






Here, Q represents a path measure within P(pA, pB),
characterized by having marginal densities pA and pB at
times t = 0 and 1, respectively. We consider P as the ref-
erence measure, specifically chosen as the path measure in
equation (1). We will further elaborate on the conditions
that define the optimality of the SB (as shown in equation
(3)) with specified boundary conditions. The optimality
condition for SB is characterized by solving PDEs [9][8].
Let Ψ(t, x) and Ψ̂(t, x) be the solutions to the following
PDEs:

∂Ψ(z, t)

∂t
= −∇ΨT f − 1

2
β∆Ψ (4)

∂Ψ̂(z, t)

∂t
= −∇ · (Ψ̂f) +

1

2
β∆Ψ̂ (5)

subject to the conditions,

Ψ(z, 0)Ψ̂(z, 0) = pA(z), Ψ(z, 1)Ψ̂(z, 1) = pB(z).

Then, the solution to optimization (3) can be expressed by
the path measure of the following forward equation (6), or
equivalently backward equation (7), SDE:

dXt = [ft + βt∇ logΨ(Xt, t)] dt+
√
βt dWt, (6)

dXt = [ft − βt∇ log Ψ̂(Xt, t)] dt+
√

βt dW t, (7)

where ∇ logΨ and ∇ log Ψ̂ represent the non-linear op-
timal forward and backward drifts for the Schrödinger
Bridge. This SB has a non-linear behavior and it gener-
alizes the SGMs with variation in prior data. Note that, for-
ward and backward equations (6, 7) of Schrödinger Bridge
are same as SGMs forward-backward equations (1, 2) ex-
cept the forward drift term (∇ logΨ). Thus, from the Nel-
son’s Duality [34] we obtain Ψ(x, t)Ψ̂(x, t) = qSB(x, t).
As the backward drift of Schrödinger Bridge does not act
as a score function anymore with two indivisible com-
ponents. Thus, from equation (7) and Nelson’s Dual-
ity [34] we obtain dXt = [ft − βt(∇ log qSB(Xt, t) −
∇ logΨ(Xt, t))] dt+

√
βt dW t.

Linear-SB. The constraints posed above cause the model
to be intractable and to overcome this impediment existing
literature suggests various lines of strategies such as Iter-
ative Proportional Fitting [11, 25], likelihood-based train-
ing of SB [8] etc. These methods help the SGMs to con-
struct non-linear diffusion bridges. But, we can make them
tractable by posing some linear conditions. A more detailed
examination of SB theory with SGM framework reveals that
the nonlinear drifts specified in equations (6, 7) correspond
to the score functions described in equation (2). Assuming
that Ψ(·, t) and Ψ̂(·, t) function as probability density func-
tions, we reformulate equations (4, 5) to effectively address
the solutions of the Fokker-Planck equation [36].

The Schrödinger Bridges in equation (4, 5) are satis-
fied, the backward and forward drifts, ∇ log Ψ̂(Xt, t) and
∇ logΨ(Xt, t) represent the score functions for the follow-
ing linear SDEs, respectively [36][27]:

dXt = ft(Xt) dt+
√
βt dWt, X0 ∼ Ψ(·, 0), (8)

dXt = ft(Xt) dt+
√
βt dW t, X1 ∼ Ψ̂(·, 1). (9)

The key characteristic of the linear SDEs presented in
equations (8, 9) lies in their differing boundary conditions,
resulting in distinct distributions compared to nonlinear
SDEs. Sampling is facilitated by parameterizing ∇ log Ψ̂
using a score network and applying established SGM meth-
ods. However, the computational complexity arises due to
the intractability of the boundary conditions Ψ(·, 0) and
Ψ̂(·, 1). To resolve this, we introduce Dirac delta func-
tions as boundary conditions for these previously intractable
terms, thus rendering them manageable. Now to address
this we impose Dirac delta boundary conditions [36][27].
Assume pA(·) = δκ(·) is Dirac delta distribution that is
centered at κ ∈ Rd. Then, the initial distributions of the
linear SDEs (equation (8,9)) are:

pB = Ψ(·, 1)Ψ̂(·, 1), Ψ̂(·, 0) = δκ(·), (10)

The above equation (10) suggests that the optimal back-
ward drift of the process in equation (8) consistently targets
the Dirac delta δκ(·), achieving convergence to κ indepen-
dent of pB . This concept is integrated into the loss function,
where the score is recalculated as ∇ log p(Xt, t|X0 = κ)
for each instance κ. This approach enhances computational
efficiency and establishes a robust mathematical basis for
training ∇ log Ψ̂(·).

