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Abstract

Computer vision systems that are deployed in safety-
critical applications need to quantify their output uncer-
tainty. We study regression from images to parameter val-
ues and here it is common to detect uncertainty by predict-
ing probability distributions. In this context, we investigate
the regression-by-classification paradigm which can repre-
sent multimodal distributions, without a prior assumption
on the number of modes. Through experiments on a specif-
ically designed synthetic dataset, we demonstrate that tra-
ditional loss functions lead to poor probability distribution
estimates and severe overconfidence, in the absence of full
ground truth distributions. In order to alleviate these is-
sues, we propose hinge-Wasserstein — a simple improvement
of the Wasserstein loss that reduces the penalty for weak
secondary modes during training. This enables prediction
of complex distributions with multiple modes, and allows
training on datasets where full ground truth distributions
are not available. In extensive experiments, we show that
the proposed loss leads to substantially better uncertainty
estimation on two challenging computer vision tasks: hori-
zon line detection and stereo disparity estimation.

1. Introduction

Deep neural networks have revolutionized computer vi-
sion, producing accurate predictions on a large variety of
tasks. However, for safety-critical applications, it is cru-
cial to also quantify the uncertainty of predictions. Obser-
vations in many tasks are inherently stochastic, e.g., low-
resolution measurements or occlusions of the region of in-
terest. These observations are usually referred to as being
subject to aleatoric uncertainty[17], which cannot be re-
duced, even given more collected data. In many common
regression tasks, e.g. depth estimation and object pose es-
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Figure 1. Edge pixels are subject to multimodal aleatoric uncer-
tainty. Left: Three pixels are marked with red stars of the left
frame. Right: Predicted disparity distributions of the three pix-
els, horizontal axis is disparity (same range for three subfigures),
vertical axis is probability on (a) foreground (door of the car), (b)
boundary pixel (edge of the mirror), and (c) background.

timation, the aleatoric uncertainty is usually described with
multimodal distributions. Popular training objectives for re-
gression tasks are the L; and Lo loss. However, these losses
assume that the data follows, at least partially, a Gaussian
(L2) or Laplacian (L) distribution [24], thereby neglecting
multimodal distributions and returning the mean of multiple
modes. However, in the multimodal case as shown in Fig. 1,
the mean can deviate from the most likely mode (which is
usually the desired prediction) and is instead located in a
region of low likelihood. Specifically, boundary pixels will
have a high likelihood of both the foreground and the back-
ground, e.g., the predicted disparity map in Fig. 1 (b) shows
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that the disparity likelihood is 70% at 20px, and 30% at
80px. The mean (38px) is by no means the real foreground
disparity, and for some applications, e.g., autonomous driv-
ing, decisions based on this perception might be fatal.

A flexible approach to model multimodal distributions
is regression-by-classification (RbC) [6, 12, 34] where the
regression space is partitioned into a fixed set of bins, and
the task is to predict the probability of the regressed value
falling into each bin. Figs. 1 and 2 show examples of RbC
outputs from the proposed method on stereo disparity and
horizon line estimation respectively. Furthermore, in RbC
it is often argued that the Wasserstein loss should be used
[8, 12, 22], as the regression space partitioning induces
inter-class correlations. For instance, a predicted bin close
to the ground truth mode is generally better than the one
that is far away. Another advantage of the Wasserstein loss
is that it allows for multimodal training targets, which im-
proves regression performances [8]. Despite the merits of
Wasserstein loss, there is a remaining issue untackled: in
most realistic tasks, such multimodal ground truth la-
bels do not exist. To the best of our knowledge, none of
the previous RbC works consider aleatoric uncertainty esti-
mation in scenarios where multimodal ground truth distri-
butions are unavailable.

To analyze the influence of different loss functions on es-
timating aleatoric uncertainty, we create a synthetic dataset
for which the aleatoric uncertainty can be controlled. This
analysis reveals a major downside of the plain Wasserstein
loss, namely poor uncertainty estimation when the full tar-
get distribution is missing. To mitigate this, we introduce
hinge-Wasserstein, an improved version of the Wasserstein
loss comprising a hinge-like mechanism during loss com-
putation. This allows weak secondary modes to exist in the
predicted distribution, and is thereby able to reduce over-
confidence, especially when full ground truth distributions
are unavailable. We provide an ablation study that shows
the effectiveness of the proposed loss on representing mul-
timodal distributions with unimodal targets by comparing
with plain Wasserstein and sythetic multimodal targets. We
further demonstrate that the proposed loss significantly im-
prove uncertainty estimation while maintaining the main
task performances on two common regression tasks, namely
horizon line detection and stereo disparity estimation.

