FL = Y-

0
< (i, by (1.6)

8 _
S?B D/ AnZiN(Ns1o1) - (1*"“2)(1?”172

7Y||F

Let u =

(1.14)

where we used that 0 < u < 1 to get the second inequality. Using the fact that the operator norm is bounded above by the

Frobenius norm and an application of Weyl’s inequality gives
WL < (WP, + Cr= N
and thus condition (1.11) has been proved for k + 1.
We move on to prove condition (1.12). We have
k
1E 5 = Foalle

L-1

L—1
< BYX], ( I Aj) -l B<L-1>-“-WW(

Jj=1

[<i6>B2L 2| X, (v AnoN) (HA )A%HZBM D=1 /An; N

0 =0

Jj=i+1

IA

IN

1
500-by (1.7)

k + 1. The final step is to prove (1.13).
Define the matrix G = Ff_, WF+1. A simple computation shows
2L(0k1) = |IFLTH(0) = Y17
= 2L(0x) + ||FL ™ = FE|G +2Tr (Fp ™ = F)(FE - V)T

) WA W),
L—

(1.15)

i 5) o) v

where the first inequality follows from lemma 1.5 and the second by applying (1.14). This establishes condition (1.13) for

=2L(0k) + |[|F;T — FE|2 + 2Tr(FH — G)(FF - Y)T +2Tr(G — Ff)(Ff - Y)T.



The strategy now is to bound each term on the right separately, put them together and obtain a bound for the left hand side of
the above inequality. Using lemmas 1.4 and 1.5, we have

L L L
|EE— EE|l, < BYIX|, ( m) WA WL, + 3 B (/A ) ( 1T Aj) VR e

j=1 =2 j=it1
L
<n |:BQL_2|X||F‘ (VAnoN)X1 . Xe + Y B*E79(An; 1 N) ()\i+1>2:| |1FE = Y],
=2
We then observe that by applying lemma 1.5 and (1.15) we get
Tr(Fp = G)(FL = Y) = Tr(WEH P — Wi P (P - )T
<FH = FLall IWELIFE = Y,

L1
<n {BQ<L1)||X|F (\/AHON)X1_>L_1X2_>L—1 + Z BAL-1-9) (An;_1N) (Xi+1—>L—1)2

i=2
ALl|FE = Y13
The final step is to estimate the term 7'r(G — F¥)(FF — Y)7T:

Tr(G — FE)(FE — )T = nTr<<F£_1>T<F£_1><F£ Yy - Y))

< _namin(F}j—l)ZHF}j - Y||i
‘73 k 2

where we used the fact that
VWLE(HIC) = (Ff—l)T(FLk - Y)7

our assumption that nz,_; > N to obtain Apin (FF_ )T (FF_,)) = omin(FF_,)?, and the induction hypothesis for k giving,
Umin(F}j_l) Z %UU

We can now form an estimate for £(6y1) that will prove condition (1.13). We define two terms

An)?

M=

T = [B2L|X|F(¢m) () (Ranz1) + ) B (AniaN) (A”H“)Q](

2

~

-1
T, = [32L|X|p(¢m) ) Casszo1)? + Y B (An; 1 N) (AHHL-l)ﬂAL

1=

N

and note that condition (1.13) says precisely that 2 > 87T5. Using this we obtain
i
£ < (10 + 2012 ) £l0n)
2
< (1 - n%>,c(9k).
4
Finally, the assumption (1.9) on 7 finishes the induction proof. O

The above theorem gives three conditions that need to be satisfied for the gradient descent algorithm to converge for the MSE
loss function of a neural network F' admitting an activation function ¢ that satisfies eqns. (1.4). In particular these three
conditions can be used to check if a neural network admitting one of the groups of activation functions given in exmp. 1.1.



1.3. Do the inequalities (1.6)-(1.8) from theorem 1.6 actually hold?

The purpose of this subsection is to show that there are many regions in parameter space where conditions (1.6)-(1.8) hold.
Theorem 2.2 then guarantees that if a network is initialised at such points of parameter space, then with a small enough
learning rate, gradient decent will converge to a global minimum.

Set C; = 1 forl € [L]. Initialise the weights 6 = WP, ..., WP_,, W} so that 0,in(Fr—1(60)) > 0 and W = 0. This
latter condition implies 1/2L(6p) = ||Y||. Let Oo(r) = (rW},...,rW?_,,0) be an r dependent parameter.

Condition (1.6) for 6y (r) reads

a0(6o(r))? > 16 25(9)(§)LZ<{Iel[aﬁ{XHL(eo(T)})~ (1.16)
The term L
A (Bo(r)) = H (r|WP]l +1)
k=l

is a polynomial of degree at most L — 1 in 7. Furthermore, since oq(0g (7)) = omin(Fr_1(0(r)) it follows that o (0 (r))? =
r2(L *1)03. We thus see that the left hand side of inequality (1.16) is a polynomial of degree 2(L — 1) in r and the right hand
side is a polynomial of degree at most L — 1 in r. It thus follows that for r sufficiently large (1.16) holds. We can analyse
condition (1.7) in a similar way. Substituting 6y (r) into (1.7), gives the following inequality for

P3(L—=1) a2D-2 - = C1—in52(L—i)—1 Y T <
2 2L(6o) <r2L B 1X| . (VARoN) Xaos LA -1 + Z p2L-1= g (Ani—1N)Aip151 H /\j)-
i=2 Jj=1

The term on the left is a degree 3(L — 1) polynomial in r and the term on the right has degree at most 2L — 3. This shows the
above inequality can be satisfied for r sufficiently large. A similar analysis for equation (1.8) shows that it too can be satisfied
for r sufficiently large. In particular, we see that the last hidden layer need only have width NV and provided the network is
initialised at such a point, with r sufficiently large, thm. 1.6 guarantees convergence to a global minimum, for a small enough
learning rate. The above argument also shows there are parameters for which conditions (1.6)-(1.8) will not hold. Thus we
see that initialisation is crucial to being able to apply thm. 1.6.

1.4. Preliminary lemmas on norms of the feature matrices: Part 1

In this section we will obtain some important norm bounds on the feature matrices of a neural network F' as defined in (1.1).
The results of this section are only valid for the following four activations:

Gaussian
sine

sinc
wavelet

bl

see sec. 1.1 for their definition. Since the wavelet activation is given by eiwore=2"/w¥ and hence |e""“°l'e_“'2/“f| = e @ /Wi,
we find that the same proof for the Gaussian activation works for the wavelet activation. Furthermore, since the norm of the
sinc activation is bounded above by 1 for |z| < 1 and by sin(z) for |z| > 1, we find that the same proof that is given for
the sine activation allows goes through for the sinc activation. Therefore, we will primarily focus on the sine and Gaussian
activations for this section.

We will need to make use of the sub-exponential and sub-Gaussian norms, which we now describe. Given a sub-exponential
random variable X, define
[| X ||y, = inf{t > 0: Elexp(|X|/t)] < 2}

Given a sub-Gaussian random variable X define the sub-Gaussian norm
X1y, = inf{t > 0: Efeap(|X?|/£%)] < 2}.