3.2. Linear Schrödinger Bridge in the Latent Space
We now describe how the above discussion on linear
Schrödinger bridges can be used for anomaly detection and
localization.

Overall Pipeline. Figure 2 illustrates the entire pipeline
of the proposed method. Initially, anomaly augmentation
[56] is applied to a normal image, which is then processed
by the Latent Anomaly Schrödinger Bridge (LASB) model.
The LASB model learns the anomaly statistics and trans-
forms the augmented anomaly image back into a normal
image. Crucially, the aim of this step is not to learn the
anomalies themselves, but rather to reconstruct the normal
image regardless of the anomalies introduced during train-
ing. During training, various masks and noise patterns are
applied to augment the images. After training, the LASB
model is evaluated on anomaly images from the test set,
with its weights frozen. During the inference phase, the
model is presented with an anomaly image from the test
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Georg Langs, and Ursula Schmidt-Erfurth. f-anogan: Fast

unsupervised anomaly detection with generative adversarial
networks. Medical image analysis, 54:30–44, 2019. 2

[42] Yuyang Shi, Valentin De Bortoli, Andrew Campbell, and Ar-
naud Doucet. Diffusion schrödinger bridge matching. Ad-
vances in Neural Information Processing Systems, 36, 2024.
2

[43] Woosang Shin, Jonghyeon Lee, Taehan Lee, Sangmoon Lee,
and Jong Pil Yun. Anomaly detection using score-based per-
turbation resilience. In Proceedings of the IEEE/CVF In-
ternational Conference on Computer Vision, pages 23372–
23382, 2023. 1, 2, 6, 8

[44] Kihyuk Sohn et al. Anomaly clustering: Grouping images
into coherent clusters of anomaly types. In Proceedings of
the IEEE/CVF Winter Conference on Applications of Com-
puter Vision, 2023. 1

[45] Jouwon Song et al. Anoseg: anomaly segmentation
network using self-supervised learning. arXiv preprint
arXiv:2110.03396, 2021. 2

[46] Yang Song, Jascha Sohl-Dickstein, Diederik P Kingma, Ab-
hishek Kumar, Stefano Ermon, and Ben Poole. Score-based
generative modeling through stochastic differential equa-
tions. In International Conference on Learning Represen-
tations, 2021. 2, 3, 7

[47] Daniel Stanley Tan, Yi-Chun Chen, Trista Pei-Chun Chen,
and Wei-Chao Chen. Trustmae: A noise-resilient defect
classification framework using memory-augmented auto-
encoders with trust regions. In Proceedings of the IEEE/CVF
winter conference on applications of computer vision, pages
276–285, 2021. 2

[48] Justin Tebbe and Jawad Tayyub. Dynamic addition of noise
in a diffusion model for anomaly detection. In Proceed-
ings of the IEEE/CVF Conference on Computer Vision and
Pattern Recognition (CVPR) Workshops, pages 3940–3949,
2024. 6

[49] Aaron Van Den Oord, Oriol Vinyals, et al. Neural discrete
representation learning. Advances in neural information pro-
cessing systems, 30, 2017. 5

[50] Shashanka Venkataramanan et al. Attention guided anomaly
localization in images. In European Conference on Com-
puter Vision. Springer International Publishing, 2020. 1

[51] Gefei Wang, Yuling Jiao, Qian Xu, Yang Wang, and Can
Yang. Deep generative learning via schrödinger bridge. In
International conference on machine learning, pages 10794–
10804. PMLR, 2021. 2

[52] Julian Wyatt et al. Anoddpm: Anomaly detection with de-
noising diffusion probabilistic models using simplex noise.
In Proceedings of the IEEE/CVF Conference on Computer
Vision and Pattern Recognition, 2022. 1, 2

[53] Rui Xu, Yunke Wang, and Bo Du. Maediff: Masked
autoencoder-enhanced diffusion models for unsupervised
anomaly detection in brain images. arXiv preprint
arXiv:2401.10561, 2024. 1

[54] Hang Yao, Ming Liu, Zhicun Yin, Zifei Yan, Xiaopeng
Hong, and Wangmeng Zuo. Glad: towards better reconstruc-
tion with global and local adaptive diffusion models for un-
supervised anomaly detection. In European Conference on
Computer Vision, pages 1–17. Springer, 2024. 6, 7, 8

25537