To summarize, our main contributions are as follows:

* We show that the plain Wasserstein loss trained with uni-
modal targets leads to poor uncertainty estimation. More-
over, we prove that the Wasserstein loss combined with a
terminal softmax layer leads to vanishing gradients.

* We propose hinge-Wasserstein, which is a easy fix to
plain Wasserstein, as a training loss for regression tasks
with prevalent aleatoric uncertainty. The extra computa-
tion for hinge operation is negligible. Additionally, we
prove the proposed loss to be a proper scoring rule.

» Through extensive experiments, we show that hinge-
Wasserstein gives better uncertainty estimation while
maintaining the main task performance, especially under
multimodal aleatoric uncertainty.

2. Related work

Uncertainty quantification: Uncertainty quantification ap-
proaches can be divided into (i) parametric approaches,
which are usually more task-specific; (ii) ensemble meth-
ods that are expensive but can be applied to most tasks; and
(iii) regression-by-classification, which outputs full distri-
butions [12]. Parametric approaches assume an output dis-
tribution as a form of inductive bias. The neural network
is then designed and trained to predict the parameters of
this assumed distribution. The target distribution is highly
specific for a certain task. E.g., He et al. [14] predict the
parameters of a Gaussian distribution for the box width and
height in object detection. A more complex distribution,
Poisson multi-Bernoulli, is adopted in the work of Hess et
al. [15] for probablistic object detection. Contrarily, en-
semble methods estimate uncertainty by producing a set of
outputs that together characterize the uncertainty. A well-
known example is the deep ensemble [20] where multiple
neural networks — trained for the same task but using dif-
ferent initial seeds and batch shuffling — make predictions
on each data point. Another approach that avoids the need
for multiple neural networks is Monte Carlo dropout [7].
Inference is conducted via multiple forward passes through
a single neural network with random dropout active. En-
semble methods typically require no modifications to the
model architecture and can therefore be combined with the
parametric approach to achieve better calibration [16]. One
disadvantage with ensemble methods, however, is that they
are relatively computationally expensive.

Regression-by-classification: The main principle for RbC
is to transform regression tasks into classification tasks.
This is achieved by discretizing the continuous target vari-
ables into bins, given some prior knowledge about the prob-
lem or automatically computed ranges. Several classical re-
gression approaches adopted this strategy such as Support
Vector Regression [35], ordinal regression[5], and decision
tree regression [23]. In deep learning, these classical ap-
proaches were adapted to be differentiable, and thus operate
in end-to-end learning frameworks [5, 19, 28]. Other ap-
proaches employed this concept to solve specific problems.
Niu et al. [27] tackled the problem of age estimation as or-
dinal regression using a series of binary classification sub-
problems to utilize inherent order of labels. Liu ef al. [22]
incorporated inter-class correlations in a Wasserstein train-
ing framework for pose estimation. Garg et al. [8] also uti-
lized a Wasserstein training loss and proposed to have an
additional offset prediction for each bin. They revealed the
benefit of training with synthetic multimodal ground truth
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Figure 2. Horizon line detection should be framed as a probabilistic regression problem due to its inherently stochastic nature. Upper
Left: Image where horizon line detection is easy (red line) and direct regression would work. Upper Middle and Right: Images where the
horizon line is ambiguous. Bottom row: Plots below the images show the output probability distributions for the horizon line parameters
(a, p), from the proposed method. Red: Gaussian-smoothed ground truth; Blue: predicted density. Images are from the HLW dataset [34].

for improving stereo disparity. Despite the success of this
approach, one major issue is that multimodal ground truth
does not exist in real-world datasets and as we will show,
training with unimodal ground truth will result in overconfi-
dence. We therefore propose an improvement to the Wasser-
stein loss that is able to reduce the overconfidence, and thus
allow training on real-world datasets.

Multimodal aleatoric uncertainty: The term aleatoric un-
certainty refers to inherent uncertainty in the observation,
e.g. in the form of measurement noise or limited precision,
which cannot be alleviated given more data [17]. A task
with prevalent measurement noise is horizon line detection,
which is to estimate the horizon from a single image. The
images are subject to low exposure, motion blur, and occlu-
sions, resulting in aleatoric uncertainty. Workman et al. [34]
first proposed to use a CNN to directly estimate the horizon.
They also published a benchmark dataset, Horizon Lines in
the Wild (HLW), containing real-world images with labeled
horizon lines. The HLW-Net [34] has a GoogleNet [31]
backbone trained by soft-argmax and a cross-entropy loss,
predicting line parameters. Brachmann et al. [3] achieved
better performance by predicting a set of 2D points and then
fits a line with RANSAC. Although each point has a sam-
pling score, it fails to transfer to the probabilistic distribu-
tion of the line. SLNet [21] is an architecture to find seman-
tic lines and surpassed the other approaches. It proposes
line pooling layers that extract line features from feature
maps. Though a classification head of SLNet decides if a
candidate line is semantic, it does not address the distribu-
tion of the line. In the experiment, we build upon the work
of Workman et al. [34], given the open-source dataset and
its end-to-end model architecture.