Lemma 1.7. Let ¢ be the activation given by sin(wx). Then ||¢p(Xw)]||y, = O(|X]|5)-



Proof. We need to look at the integral

[|¢(Xw)|[2 — [l
/Rno exp( 2 )e:z:p( HBQH dw). (1.17)

Observe that |sin(wx)| < w|z|. We can then bound the integral in the following way

Xw)||? _ 2 X112 2 B 9
LA ) - o) )
R"0 R

Let 2 = m||X||% 3 for some m > 0 to be chosen later.

Then we get that the above can be written as

2 2 . ,
[ o8 Ve (L [ (- (1= £

no
< (m ) " g
m—1
< 2, for m large.

The lemma follows. O

Lemma 1.8. Let ¢ be the activation given by exp(—x? /w?). Then ||¢p(Xw)||yp, = O(||X]|) w.p L.

Proof. We need to look at the integral

X 2 _ 2
/Rno exp(|¢( tZw)|2)ea:p( gg' dw). (1.18)

Choose € > 0 so that | exp(—z?/w?)| < d(e)|z|, where d(e) > 0, on R\(—¢,¢). Define x(¢) = {w € R™ : Xw €

[—€, €]V}, i.e. x(€) denotes the set of those vectors that are mapped into a small cube about the origin in RY by X, viewed
as a matrix.

We then compute the integral in the following way.

|lp(Xw)]|? —|[w]|? |lp(Xw)||? —|[Jwl]?
/Rno exp(t2 )&w( ‘EZ” dW> /Rno\x(e) eﬂﬂp( 2 )€$p< |g§” dw)
|lp(Xw)||? —|Jw]]?
Jr/x(e) exp( t2 )ezp( 32 dw)

The first integral can be bounded above by 2 taking t> = m||X||%3 and applying the same argument as in lemma 1.7. The
second integral can be estimated as follows

|¢(Xw)|2) (—le2 ) Nng —|lwll?
eacp(2 exp dw ) < / exp exp dw
/x<e> 2 p? x(6) 2 B
:exp(N”O)/ exp(—llwb)dw
t2 x(€) 2

Note that x(0) = Ker(X) which has measure 0 in R w.p 1. The lemma follows.



Proposition 1.9. Let § > 0, then 0} > ™ wp 1 —§ ififny = Q(N/\), where A = Amin (G) and
G =Eun(0,82) <¢(Xw)¢(Xw)T> (1.19)

Proof. Let A € RN*™ be a random Gaussian matrix such that 4.; = ¢(XW. -)1||¢(XW_)||2<t, where 1j5(xw.,)||, <t

- . X
denotes a characteristic function and ¢ = || X || max{1, log il H

£ 1 where we define A shortly. Let
G = Epniot (¢<Xw>¢><Xw>T)

G* =Eyn0,82) <¢(Xw)¢(Xw)T1 B(XW))1, gt) :

Then Ain (FiFL) > Amin(AAT) and Apax (4. jAE) < t2. We can then apply the matrix Chernoff inequality, see theorem
1.1 [21], to obtain that for any € € [0,1)

o€ Amin (EAATY /12
P(Amin(AAT) < (1 = ) Amin(EAAT)) < N((l)l) : (1.20)
—€
Taking € = 1/2, we find
P(Amin(AAT) < Tl1/\min(G*)/2> < ezp(fcnl)\min(G*)/t2 + Log(N)) (1.21)
Thus for n; > Wé(a*)Log(N/é) we have A (AAT) > % wp>1-—06.
We then find
16 = Gl < B(S(XW)SXW) sy, <0 — HXWISCXW)T, )
=5 (oWt jccw, 1
= /7 (|¢ XW)I2 1 pxwyp, >t > f)ds
= [ p(ltecxwi > e (loxw > 5 )as
s=0
e 2+ s
< exp(—cr———5—)ds
/s 0 “Ta( (XWIIZ,
o t?+s )
< ds
/ ( C||X|\2
A
< —
-2
where the second inequality uses lemmas 1.7, 1.8.
It follows that Apin (G*) > A/2. Therefore, taking n; > max{N, 2 Log },itholds w.p 1 — § that
A
Urrlin(F1)2 - )\7nin(F1FiT) 2 ATVLiTL(AA ) > nl)\mln(G*)/2 > %
O

Lemma 1.10. Suppose ¢ is an activation function that satisfies |¢| < A. Forl € L], let (W;);; ~ N (0, %) Then we have

\/5ATLIN

E[| R <
£l NG



Proof. E||Fi|[2 = E||l§(WiFi_1)|[2 < An/NE1 = YOAUN, O

Lemma 1.11. Suppose ¢ is a C*-differentiable function satisfying |¢| < A and |¢'| < B. Then w.p 1 — Lexp(—t?/2B?)
over (W))E | ~ N(0,1/n,_1) we have

||F || < \/A’I’LLN n \/Aanth_i_ \/ATLL,QN t2—|—-~-+ \/AnlN tL_l HXHF tL
Ll = 77171 174 _1/2 /4 _1/2 _1/2 1/4_1/2 1/2 1/2 /2 _1/2
-1 Ty 2l Ny 3N 2Mp—3 g My =" Mpy Mg ---Mp_oNp_y

Proof. The proof is by induction over [ € [L]. We first prove the base I = 1 case. We note that each feature map Fj is
Lipshitz from the assumptions on ¢. Since W7 is Gaussian distributed, we can apply Gaussian concentration, see [22], to
obtain

X2 B2
1Al — ElIE, ~ subG("F)

no

which implies
P |||F1HF—]E||F1|| <7|| H t <1—26£L’p(—t2/232).
v/ 1o

We therefore have that
|[X]|p
N
VAuN X,
< /4 + t
ng v 1o

where we have used lemma 1.10 to bound the expectation term.

t

[|1F1]|» < E||Fi|[F +

We now assume the lemma is true for [ — 1, thatis w.p > 1 — (I — 1)exp(—t*/2B?) we have that

\/ATLL71N \/ATLL72N ||X||F L-1
1FL -l < 1/4 1/4 1/2 bttt 1/2 /2 _1/2 e
L) np_3Np_o Mg ---Mp_oNp_o
Conditioning on (V[/p);f)_:l1 we have that Fj is Lipshitz and hence
||Fi—1 |7 B*
el = BllFall, ~ suoe (2
ni—1
implying
1Bl < BjEl]p + 1T
V-1
w.p > 1 — exp(—t2/2B2) over W;. The result then follows by applying the induction hypothesis and lemma 1.10. O

In the case of a Sinusoidal activation, we can prove much better bounds than lemmas 1.10, 1.11.
The proof of the following lemma follows from lemma C.3 in [13] by observing that |sin(wz)| < w|z|.

Lemma 1.12. Let ¢ = sin(wx) and for eachl € L let (W;);; ~ N (0, B;) for every | € [L]. Then for eachl € [L] we have
that B||F||2 < w? BBl Fy—1][2.

Lemma 1.13. Ler ¢ = sin(wz) and for eachl € L let (W;);; ~ N (0, ) for everyl € [L]. Fix some t > 0 and assume that
Vi > tforalll € [L]. Then

L L—1
I3lle < IT s + £ TT ik ) ol ¢
1=1 =1
w.p > 1— Lexp(—t2?/2).

The proof of the above lemma follows in a similar way to lemma 1.11 using lemma 1.12.



1.5. Preliminary lemmas on norms of the feature matrices: Part 2

1.5.1 Preliminaries on Hermite polynomials and expansions

22
In this section we analyse the Hermite representations of the functions sin(wzx) and e™ «2. As in sec. 1.4 we will focus on the
case of sine and Gaussian as these results can then easily be extended to the case of sinc and wavelet. These representations

will then be used to establish an estimate on the quantity Amin(G), where G = E,, (0,52 ((b(Xw)qb(Xw)T) .

2
We start with some background on Hermite expansions. We will consider the space L?(R, ¢ \/27/2 ) of weighted L? functions

with inner product given by

e—.T

(f.9) = [ f(2)g(x) e (1.22)
R V2r

In other words, the vector space consists of equivalence classes of Lebesgue measurable functions on R that have finite
weighted norm, given by equation (1.22).

2 e—?/2
The vector space L*(R, N

Hilbert space is given by the Hermite polynomials

) forms a Hilbert space with the above inner product. A well known orthonormal basis for this

d’fl
(—1)me® /2 =/ (1.23)

hn(x) = T

S

for eachn > 0.

. —2?/2 .
Therefore, any function f € L?(R, eﬁ) can be represented as an expansion of the form

f= i anhn (1.24)

n=0

where
e v /2

an, ::/Rf(gc)hn(as) :/J;? dx. (1.25)

The expansion given in (1.24) is known as the Hermite expansion of f. The above equation (1.24) is to be understood in the
e~ 22 /2

Var

sense that the right hand side converges to the left hand side with respect to the norm of L?(R, ). Note that equation

a2
(1.24) implies that f € L*(R, e\/T:) if and only if (f, f) = > 07, a? < oc.

The Hermite polynomials satisfy various properties that are important in their analysis. We list a few that will be important
for our analysis of Sinusoidal and Gaussian activated networks.

The first fact we will need is the value of the Hermite polynomials at zero, which follows from a simple computation using
(1.23).

Lemma 1.14.

o, ifn=2k+1
in(0) = {(—1)’“(21@ — 1N, ifn =2k (1:20)

where ! denotes the double factorial notation.

Lemma 1.15. 2 h, () = n(n —1) - (n — (k — 1))hn_g(z).

The above lemma is follows from differentiating formula (1.23).

22
Another well know basis for the weighted space L?(RR, & \/27:2 ) are given by the monomials {z"},,>¢. The following lemma

shows how to express the Hermite polynomials in the monomials basis.

Lemma 1.16. h,(z) = > 1 _; () hn—r(0)z".



The proof of the above lemma follows from the following obeservations. The Hermite polynomials are analytic functions
about zero. Hence one can expand them in a Taylor series about zero, then applying lemma 1.15 gives the coefficients of the
Taylor expansion leading to the formula in lemma 1.16.

Lemma 1.17.
2 — ” 2k — k ] = >
/ b Ote— 2 — (2k — D)IV2T(A2F + (—1)k), ifn =2k (k > 0) (127
R 0, ifn=2k+1, (k>0)

Proof. By using formula (1.23) it’s easy to see that when n is odd, the integrand is an odd function hence the above integral
is zero. For the even case, n = 2k, we proceed as follows. Using lemma 1.16 we have

2 25, (2 e
/hn()\gc)e_g” P2z = Z ( _ )hgki(O))\z/:v’e_m 12dz.
R v R

=0

We then observe that hoy—;(0) = 0 if 2k — 4 is odd and hoy—;(0) # 0 is 2k — i is even. Write 2k — ¢ = 2, then the above
integral becomes

L _ o, k
Z < ; )th—i(O))\l/Rl‘le_m P2dg = Z

i=0 j

2 ; P
Zk) h2j (0)A2k_2] / ka—Qje—fE /le,
R

(fl)j(Qjf1)!!)\2}“72j/ka*zjeﬂ”?mdx
R

(—1)7(25 — D)2k — 25 — 1)!V2r

Il
= |l
N\ 6\ N\
™
V]
(N
[}

= (2k — DNOF)V2r + (—1)F(2k — 1)!V2r
(2k — D)IV21(A%F + (—=1)F)

where we used lemma 1.14 to get the second inequality. O

1.5.2 Hermite Expansions

In this section we work out the Hermite expansion, see (1.24), of the functions sin(wz) and o=@ /w?

Lemma 1.18. We have the following formulas

/O;(cos(wx))i/;dx = /2
/O;(sm(wx))i/;dx =0

2
-z . . . .
¢ is an odd function, hence its integral over (—oo, o) must be zero.
b

Proof. The function sin(wx)) N




To prove the first integral formula, we compute as follows

/ (cos(wx))i/_fdx +i/ (sin(wx))%dx = \/27/ e /2 (cos(wz) + isin(wx))dx
—o0 ™ —o0 s 71'
e T /2€iwxdx

vl

00 ) )
e " /2—zwxdx

1 : 2_ 2
—(x/V2—iw/V2)?—w /Qd
— e T
ous [oo

74;.)2/2 o) ) R
_ ¢ / o~/ V=i /VD? g

V2r

By applying the change of variable ¢t = % — %, dt = fl/“i we obtain

—w2/2

o0
o / e—u/ﬁ_w/@zdm:@f/ /3t
Yiu — 00 ™ e}

= /2,
O

Lemma 1.19. Let n > 0 be an integer written in the formn = 4k + 1, with k > 0 and 0 < [ < 4. Let a,, denote the nth
Hermite coefficient of the function sin(wzx). We have that

0, ifl=20
2w"™—w?/2 e
e , ifl=1
a, = § V2w f (1.28)
0, ifl=2

Proof. Using (1.25), we see that the Hermite coefficients of sin(wx) are given by

5o d™ 5 —x2/2
/ \F ) sin(wz)e™ " /de—n(efz /Z)de

= —(— i sin(wx d- e~ 1?)dx
= =1 ﬁ/ ( >dn< )
1

= ﬁ(_ / s (sin(wzx))e /2

where the last inequality follows by integration by parts n times, using the fact that the function sin(wzx) d’f (e7® */ 2)d decays
out at 400 and —oo, so the boundary components are zero.