Disparity estimation is another task with inherent
aleatoric uncertainty [17], caused by the depth discontinu-
ities in most natural scenes. Especially boundary pixels
between foreground and background objects are likely to
be inherently multimodal, having two modes for both ob-
jects. Garg et al. [8] revealed the benefit of training with
synthetic multimodal ground truth for improving stereo dis-

parity. However, it neither assesses the uncertainty evalua-
tion nor addresses the unavailability of multimodal ground
truth. Hiéger ef al. [12] improve the uncertainty estimation
by setting a maximum-entropy distribution as the target for
those occluded pixels, and evaluate uncertainty using spar-
stfication plots. We adopt their uncertainty evaluation and
show that the proposed hinge-WW; can further improve un-
certainty estimation, in particular on non-synthetic datasets,
where it alleviates the lack of multimodal ground truth.

3. Method

We first review the theory for training Regression-by-
Classification Networks in Sec. 3.1 and the closed-form so-
lution of the Wasserstein distance in Sec. 3.2. We then in-
troduce hinge-Wasserstein loss in Sec. 3.3 and prove it to
be a proper scoring rule. Finally we intorduce uncertainty
evaluation metrics in Sec. 3.4.

3.1. Training regression-by-classification networks

In regression-by-classification (RbC), a regression variable
y € Ris discretized into K bins. A neural network Z then
predicts a conditional probability p(y|x) given the evidence
x, which in our case is an image. The output of the network
Py = Z(z) in the K -probability-simplex is a vector where
each element represents the probability that the regression
variable y lies in a specific interval k,

Pylk] = P(ur, <y < vpy1]x) (1)

where {vk}f;ll are the bin edges. The final regression pre-
diction g is obtained by applying a decoding function to the
output vector py, i.e., § = dec(p,). The decoding func-
tion dec can be defined in different ways as explained in
[6] depending on the exact representation of p,. A straight-
forward decoding is to extract the maximum value of the
output vector p, as in [34]. Besides decoding, in Sec. 3.4
we discuss computing an uncertainty measure from p,,.
Training RbC networks requires defining a loss on the
output vector p, with respect to some ground truth annota-
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tion py,. Usually only a single continuous value, y*, is given
as ground truth. This can be interpreted as the correspond-
ing distribution being a Dirac impulse, p; = d[y — y*]. A
natural choice of loss for this setting is the NLL of y* under
the predicted distribution, p, [34]. Kendall et al. [18] in-
stead propose to minimize the decoding error, 3. But Higer
et al. [12] argue that this can lead to a biased output when
aleatoric uncertainty is present.

3.2. Wasserstein loss

The output labels in a RbC network have an inherent or-
der, see (1). The errors caused by predicting a bin close
to the correct one are thus less severe than predicting one
farther away. This detail is ignored by the standard cross-
entropy loss, KL divergence,.etc, and it has thus been ar-
gued that the Wasserstein loss is a better fit for regression-
by-classification [22]. The Wasserstein loss between a pre-
dicted distribution p(y) and the ground truth ¢(y) over some
variable y is defined as

Win(p,q) = inf // ly = yl"y(y.y)dydy" . (2)
v€l(p,q)

where I'(p, q) is the set of all possible transport plans that

take ¢ to p. For m = 1 the search over transport plans in (2)

can be avoided [32, 33], and in (1), the output distribution

is discretized, which leads to:

K
Wi(p.q) = > _|P[k] — Q[k]| . 3)
k=1

Here, P and @ are the CDFs of p and g respectively, i.e.
Plk] = Zlep[k] and Q[k] = Zle q|k]. Further, for
non-synthetic datasets e.g. [34], the annotations are Dirac
distributions, ¢(y) = §(y — y*). This also avoids the search
over transport plans [9]:

1/m
k

Softplus Activation: Ensuring that p, in (1) is on the
K -probability-simplex is most commonly achieved via the
softmax function. Below, we show that vanishing gradients
occur for the combination of a softmax layer and the W
distance with Dirac ground truth. Softmax, commonly used
as the final layer for multi-class classifiers, is defined in (5).

e*i .
9i(z) = —y——, for i=1,2,... N, (5)
Z.i e?i
Jj=1
where N is the number of classes, and z = [z,i =
1,2,...,N]. Softmax normalizes its output to sum
to one.  Thus, we can treat the output g(z) =

[91(2),92(2), ..., gn(2)] as the predicted categorical dis-
tribution for each class. The ground truth label is §[j — j5*],

where j* is the true class index. In this case, the W7 dis-
tance can be simplified as

Wi(8[j — 57, 8(2)) = Zli—j*lgi(Z% (6)

The partial derivative of (6) with respect to zj, is

oW1 (67 — 5], 8(2))
azk

= gr(z)(|k— 57| *Zli*j*\gi(l))
’ (7)

There are two problematic cases for (7):

Case 1: Low initial value for the correct bin. For the cor-
rect bin, where k = j*, |k — j*| in (7) is zero. Further, if
gx(z) = 0, we have a small, but always negative, contribu-
tion from the sum, since gx(z) is a factor of (7). Thus, if
gr(2z) starts out as a small value, it will be hard to change
the value. In the limit case, where gy (z) = 0 the gradient is
zero, resulting in no learning at all.

Case 2: Dominant, but incorrect mode. If there is a dom-
inant, but incorrect mode m # j*, the contribution to the
gradient will also be low. In the limit we have g,,(z) = 1,
gi(z) = 0, fori # m (as >, gi(z) = 1). In this case, both
terms in (7) also become close to 0, for all values of k. Thus,
whenever there is a peak of a wrong class close to 1, this will
also cause vanishing gradients.

We instead follow Higer ef al. [12], applying softplus func-
tion followed by an [; normalization, which the authors
found beneficial for regression-by-classification. Our ex-
periments in Sec. 4.3 show that simply switching to softplus
will slightly improve uncertainty estimation and regression.

3.3. Hinge-Wasserstein loss

Most of the datasets used in computer vision are annotated
with unimodal ground truth, i.e., instead of full conditional
density annotations, only the most likely output is provided
as the training target. When we use a loss that rewards
output of only a single mode at the annotation, we effec-
tively discourage the output to represent aleatoric uncer-
tainty, which in turn causes overconfidence. In the extreme
case, when there is no evidence to support any hypothesis,
the output in (1) should be uniformly distributed. '

An intuitive way to use unimodal ground truth to learn
probability density outputs is to discount the loss for all bins
by a margin 7y, and not penalize bins that are below this
level. This will allow aleatoric uncertainty in the input to
be represented in the output. This is similar to the hinge
losses from support vector machines and to the triplet loss
used in contrastive learning [30], where it only matters if
the distance to a negative sample is larger up to a certain
point. Similarly, we allow incorrect bins to be non-zero,

Note that what we expect to see is the dataset prior. The bins, how-
ever, are usually chosen as quantiles of the training set, which results in a
uniform distribution over the bins.
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as long as they are sufficiently below the level of the main
mode. In detail, the predicted probability density will be
reduced by the threshold, passed through a ReLLU and then
re-normalized to sum to one,

plk] = max(p[k] — yw,0) , (8)
plk]
= —— . )
> DlK]
The loss is then defined as the Wasserstein distance be-

tween the the renormalized probability densities and ground
truths,

plk]

We call this new loss the hinge-Wasserstein loss (abbrevi-
ated hinge-W7). Note that (10) works for both implementa-
tions of W; as described by (3) and (4), i.e., it allows both
a Dirac training target and a full distribution target. The pa-
rameter ~yy depends on the total number of output bins, and
is normally set as vy = 1/K. This can be interpreted as
the hinge-Wasserstein loss allowing a random guess (which
would correspond to a uniform distribution).
Proper scoring rule A scoring rule S(py, q) [10] is a func-
tion that evaluates the quality of a predictive distribution
pe(y|x), with respect to a true distribution q. A proper scor-
ing rule [10] should satisfy: S(ps, ¢)< S(q,q),Vps , with
equality if pg=q. If the inequality is strict for all pp# ¢, S'is
strictly proper. It has been shown that W, is not proper for
finite samples [32]. However, we use discrete distributions
with m = 1, which can be proved to be proper.
Proposition: Discrete —W is strictly proper.
Proof by contradiction: First we note that — W3 (q,q) =0
for any PDF ¢, see (3). Thus, setting S = —W] results in
the requirement: Wi (pg,q) > 0 with equality iff pg = q.
Assumption: There exists a discrete distribution p that is
different from g, for which W1 (p, ¢) = 0. In p, at least two
bin values must be different from those in ¢, as ), p[k] =
1 must hold. Denote their bin indices by mi, mo, where
mq < me, without loss of generality.
Contradiction: Consider (3) is a sum of non-negative val-
ues (since the absolute value). According to the assumption
we have p[m1]7#q[m;], and thus, D[m;] > 0 and as a con-
sequence W1 (p, ¢)>0. This is contradictory to the assump-
tion. For cases where more than two bin values are different,
we will get more non-zero terms D[k] in .S contributing to
the contradiction. This proves the equality uniqueness. [J
Based on the proposition above, it can be easily shown
that hinge-Wasserstein is a proper scoring rule but not
strictly proper because with the hinge mechanism py that
achieves the optimal w; distance is not unique.