Writing n = 4k + [, with £ > 0 and 0 < [ < 4, we have that

wlsin(wz), ifl=0

ar wcos(wx), ifl=1
= 1.29
dx™ (sin(we)) —w"sin(wzx), ifl=2 (129

—w"cos(wz), ifl=3



By lemma 1.18, we then see that

0, ifi =0
2w —w?/2 ey
e , ifl=1
a, = { Ynm , (1.30)
0, ifl =2
— 22 if ] =3
O

. . . . . 202
We now move on to computing the Hermite expansion of a Gaussian function e =% /*"

Lemma 1.20. The Hermite coefficients a., of the function e~/ are given by

0, ifn=2k+1

ap = 2m k

17+ () (mtem - 0iver ) ((2)* + (1), =2k

From (1.25), we have that
ap, = / 6_12/w2hn($)6_12/2d$
R
d’ﬂ
= (71)”/ 6712/‘”2—(67“"2/2)dx
R

dz™

dn
= / (d — (e_mz/“2)> e~ /2dz, on integrating by parts n times.
R X

We then observe that f,, (¥22) = (—1)" L - (\75) w*/w? 4" (o=a"/«) Substituting this into the above we obtain
a L & =7 /wze—x2/2dx
! \/ﬁ V2
1 w (M)Tz
— | —= 202 )% dz.
f(f)/ ( )

1/2
Using the substitution iy = (2“’2) x, with dy = (

w2

0 7a() [ () - () ()

o) i L)

This latter integral can be computed using lemma 1.17. We thus obtain

> dx, we have that

0 it =2k +1
an = (—1)2k({f>2m(ﬁ<2m _ l)n\ﬁ> ((2+w2)k + (_1)k), if n = 2.

We will need the following lemma, see lemma D.3 in [13].



Lemma 1.21. Let X = [z1,..., 2|7 inRY*% where ||z;||» = Vd for 1 <i < N. Let
G = Buio oo (90X w000 ).

where ¢(z) is either sin(wx) or e~ /" Let an, denote the nth coefficient of the Hermite expansion of ¢. Then

> 2

=Y Iu (xxT)" (1.31)
n=0
where o,, denotes the n-fold Hadamard product, and the “=""is to be interpreted as uniform convergence.
—'1‘,2 2
The proof of the following lemma follows from lemma 3.4 in [13] on noting that sin(wz), e~*"/«* € L2(R, e\/zf; ).

Lemma 1.22. Let X € RV*4 be random sub-Gaussian matrix whose rows are i.i.d sub-Gaussian vectors with || X;.||2 =
Vo and || X ||y, < cforalll < i < N, where ¢ > 0 is some constant independent of ng. Fix an integer k > 2, then if

N < d¥, we have P(pin (X *F) > ﬁz/z) >1—2N2e=dN"" \onere ¢ > 0, where d(z) = sin(wz) or e /%"

We now prove the following theorem that computes a lower bound on Amin (G), where G = E,, xr(0,52) (gb(X w)p(X w)T> .

This theorem was originally proved for non-linearities satisfying |¢(z)| < |z| in [13], see theorem 3.3. Our proof will follow
their proof using lemmas 1.19, 1.20.

Theorem 1.23. Ler X satisfy the same data assumptions as in lemma 1.22. Let ¢ denote one of the activations sin(wz) or

e~ /%% with a,, denoting the Hermite coefficients in a Hermite expansion of ¢. Let G = Eoonr(0,62) H(Xw)p(Xw)T ).

Fix an integer n > 2. Then for N < d¥,
2
n

P<>\min(G) > ag) >1— 2N26C1N4/5k>.

In other words \pin(G) = Q(1) wp. > 1 — IN2e—c1N*/5k

Proof. By lemmas 1.19, 1.20 we have that the coefficient a,, of the Hermite expansion of sin(wz) is non-zero for n =
1 or 3mod(4) and is non-zero for n = 0 or mod(2) for e=*"/%" In particular, in both cases we can find n > 10k such that
an # 0. Applying lemma 1.22, we see that for V < d"

d’I’L
Amin (X X)) = o7 (X)) > (1.32)
w.p. > 1 — 2N2e=edN™"" 5 1 _ 9N2e=eiN/5k yging the fact that N < d” and n > 10k.
Using lemma 1.21 we see that we can write
2
Qa o
G=) 2(xxT)™, 1.33

2

Ifwelet S, =", Z— (X XT)°i denote the mth partial sum then we see by (1.33) that there exists m > n such that
2

a’n o
1G = Sulls < oA (XXT)").

AS Anin(Sm) > Amin(Sn) > Z—ZL)\min((XXT)O" ). Thus on an application of Weyl’s inequality, we get
2 2

2
an o an o an
Amin(G) 2 )\min(sm) - (2d” )\min((XXT) n)) 2 24n Amin((XXT) " Z § >0

w.p. > 1 — 2N2e=1N"/5k where the third inequality follows by applying (1.32). O



1.6. Proofs of theorems in sec. 4 of the main paper
1.6.1 Proofs of thms. 4.2 and 4.4 from the main paper

In this section we want to give the proofs of thms. 4.2, 4.4 from the main paper. The proofs of thms. 4.7, 4.9 from the main
paper will easily follow from the proofs of these results.

We will start by giving the proof of the thm. 4.2 from the main paper which is a result about shallow networks i.e. networks
with 1 hidden layer.

We will be making the following standard assumptions. (i) the data samples X will all be sub-gaussian random vectors
with || X;||, < 1 and ||X;||g, = O(1), for the definition of the norm || - ||, please see sec. 1.4, (ii) the labels Y satisfy
[1Yi]l, = O(1) for all ¢ € [N]. Furthermore, the final output width no will be fixed and not varied

The approach taken to prove the main theorems of sec. 4 of the main paper is to show that the conditions (1.6)-(1.8) are
satisfied.

Proof of thm. 4.2 from the main paper. Taking C; = Cy = 1, equations (1.6)-(1.8) are

02 > 16(max{\/AnoN, \/Any N} Xa/2L(6o) (1.34)
o3 > 32B°|| X || pv/Ano N A han/2L(60) (1.35)
0‘3 Z 8§4||XHF\/A7’L0NX1X2 (136)
Recall that W € R"0*™ and W) € R™*"2, Since our last layer width n, is fixed, Theorem 2.13 of [4] implies w.p
> 1 — e n)
_ _ NS
M=0(1),=0=). 1.37
(=o). %o Y2 (137)
By proposition 1.9, given any § > 0 we have that w.p > 1 — ¢ that
A\ 12
o0 > <njl) (1.38)

ifng; > ﬁ(%), where
A= Amin (EwwN(O,(w\/ﬁ)*llm) [d)(’LUX)(]S(U}X)T])

V2L(80) = O(VN)

which follows from lemma 1.11. Finally, using lemma 1.23 we have that A > Q(1). Thus we find that equations (1.34)-(1.36)
are satisfied if n; = Q(NN3/2). It follows by thm. 1.6 that gradient descent converges to a global minimum for a small enough
learning rate, and the proof is complete. O

Furthermore, we have that

Remark 1.24. The statement of the thm. 4.2 in the main paper was stated for the activations Gaussian, sine and sinc and
not wavelet. The reason for this was that the wavelet activation was a complex valued activate give by eiwnre=a" /@l where
1 denotes the complex imaginary number. However, note that the absolute value of this activation is given by the Gaussian
term: e~ /“% and hence it is easy to see that it satisfies (1.4). Therefore, the above proof goes through with no issues for
this activation as well.

Remark 1.25. The proof was given for the LeCun’s normal initialization however the same proof also goes through for the
Kaiming normal [7] and Xavier normal [6] initializations.