3.4. Predictive uncertainty evaluation

We evaluate uncertainty estimation capabilities using spar-
sification plots and CRPS.

Sparsification Plots: A sparsification plot [1, 16] assesses
how well the predicted uncertainty coincides with the out-
put error. This requires a scalar uncertainty value u, which
is a function of the network probability density output,
by = Z(x),

u=f(py) - 1D

A sparsification curve is a plot of the mean absolute error
(MAE) as a function of a fraction p of samples that have
been removed. The removed samples are those with the
highest predicted uncertainty according to w in (11). Sim-
ilarly, an oracle curve is created by instead removing the
fraction p of samples with the highest absolute errors. The
oracle curve as a monotonically decreasing function indi-
cates the lower bound of sparsification curves. Both curves
are normalized by the MAE on all the test set samples, i.e.
they start at (0,1). See Fig. 3 in [16] for an example of
sparsfication plots. By plotting the vertical distance be-
tween the two curves, defined as the sparsification error,
against p, we get the sparsification error plot as in Fig. 4.
We use area under sparsification error (AUSE) to quantita-
tively evaluate uncertainty estimation to fairly compare dif-
ferent approaches with different oracles. A common choice
for u, is the Shannon entropy [12] [26] [29] of p,,

K

= H(py) =— Y _pylkllogp,[k] . (12)
k=1

We show in the supplement the comparison between en-
tropy and other uncertainty measures, e.g., variance, maxi-
mum value of the predicted histogram, and (12) returns best
AUSE. Hence, we show experiment results with entropy.

CRPS: While AUSE measures the correlation between un-
certainty magnitude and prediction error, it disregards the
shape of each predicted probability distribution. As the
goal is to predict multimodal distributions, we can use a
proper scoring rule to assess this. A proper scoring rule ad-
dresses calibration and sharpness simultaneously [11]. Here
we extend continuous ranked probability score (CRPS) to
allow multimodal ground truth. Specifically, the step func-
tion in CRPS is replaced with the cumulative distribution of
equally-weighted Dirac mixtures: ¢(y) = + Ziv o(yr)

CRPS (pg, g) = / po(y) —a)Pdy . (3)

— 00

Note that this metric only works when multimodal ground
truth distribution is available.

4. Experiments

We analyze the performance of the proposed hinge-W;
loss under multimodal aleatoric uncertainty. First, we
construct a synthetic dataset, where we control the pres-
ence of aleatoric uncertainty, to show that using the nega-
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Figure 3. Example images from the synthetic dataset with control-
lable aleatoric uncertainty: (a) training set, one or two lines per
image, one line in the annotation for unimodal training; both lines
in the annotation for multimodal training; (b) test set 1, one line
per image; and (c) test set 2, two lines per image.

tive log-likelihood or Wasserstein losses lead to overconfi-
dence. Our proposed hinge-WW7, in contrast, reports uncer-
tainty whenever uncertainty is present. Next, we evaluate
our hinge-W; loss on two separate regression tasks: hori-
zon line regression on Horizon Lines in the Wild (HLW)
(Sec. 4.2), and stereo disparity estimation on Scene Flow
Datasets (Sec. 4.3).

4.1. Synthetic dataset

Dataset: To create a controlled environment where we can
analyze the behaviour of our proposed approach, we choose
a simplistic yet representative regression problem — param-
eter estimation for lines in noisy images. Aleatoric uncer-
tainty is introduced in the form of multiple lines in the im-
ages as shown in Fig. 3. One or more randomly generated
lines are rendered on a background with Gaussian noise.
These image-line pairs can be used for supervised training.
We can easily control the aleatoric uncertainty amount by
varying the fraction of images with multiple lines.

The training set contains 2000 clear images with one line
and 2000 ambiguous images with two lines. We create two
test sets: The clear set shown in Fig. 3 (b), contains 500 im-
ages with one line per image; the ambiguous set shown in
Fig. 3 (c), contains 500 images with two lines per image. To
imitate real-world tasks, a randomly-picked line in the am-
biguous images is labeled as the unimodal ground truth. By
labeling both lines in the ambiguous images, we also create
multimodal ground truth distributions for v and p (called
MM GND in the experiments).

Implementation details: A line is often parameterized as a
slope and an offset («, p), which define the set of pixel co-
ordinates (z,y) as (—sina  cosa —p)T (z y 1) =
0, (z,y) € Q , where Q is the set of image coordinates. To
make the representation unique, we also restrict the param-
eters to &« € [—7/2,7/2] and p € [0, 00). Then « and p are
discretized into K =100 bins. The first 99 bins are linearly-

spaced from the minimum value of training samples to the
maximum, and the last bin is from the maximum to infinity
as in [34]. All models use a Resnetl8 [13] as the backbone
network, with the last layer replaced by a linear layer fol-
lowed by two prediction heads, each of which consists of a
softplus and normalization as in Sec. 3.2, for the slope and
the offset respectively. We assume that p, and p, are in-
dependent. We conduct an ablation study on NLL, W; and
hinge-W7 losses with both (i) unimodal and (ii) multimodal
ground truths. For computation, we follow [12] and ap-
ply small Gaussian smoothing around the unimodal target.
Note that due to the use of an argmax decoding (inherited
from [34]) there always exists a quantization error given by
the bin sizes, and thus an upper bound on the AUC. This
error could be reduced by a more advanced decoding (see
[6]) or by adding an offset prediction branch (see [9]).
Metrics: To evaluate line regression performance, we em-
ploy a metric that is commonly used in the similar task
of horizon line detection, the horizon detection error, pro-
posed by Barinova et al. [2]. It is calculated as the maxi-
mum vertical distance between ground truth and predicted
lines in the image, normalized by the height of the image.
The cumulative histogram of the horizon detection error is
often used to assess the error distribution for the test set, and
the area under the curve (AUC) is commonly reported as a
summary. For uncertainty evaluation, we apply AUSE and
CRPS (Sec. 3.4) separately on the line parameters.
Results: Fig. 5 shows qualitative examples of inferences.
The hinge-W; captures the multimodality in the input in
most cases, except for Fig. 5 (b), the metameric case [6],
where the modes are too close and interfere. Table. 1
shows the quantitative results of both line regression per-
formance and uncertainty evaluation on the two-line test
set. The model trained with plain Wasserstein and unimodal
targets shows overconfidence with high AUSE and CRPS,
which indicates plain W; severely omits secondary modes.
Though usually unavailable, adding multimodal targets to
training largely improves the uncertainty scale (AUSE) and
predicted distribution (CRPS) while slightly improves re-
gression. While increasing hinge value 7y, AUSE and
CRPS keep improving until the vy is too large. The AUSE
of hinge Wasserstein with ~yy=0.015 are close to those
with multimodal targets. A large hinge damages the training
because there are few bins in the predicted density above the
hinge at the beginning, thus no gradient to backpropagate.

4.2. Horizon lines in the wild

Dataset: To show that the findings in Sec. 4.1 for the syn-
thetic dataset transfer to a related task in the real world, we
evaluate our approach on the challenging Horizon Lines in
the Wild (HLW) [34] benchmark. HLW is a large dataset of
real-world images captured in a diverse set of environments,
with horizon lines annotated using structure from motion. It
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Figure 4. Sparsification error curves for the HLW task (lower is
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contains 100553 training images and 2018 test images.
Implementation Details: Labels for the horizon line slope
and offset are continuous in HLW. They need to be dis-
cretized into K bins respectively and use the one hot vector
of bin index as a ground truth g,. The K = 100 bins are
chosen to be approximately equally likely to occur, by lin-
early interpolating the cumulative distribution function of
the corresponding parameter over the training set. We fol-
low the training procedure in [34] and replace the backbone
with Resnet18. We apply hinge-WW as the training loss and
compare with the original NLL loss, an ensemble of 5 in-
stances (as in [20]) trained with NLL loss and Plain WW;.
Metrics: We use the same regression metric (AUC) and
uncertainty evaluation metric (AUSE) as in Sec. 4.1 and
Sec. 3.4. The only exception is that CRPS is not computed
because multimodal ground truth targets are unavailable.
Results: Fig. 4 and Tab. 3 show quantitative results for dif-
ferent configurations of our method, compared to the base-
line implementation of the NLL loss [34]. Using plain
W1 matches the baseline in terms of the AUC. However, it
causes an even more severe overconfidence problem com-
pared to NLL, as shown by the large AUSE score. Hinge-
W beats the baseline by a large margin in terms of AUSE
for v and p yet only shows a minor decrease in AUC. The
sparsification error plots in Fig. 4 indicates that NLL often
leads to overconfident predictions for p with small error as
seen from the huge peak in the sparsification error curve on
the right. By contrast, hinge-WW; can mitigate such over-
confidence. In Tab. 3 we report the results for an ensemble
of 5 NLL trained networks. As can be seen, the ensemble
obtains the best AUC and slightly improves the o« AUSE,
however at the price of 5x more computation. The ensem-
ble is actually complementary to our approach, and ensem-
bles could potentially be combined with RbC, if a larger
compute budget is available.