We now move on to proving thm. 4.4 from the main paper. In order to do this we will impose the same conditions we did in
the above proof of thm. 4.2 from the main paper. Furthermore, we will also assume o (F)—1)? = Q(nz_1) w.h.p. This has
been proven for ReLU networks, see theorem 5.1 in [12], and for shallow Gaussian, sine, sinc, wavelet activated networks,
see lems. 1.23 in sec. 1.5.2



Proof of thm. 4.4 from the main paper. The goal is to show that inequalities (1.6)-(1.8) hold.

Using the notation of theorem 1.6, we set C; = 1 for all [ € [L]. Applying theorem 2.13 from [4] and theorem 4.4.5 of [22],
we find that

A= O( YL (1.39)
nr—

~ _ VRL—1+ /N2
A1 =O( —) (1.40)
N =0(1), forl € [2,L 2] (1.41)

- max{\/m, \/ng}
A =0(————F—). 1.42
1 ( N ) (1.42)

We check inequality (1.6). We need to show that the following inequality holds

02 > 16B" 2 \/Ang 1 NOp_1) (A )V2L(60).

Applying the asymptotics (1.39), (1.40) and the fact that \/2L£(fy) = O(v/N), see lemma 1.11, we see that the left hand
side of the above inequality has order O(NN\/nz_1). From our assumption on o, and the assumptions on the width of the
network in the statement of thm. 4.4 from the main paper, we see that the above inequality holds. We move on to checking
inequality (1.7). We need to show that

L—1 L—1 L—1
—2L-2 - - —2(L—i)—1 - —
o3 > 32 2£(90)<B X1 (VAN o [T % + 3 B (Ani N X sr [ Aj>.. (1.43)
j=1 i=2 j=i+1

Using the asymptotics (1.39)-(1.42) we see that the left hand side of the above inequality has order O(N,/n_1). Using our
assumption that ny;,_; = Q(N®/?) and the assumption on ¢, we see that that the inequality 1.43 is satisfied.

A similar analysis shows that (1.8) is satisfied, and the proof of the theorem is complete. [

As in rmk. 1.24 the above proof can be easily made to work for the wavelet activation function.

Remark 1.26. The proof was given for the LeCun’s normal initialization however the same proof also goes through for the
Kaiming normal [7] and Xavier normal [6] initializations.

1.6.2 Proofs of thms. 4.7 and 4.9 from the main paper

We observe that in the previous section, the proof of thm. 4.2 and thm. 4.4 in the main paper involved using the random
matrix theory of matrices with entries from a normal distribution.

In the shallow case we by using theorem 2.13 of [4] we were able to obtain the complexity equality

AL = O( VL ) (1.44)

nr—i

when we initialized the final layer with weights randomly chosen for a normal distribution of the form A(0,1/ng_1). We
now observe that if we initialize the final layer weights using the distribution N'(0,1/n} ) for p > 1. Then applying

theorem 2.13 of [4] gives
AL:O(V"L). (1.45)

p/2
np1

If we then go through the proof of thm. 4.2 of the main paper given in the previous section we see that the conditions
(1.6)-(1.8) are easier to satisfy. This is the premise of the proofs of thm. 4.7 and thm. 4.9 from the paper.



Proof of thm. 4.7 from the main paper. Taking C; = C5 = 1, equations (1.6)-(1.8) are

o8 > 16(max{\/An0N, \/AnlN}Xg\/QE(GO) (1.46)
o3 > 39B°|| X || pv/AnoN A Ao /2L (00) (1.47)
02 > 8B || X||p/Ano N A s (1.48)
Applying theorem 2.13 of [4] we obtain w.p > 1 — e~ (")
— N — . A /nQ
By proposition 1.9, given any § > 0 we have that w.p > 1 — ¢ that
1/2
o0 > <”r) (1.50)

if ny > Q(X), where
A = i (Buon A (0, (/)11 [p(wX)p(wX)"]).

V2L(60) = O(VN)
which follows from lemma 1.1 1. Finally, using lemma 1.23 we have that A > €(1). Thus we find that equations (1.34)-(1.36)

are satisfied if n; = Q(N). It follows by thm. 1.6 that gradient descent converges to a global minimum for a small enough
learning rate, and the proof is complete.

Furthermore, we have that

O

Proof of thm. 4.9 from the main paper. The proof follows the approach taken in the above proof. The starting point is to
note that the goal is to show that inequalities (1.6)-(1.8) hold.

Using the notation of theorem 1.6, we set C; = 1 for all | € [L]. Applying theorem 2.13 from [4] and theorem 4.4.5 of [22],
we find that

— /NI,
AL = 0O( 371 ) (1.51)
np—1
_ N —1 + /N —
A1 =0 ! %) (1.52)
VL —-2
N =0(1),forl € [2,L — 2] (1.53)
A = O(M VnO}) (1.54)
v 1o
The proof then follows in exactly the same way as in the proof of thm. 4.4 from the main paper shown in sec. 1.6.2. O

As in rmk. 1.24 the above proof can be easily made to work for the wavelet activation function.
1.7. Learning rate

The statements of thms. 4.2., 4.4., 4.7, 4.9 from the main paper included the condition that the learning rate had to be small
enough. A natural question that arises is how small the learning rate has to be and whether we are able to obtain any useful
bounds for the learning rate.

We observed from secs. 1.6.1 and 1.6.2 that the main ingredient to the proofs of thms. 4.2., 4.4., 4.7, 4.9 from the main paper
was to establish the inequalities (1.6)-(1.8) from thm. 1.6. Going back to thm. 1.6 we see that the learning rate must satisfy
the following inequality:

4 o L B -1
n < min {02, ()3 <B2L|X||F VAN () Ramsr1)® + Y B2L(Ani1N)(Ai+HL1)2) } (1.55)
0

=2



While it is hard to work with this bound due to the second term in the brackets we do see that that the learning rate depends
on the various quantities associated to the training of the network, such as the norm of the data set X, the operators norm of
the initial weight matrices and the minimum singular value of the output of the final hidden layer. Using (1.55) we can obtain

the bound 4
n< —. (1.56)
o]

If we then apply proposition 1.9, given any 6 > 0 we have that w.p > 1 — § that

A\ /2
oo > (”1> . (1.57)
4
Substituting this back into (1.56) we obtain
C
n< —, (1.58)
ni

where C' > 0 is a constant that is independent of the widths of the network. We thus see that the learning rate must be
bounded above by the inverse of the width. This implies that for very large widths, the learning rate will have to be extremely
small. However, in practise we find that one can take much bigger learning rates. This is a limitation of the theory in that it
requires very small learning rates. This is however common amongst theoretical works establishing convergence for gradient
descent.

1.8. Extending the theory to Adam

So far all the theory we have talked about, including the statements of thms. 4.2, 4.4, 4.7 and 4.9 from the main paper,
has been for gradient descent. However, in the area of Neural Fields the more common optimizer that is used is the Adam
optimizer. In this section, we will briefly show how to extend the theory to the case of the Adam optimizer. The reader who
is not familiar with the Adam optimizer is kindly asked to consult the original reference [8].