4.3. Stereo disparity

We also study stereo disparity estimation. Given a pair of
rectified stereo images, the task is to predict the disparity
between their x-coordinates in every pixel.

Dataset: Following [9] we use the synthetic Scene Flow

() (b) () (d)

Figure 5. Density prediction for v with a model trained using
hinge-W; with yw» = 0.01, and inference on both test sets. Note:
Only unimodal ground truth was used during training. Blue shows
Gaussian-smoothed ground truth, and orange shows predicted den-
sities. (a) and (c) show examples of where two output peaks over-
lap the ground truth; (b) shows that the model cannot distinguish
two peaks if they are too close; (d) shows the model working well
with unimodal ground truth.

dataset [25]. It contains 35k training and 4k test image pairs
in different domains, and forms a challenging benchmark
for the disparity task. All image pairs are accompanied by
unimodal ground truth disparity.

Metrics: To evaluate the regression performance, we mea-
sure the end-point-error (EPE), which is the absolute pixel
difference between the predicted and true disparity, aver-
aged over all pixels and images. We further measure the k-
pixel threshold error (PE), which is the percentage of pixels
where the error is more than k pixels. We evaluate PE at 1-
pixel and 3-pixel thresholds, denoted 1PE and 3PE. To eval-
uate the uncertainty estimation, we use AUSE, as described
in Sec. 3.4. To further invistigate, we compute all metrics on
edge pixels, as these represent regions of high uncertainty,
where uncertainty estimation plays a larger role.
Implementation details: We train a Continuous Disparity
Network (CDN) [8] on top of the PSMNet [4] backbone,
which predicts bin center offsets in addition to the bin prob-
abilities. This allows for continuous sub-pixel disparity pre-
dictions. We use the same settings as in [8], i.e. we train for
10 epochs with batch size 8, and use a constant learning
rate of 0.001 with the Adam optimizer. The disparity is dis-
cretized into 96 bins of two pixels each, allowing for predic-
tions in [0, 192]. Furthermore, we follow [8] in training the
models in a multimodal setting, with synthetic multimodal
ground truth based on neighboring pixels. In this setting,
the true distribution is chosen as a Dirac mixture with dis-
parity values based on a k x k neighborhood. The weight
of the center pixel disparity is set to &« = 0.8, and the rest
are set with equal weight.

Results: Table 2 shows the regression performance and un-
certainty evaluation on the disparity task. We compare the
results with softmax normalization, softplus normalization,
and in multimodal training. We find that increasing the
hinge vy improves the uncertainty estimation, while retain-
ing a high regression performance, in all three settings. The
fact that our proposed loss yields improvements in both uni-
modal and multimodal settings demonstrates that it is well
suited for a wide range of conditions. We find that both
softplus normalization and synthetic multimodal disparity
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Table 1. Ablation study on the synthetic dataset. MM GND means training with multimodal ground truth (typically unavailable in real-

world application); for all other results we use unimodal ground truth. Standard error is computed over five randomly initialized models.

Table 2. Stereo disparity results on Scene Flow. Regression performance in terms of EPE, 1PE, and 3PE, and uncertainty evaluation in

Loss AUC 1 a AUSE | p AUSE| aCRPS| pCRPS|
Plain W1 with MM GND  46.88+023  19.89+ 129 19.49+ 095 4.71+002 5.20+0.02
Plain W1 46.36+ 017  90.49+358 69.67 +383  8.72+ 005 9.42+ 005
hinge-W1 yw = 0.005 48.52+012  70.17+236 53.26+262 8.02+004 8.42+0.00
hinge-W1 yw = 0.01 49.00+000  63.47+3.17 52.52 +285  6.80+0.14 7.04+0.03
hinge-W1 vy = 0.015 39.80+014  21.97+1.54 28.38+5.15 9.52+0.19 9.27+0.13

terms of entropy-based AUSE. MM denotes multimodal training with £ = 5, and standard error is reported over five runs.