The Adam optimizer involves two main terms. The first one is a first moment estimate given by

my = Bimy—1 + (1 — f1)ge (1.59)

where g; denotes the gradient at iteration ¢ and 1 is a moving average parameter that is usually taken to be 0.9. The second
one is a second moment estimate given by:

vy = Bove1 + (1= Ba) gy (1.60)
where (35 is another parameter that is usually fixed at 0.999.

These moment estimates then undergo a bias corrected normalization leading to

m V¢

~ t ~
My = ———— and ¥y = . 1.61
C= A Gy A B (1.61)
Finally, if we denote the weights at iteration ¢ by W;. Then the Adam optimizer update is given by
Wy =Wy 1 — ———mi, (1.62)

vV ’UAt —|— €
where € > 0 is a stability factor so that the algorithm doesn’t encounter a division by zero.
We now observe that as is we take more and more iterates of the algorithm the quantity m must be bounded by some
t
uniform constant C' > 0. This is because as t — oo if v; — 0 then ﬁ will always be bounded above % If on the other
t

v — oo then is bounded above by 1. We thus see that we always have that the quantity must be bounded

1 1
[V +e]| (V0 +el|

during all the steps of the algorithm by a uniform constant.

We now go back to the proof of thm. 1.6. The main part of this proof was to establish a bound on the difference
Zf:o |[Wt! — W7||F. This was done by using the gradient descent update step and then appealing to lem. 1.4. The



difference now is that we have to use the Adam update (1.62). From what we said about the term HT/%GH always being

bounded by a constant ¢ > 0. We can then estimate the sum Z]::o |[WitE — W[ as follows:

k k
DW= Wl < Cn Y |l |e (1.63)
s=0 s=0
" k
< CCL(B Y |Imallr (1.64)
s=0
_ " k
< CC1(B)C2(B2) Y IIVw, LI F (1.65)
s=0

where C; (81) and 52(61) are constants that depend on ;.

We thus see that the proof of thm. 1.6 goes through though now the inequalities (1.6)-(1.8) will involve constants on the right
handside that depend on (3;. However, the proofs of thms. 4.2, 4.4, 4.7, 4.9 from the main paper, given in secs. 1.6.1 and
1.6.2, were all based on complexity estimates. Thus an extra constant depending on 3; on the right hand side of inequalities
(1.6)-(1.8) will not affect the complexity bounds that were used and hence thms. 4.2, 4.4, 4.7, 4.9 go through for the Adam
optimizer when training with full batch.

2. Experiments: Applications of Neural Fields to Vision
2.1. Hardware and Software

All experiments were run on a Nvidia RTX A6000 GPU. Furthermore, all the experiments were coded in PyTorch version
2.0.1.

Hyperparameters: Each of the activation functions Gaussian, sine, sinc and wavelet all had an extra hyperparameter which
consisted of either a frequency component or a variance component or as in the case of a wavelet both. So as to obtain the
best results for our experiments and to compare with results in the literature we ran sweeps for each of these parameters
and have picked the best ones. Our values conincide with those from the literature. We list these parameters for the sake of
completeness:

1. For Gaussian activations we found the best variance to be 0.12. This fits with what was found in [2, 15, 18].

2. For a sinc activation we found the best frequency to be 8, which fits with [16].

3. For a sine activation we found that a frequency between 20 — 30 performed best with in general 30 leading to slightly
higher PSNR values for images. This also fits with [19] where it is suggested that anywhere between 10 — 30 should work
well.

4. For the wavelet activation we found the best frequency to be 10 and the variance to be 0.052 which fits what was found in
[17].

Optimizers: We will only use two optimizers throughout all experiments. Namely, Gradient Descent (GD) and Adam. We
did a sweep for the learning rate and found le-2 for GD to work best and le-4 to work best for Adam. Note that we kept
these learning rates fixed through all experiments so as to yield fair results that could be compared.

2.2. Initializations we will be using

In total we will be experimenting with various initializations in the experiments. We will first outline the normal initializations
we will be using:

Normal Initializations:

LeCun Normal Initialization [9]: (W});; ~ N(0,1/n;_1), forl € [L]. 2.1



Kaiming Normal Initialization [7]: (W});; ~ N (0,2/n;_1), for [ € [L]. (2.2)
Xavier Normal Initialization [7]: (Wlo)ij ~N(0,2/(n; +mny—1)), forl € [L]. (2.3)

Initialization 1 (ours): (W),; ~ N(0,1/n;_1) forl € [L — 1]. and (W2);; ~ N(0,2/(n}/%)). (2.4)
For details on the motivation of initialization 1 please see sec. 4.4 of the main paper.

For the image regression experiments we will also compare with the following initializations as the founders of these initial-
izations proved gradient descent converges to a global minimum when initialized with on of these.

Du et al. Initialization [5]: (W,);; ~ N(0,1), for I € [L]. (2.5)

Arora et al. Initialization [1]: (W));; ~ N(0,1/4), for | € [L]. (2.6)

Arora et al. [1] proved their gradient convergence theorem for any for initializations of the form N(0, k?) where 0 < k < 1.
We decided to simply pick a value of  that trained reasonably and thus went with 1/4.

For all the above normal initializations the biases are initialized to zero.

Remark 2.1. In our initialization 1, we note that there is a 2 in the numerator of the standard deviation of the final layer normal
distribution we are sampling the final layer weights from. The reader may be wondering why the factor of 2?7 The theory
developed so far is really a complexity theory, detailing how quantities should scale. This means the theory in general can
only predict outcomes upto a constant. We thus introduced the 2 as we found it slightly trained better than if we were to have
a 1 there. However, even if we were to use a 1 in the numerator we still found it did much better than existing initializations
within the literature.

Uniform Initializations: We will also be experimenting with uniform initializations:

LeCun Uniform: (W});; ~ U(—1/\/mi—1,1/\/mi_1), for | € [L]. Biases are initialized to zero . 2.7)
Kaiming Uniform: (W,);; ~ U(—1/\/m—1,1//mi—-1) (2.8)

W ~U(-1//r_1,1//mi1), for I € [L]. (2.9)

Xavier Uniform: (W));; ~ U(—V6/\/ni—1 + n;,V6/\/ni—1 +n;) (2.10)

b) ~U(—1/\/m—1 +n,1/\/m_1 +mny), for L € [L]. (2.11)

Initialization 2 (ours): (W));; ~U(=1/\/ni—1,1/\/ni—1) forl # L. (2.12)

(WE)is ~U=1/ (1), 1/ (m)1). (2.13)

For our above initialization 2 we found that initializing the biases to zero worked well. Otherwise the following initialization
for the biases also worked well:

Initialization 2 for biases: b) ~ U(—1/\/n;_1,1/\/ni_1) forl # L. (2.14)
b, ~ U1/ ()1),1/ (). @.15)

Finally we will also need to compare our initialization for a sine activation with the principled scheme obtained in Sitzmann
et al. [19] for SIRENs. One of the key ideas we want to show here is how effective our initialization is in that it can also
be used as a simple way to adjust an already practical initialization scheme. Thus we retain everything the original SIREN
initialization scheme does except that we simply sample from a smaller variance uniform distribution on the final layer.
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Figure 1. Left; Results from initializing four sinc activated networks with different initializations and trained with gradient descent on
various data sample sizes till the networks reach a PSNR of 50dB. As the number of samples go up the networks initialized with LeCun,
Kaiming, Xavier Normal initializations all need much more width scaling faster than N3/2_ While the one initialized with initialization 1
needs much less, scaling like 6/N. Right; The same experiment as the left though now we measure total parameters of the network and
look at ReLU-PE networks. In this case we see that the ReLU-PE network scaled faster than N2. We thus see that in both experiments
initialization 1 with a sinc activated network is far more parameter efficient.

Initialization for SIREN’s:

Initialization 3 (ours): (W});; ~ U(—V6/(y/mi—1w), V6/(\/m_1w)) for I # L. (2.16)
(WD)ij ~ U=/ (m/5), 6/ (] 1)) 2.17)

where w denotes the frequency of the sine activation. For this initialization all biases will be initialized to zero.

We will be comparing this initialization 3 to the initialization in [19] which we shall simply call the SIREN intialization.

2.3. Testing The Theory

Shallow networks: We performed a 1-dimensional curve fitting experiment on the function f(z) = sin(27z)+sin(67z)+
sin(107z). We systematically sampled the curve at intervals of 10, 20, 30, 40, 50, 60, 70, 80, 90, 100 points, creating 10
datasets of varying sizes for our training data.

In the first experiment we wanted to compare how much width is needed in the hidden layer for the network to achieve a
PSNR of 50dB when trained with gradient descent on each of the datasets above. We compared four networks each admitting
a sinc activation with frequency 8 such that each one was initialized with Kaiming Normal, LeCun Normal, Xavier Normal
and Initialization 1 (see sec. 2.2). Thm. 4.2 from the main paper predicts that as the number of samples increase the width
of the network should scale super-linearly when initializaed with Kaiming Normal, LeCun Normal, Xavier Normal and thm.
4.7 predicts the network should scale linearly when initialized with initialization 1. To test this, we plotted two curves, namely
the function y = N*/2 and the function y = 6N. Fig. 1 (left) shows the result of the experiments. We observe that the sinc
network initialized with our initialization 1 needs much less width and roughly scales according to 6/N. Furthmore, we see
that the other 3 initialized networks need much more width and scale greater than N3/2. This verifies that there is merit in
thms. 4.2 and 4.7 from the main paper. Observe that we did not include ReLU-PE in this experiment as the input dimension
of a ReLU-PE layer would change due to the positional embedding layer, therefore the comparison wouldn’t be fair.

The experiment was repeated though now we counted the total number of parameters needed for the network to converge to
a PSNR of 50dB. In this case, we could include a ReLU-PE network trained on various initializations. As can be seen by fig.
1 (right) initialization 1 scales the slowest with respect to data size, making it much more efficient in term of parameters for
gradient descent to converge to a high PSNR value.



Figure 2. A 181 x 213 x 3 peppers image used for the image experiments in sec. 2.3 and 2.4.

Deep networks: For the case of deep networks we ran a similar experiment to the above shallow networks except that this
time we used an image regression task. In this case we took a moderately difficult image, namely a Peppers Image, see fig 2,
which is a 181 x 213 x 3 image. We then sampled 100, 200, 300, 400, 500, 600, 700, 800, 900, 1000 points via a uniform
distribution creating a total of 10 datasets of varying size. Similar to the shallow experiment above we then considered four
sinc deep network, each with 2 hidden layers, and initialized with LeCun, Kaiming, Xavier Normal and initialization 1.
We trained these networks till they converged to a PSNR of 50dB under gradient descent only allowing an increase in the
final hidden layer width. Thm. 4.4 from the main paper predicts that the networks employing the LeCun, Kaiming, Xavier
Normal initializations should all scale super-quadratically with the number of samples, and thm. 4.9 from the main paper
predicts the one initialized with initialization 1 should scale quadratically. We found that the functions y = (1/4000)N®/2
was a good predictor for the amount of width needed by the sinc networks initialized by LeCun, Kaiming, Xavier Normal
and the function y = (1/290) N? was a good predictor for the amount of width needed for the sinc network initialized with
initialization 1. Fig. 3 (left) shows the results of this experiment.

We then tested the experiment on total number of parameters and included ReLU-PE into the mix. In this case the ReLu-PE
scaled cubically with respect to the data size, showing that it is an extremely parameter inefficient activation. Fig. 3 (right)
shows the results of that experiment.

The above experiment was repeated with a four hidden layer deep network. In this setting we sampled 200, 400, 600, 800,
1000, 1200, 1400, 1600, 1800, 2000 points via Gaussian distribution centred at the centre of the image. In this case too we
found that thm. 4.4 and thm. 4.9 predictions were accurate. Fig. 4 shows the results of this experiment.

We thus see from these experiments that the sinc networks that were initialized with initialization 1, see sec. 2.2, were much
more parameter efficient for gradient descent to converge to a high PSNR.

2.4. Image Reconstruction
Image reconstruction is the following problem: Given pixel coordinates x € R?, we aim to optimize the network f to regress
the associated RGB values ¢ € R3.

We will consider two images for this take both sampled fully. We will use the peppers image 2 as well as a slightly more
complicated Lion image as shown in fig. 5.
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Figure 3. Left; Results from initializing four sinc activated networks with different initializations and trained with gradient descent on
various image data sample sizes till the networks reach a PSNR of 50dB. As the number of samples go up the networks initialized with
LeCun, Kaiming, Xavier Normal initializations all need much more width scaling faster than (1,/4000) N 5/2_ While the one initialized
with initialization 1 needs much less, scaling like (1/290)N?2. Right; The same experiment as the left though now we measure total
parameters of the network and look at ReLU-PE networks. In this case we see that the ReLU-PE network scaled faster than (1/690)N*.
We thus see that in both experiments initialization 1 with a sinc activated network is far more parameter efficient.
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Figure 4. Left; Results from initializing four sinc activated networks with different initializations and trained with gradient descent on
various image data sample sizes till the networks reach a PSNR of 50dB. As the number of samples go up the networks initialized with
LeCun, Kaiming, Xavier Normal initializations all need much more parameter scaling faster than (1/1700) N*/2. While the one initialized
with initialization 1 needs much less, scaling like (1/50)N?. Right; The same experiment as the left though now we measure total
parameters of the network and look at ReLU-PE networks. In this case we see that the ReLU-PE networks scaled like (1/63) N, We thus
see that in both experiments initialization 1 with a sinc activated network is far more parameter efficient.

Gradient Descent: For the gradient descent experiments we looked at 6 normal initializations given by the 6 in sec. 2.2.
We then also compared the 4 uniform initializations given in sec. 2.2. We used a fixed 4 hidden layer network with each
layer having 128 neurons, with a sinc activation with frequency 8. Each network was trained with full batch gradient descent
comprising of a total of 38553 points sampled from the Peppers image, see fig. 2. Each network was trained for 20000
epochs. Fig. 6 shows the result. It is clear from this figure that both initialization 1 and 2 perform the best, shwoing that



Figure 5. A 512 x 512 x 3 Lion image for image reconstruction experiments, see sec. 2.4

when parameters are all kept the same these two initializations outperform standard initializations in the literature.