Setting Loss All pixels Edge pixels

EPE | 1PE | 3PE | AUSE| EPE| 1PE | 3PE | AUSE |
Softmax Plain W7 [8] 0.98+001 9.44+006 4.04+003 1944037 3.05+003 17.4+012 10.1+000  27.5+070
Softmax hinge-W1, vy = 0.01 (Ours) 0.99+001  9.62+006 4.08+003 18.7+043  3.05+003 17.6x0.12 10.1+006  26.4+031
Softplus Plain W7 [8] 1.00+001  9.744007 4.12+003 18.1+089 3.05+001  17.5+0.09 10.1+007 2724164
Softplus hinge-W1, yw = 0.0025 (Ours)  0.97+002  9.35+016  3.97400s 16.5+0s5 2.98+003 17.1+016  9.80+007 23.6+063
Softplus hinge-W1, vy = 0.005 (Ours) 0.96+001  9.31+005 3.96+003 16.0+030 3.00+003 17.1+011 9.84+012  23.5+0s8
Softplus hinge-W1, vy = 0.01 (Ours) 0.98+001  9.48+00s 4.05+003 1644048 3.04+002 1724016  9.99+010 23.1+077
Softplus hinge-W1, vy = 0.015 (Ours) 0974002  9.38+013  3.98+006 16.14+060 3.01+003 17.2+021 9.88+011  22.9+080
Softplus hinge-W1, vy = 0.02 (Ours) 0.98+001  9.46+000 4.04+003 1554019 3.03+003 17.2+0.3 9.94+000 21.8+037
Softplus hinge-W1, vy = 0.04 (Ours) 1.02+001  9.754009 4.174005s 15.1+026 3.13+002  17.7+0.14 10.34+008  21.34049
Softplus, MM Plain W7 [8] 1.00+003  9.61+025 4.15+016 14.1+146  3.15+011  17.59+038  10.3+t026  19.8+208
Softplus, MM hinge-W71, vy = 0.0075 (Ours)  0.96+001  9.27+011  3.94+003  13.0+032  3.00+003 17.00+017 9.79+013 17.2+001
Softplus, MM hinge-W1, vy = 0.01 (Ours) 0.97+003  9.40+021 4.01+008 12.6+001  3.04+003 17.20+008 9.98+003 16.3+0.90

Table 3. Test results on Horizon Lines in the Wild. For hinge-W1
and plain Wasserstein, Gaussian smoothed (o = 4) training target
apply. Both metrics are multiplied by 100.

Loss AUC 1 o AUSE | p AUSE]
NLL[34] 64.13+004  44.30+036 51.47+256
Ensemble NLL 66.83 39.50 48.00
Plain W1 64.40+0.22 100.40+2.76 153.70+333
hinge-W1,yiw=0.0100  66.60+011  49.88+1.73 78.49+1.61
hinge-W1,yw=0.0150  64.24+041 29.18+075 69.41+5.18
hinge-W1,yw=0.0200  62.72+014  26.97+1.19 30.82+1.92
hinge-W1,yw=0.0250  62.00+000  32.45+136 31.11+6m1

labels further improve the uncertainty estimation. In the re-
sults for edge pixels, the same improvements can be seen.

5. Concluding remarks

Unavailability of multimodal groundtruth: We gener-
ate multimodal ground truth for training on the synthetic
dataset in Sec. 4.1 and on the disparity task in Sec. 4.3. Ex-
periments show that MM ground truth improves uncertainty
evaluation and regression for plain /7. When we have prior
knowledge about the full multimodal distribution, synthetic
MM groundtruth is a way to improve uncertainty. On top
of this, hinge-W; can bring further improvements. How-
ever, in most real-world datasets, we have neither the full
ground truth distribution nor the prior knowledge about it.
Our proposed hinge-WW; can mitigate the absence of multi-
modal ground truth by reducing the penalty for secondary
modes in the prediction. A network trained with Hinge-W;
and unimodal ground truth has an AUSE that is close to that

from plain-1¥; and multimodal ground truth.

Choice of hinge: All the experiments on different tasks re-
veal that the uncertainty in terms of AUSE keeps improving
as the hinge value increases from 0 until that hinge is too
large to maintain stable training. Though not optimal, the
hinge value 1/K (K is the number of bins) already signif-
icantly improves AUSE. It is worth noticing that the opti-
mal hinge is usually smaller in terms of CRPS than AUSE.
This is because CRPS, as a proper scoring rule, requires
sharpness of the predictive distributions. The most common
use of uncertainty is to detect problematic outputs, which is
more closely related to AUSE (AUSE measures how well
the uncertainty measure is able to sort the test set samples).

We have analyzed the behaviour of the Wasserstein loss
on a synthetic dataset, and shown that the absence of full
ground truth distributions leads to highly overconfident uni-
modal predictions. We have provided a solution in the form
of an added hinge, and demonstrated that this modification
mitigates overconfidence, when training on datasets where
full ground truth distributions are unavailable. In the fu-
ture we are interested in addressing overconfidence also in
higher dimensional regression tasks, and in combining RbC
with ensemble methods.
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