Adam: We decided to also test image reconstruction using the Adam optimizer. For this experiment we used the Lion
image, see fig. 5, with a total 150000 sample points, sampled via a Gaussian distribution centred at the origin. We trained
4 sinc networks with the 4 initializations, initialization 1, LeCun Normal, Kaiming Normal and Xavier Normal. We also
trained another 4 with the corresponding uniform initializations. All networks had 4 hidden layers and 128 neurons and were
trained for 20000 epochs. Fig. 7 shows that in both cases the initializations 1 and 2 completely outperform the others. This
validates the generalization of the main theory to the Adam setting carried out in sec. 1.8.

Comparing with SIRENS initialization: We compared initialization 3 against the principle initialization scheme of Sitz-
mann et al. in [19]. We ran two sine activated network, each with 4 hidden layers, 128 neurons, and the frequency of the sine
function set at 30. We then trained both networks on the Peppers image using gradient descent and Adam. Fig. 8 shows that
in both cases our initialization 3 outperforms the SIREN initialization by at least 2-3 dB in PSNR. This highlights the ease of
our initialization in that it can easily be dropped into many practical initialization schemes.

We ran the above experiment on the Lion instance as well, this time with 150000 samples. We kept everything else the same
as in the above experiment on the Peppers image. Fig. 9 shows that in both cases our initialization 3 is able to obtain 2-3 dB
higher value in PSNR.

2.5. Computed Tomography (CT) Reconstruction

CT reconstruction is an example of an underconstrained reconstruction problem. We will follow the strategy used in [17] and
consider 100 CT measurements of a 256 x 256 X-ray colorectal image [3].

For this experiment we employed a wavelet activation, see sec. 2.1 for details on the frequency and variance of the wavelet.
The goal of this experiment was to test our initialization 1 and 2, see sec. 2.2, against LeCun, Kaiming and Xaiver Normal
initializations and against LeCun, Kaiming and Xavier Uniform initializations as these are the most commonly used initial-
izations for neural field applications. In this experiment we kept all parameters the same. Thus all networks employed the
same wavelet activation, and had 2 hidden layers each of 300 neurons. The input dimension of the networks was 2 and
the output dimension was 1. We used a dataset size of 141810 datapoints and we used the Adam optimizer with full batch
training for this task.

We ran two separate experiments. In the first experiment we compared the four normal initializations scheme; LeCun Normal,
Kaiming Normal, Xaiver Normal and initialization 1. We then ran a second experiment where we compared LeCun Uniform,
Kaiming Uniform, Xaiver Uniform and initialization 2. Fig. 10 shows the results. For normal initializations, initialization
1 achieved at least a 2.5dB higher PSNR and for the uniform initialization, initialization 2 achieved at least a 0.4dB higher
PSNR. This validates the extension of the theory to the case of the Adam optimizer as shown in sec. 1.8.
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2.6. Occupancy Fields

In sec. 5.3 of the main paper we have the results of the occupancy field experiments. Due to space constraints we could not
put the reconstructed meshes of each initialization into the main paper. Fig. 11 we show all 8 reconstructions of the meshes
with the IOU on the top right. From the figure it is clear that both initializations 1 and 2 outperform all others.

2.7. Neural Radiance Fields

NeRF is commonly trained using uniform initialization schemes and almost always the Kaiming uniform initialization. We
decided to run 8 NeRF’s, 4 with intialization 1, LeCun Normal, Kaiming Normal, Xavier Normal and another 4 with initial-
ization 2, LeCun Uniform, Kaiming Uniform, Xavier Uniform. We used the Lego instance from the NeRF real synthetic data
set. As fig. 12 shows in both cases initialization 1 and initialization 2 outperform the other initializations. For comparison of
reconstructions for the unseen scenes, see sec. 5.4 of the main paper where we compare the two best reconstructions, namely
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Kaiming Uniform with Initialization 2.

3. Further Experiments: Applications to physical modelling

In sec. 5.5 of the main paper we gave results on the Navier-Stokes equations using a physics informed neural network (PINN).
For the reader who is unfamiliar with these types of networks, we collect here some basic facts so as to complement sec. 5.5
of the main paper.

We consider PDEs defined on bounded domains A C R™. To this end, we seek a solution u : A — R of the following system

2

=

=
!

f(z),z € A (3.1)
u(z) = f(x),x € OA. (3.2)

where NV denotes a differential operator. In the setting of time-dependent problems, we will treat the time variable ¢ as an
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additional space coordinate and let A denote the spatio-temporal domain. In so doing, we are able to treat the initial condition
of a time-dependent problem as special type of Dirichlet boundary condition that can be included in (3.2).

The goal of physics informed neural network theory is to approximate the latent solution u(x) of the above system by a neural
network u(z; 0), where 6 denotes the parameters of the network. The PDE residual is defined by r(x; 0) := u(x;0) — f(x).
The key idea as presented in [14] is that the network parameters can be learned by minimizing the following composite loss



Normal Initializations Uniform Initializations

35
35
30
30
- 25
o
7 2
2 g 20
R Y 15
15 — |Initialization 1 (ours) — Initialization 2 (ours)
_— Le;up Normal —— LeCun Uniform
10 — Ka1n_1|ng Normal 10 —— Kaiming Uniform
—— Xavier Normal —— Xavier Uniform
5e2
0 200 400 600 800 1000 0 100000 200000 300000 400000 500000
Iterations Iterations

Figure 12. Left; Four different NeRF’s trained with four different normal initialization schemes. The one trained with initialization 1
reaches at least 0.6dB higher than the others. Right; Four different NeRF’s trained with four different uniform initialization schemes. The
one trained with initialization 2 reaches at least 1.1dB higher than the others.

function
L(0) = Lp(0) + Lr(0) (3.3)
where L, denotes the boundary loss term and £, denotes the PDE loss term, defined by
L 4 , 1 X .
Ly(0) = N, ; lu(xh; 0) — g(xh)|? and £,.(0) = N ; (22 0)|2. (3.4)

Ny and N, represent the training points for the boundary and PDE residual. Minimizing both loss functions, £, and £,,
simultaneously using gradient-based optimization aims to learn parameters 6 for an effective approximation, u(x; ), of the
latent solution, see [14]. For the explicit results and experimental setup please see sec. 5.5 of the main paper.

We consider the 2D incompressible Navier-Stokes equations as considered in [14].

U + uty + 0.01uy = —py + 0.01(Ugs + uyy) (3.5)
vt + uvy + 0.01vy = —py + 0.01(vap + vyy) (3.6)

where u(x,y,t) denotes the z-component of the velocity field of the fluid, and v(x,y,t) denotes the y-component of the
velocity field. The term p(¢, x,y) is the pressure. The domain of the problem is [—15,25] x [—8, 8] x [0,20]. We assume
that u = v, and v = —1),, for some latent function (¢, z, y). With this assumption, the solution we seek will be divergence
free, see [14] for details.
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