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Abstract

In this paper, we propose a novel approach for recovering
focal lengths from three-view homographies. By examining
the consistency of normal vectors between two homogra-
phies, we derive new explicit constraints between the focal
lengths and homographies using an elimination technique.
We demonstrate that three-view homographies provide two
additional constraints, enabling the recovery of one or two
focal lengths. We discuss four possible cases, including
three cameras having an unknown equal focal length, three
cameras having two different unknown focal lengths, three
cameras where one focal length is known, and the other two
cameras have equal or different unknown focal lengths. All
the problems can be converted into solving polynomials in
one or two unknowns, which can be efficiently solved using
Sturm sequence or hidden variable technique. Evaluation
using both synthetic and real data shows that the proposed
solvers are both faster and more accurate than methods re-
lying on existing two-view solvers. The code and data are
available on https://github.com/kocurvik/hft.

1. Introduction

Estimating relative camera motion from multiple views us-
ing point correspondences is a classical problem in com-
puter vision. Efficient solutions for various camera con-
figurations have been well-studied in the literature [4, 18—
21, 27, 32, 36, 37, 41]. For example, with two fully cali-
brated cameras, the relative camera pose can be efficiently
determined using 5-point algorithms [19, 27, 36]. In con-
trast to the two view case, the calibrated three-view rela-

Figure 1. Three cameras view the same plane, defining two homo-
graphies Ho, H3. The two homographies have the same reference
image, which should correspond to the same normal vector n.

tive pose problem is much more challenging. This prob-
lem can be solved using four triplets of point correspon-
dences [37, 38],! however it results in a very complex
system of polynomial equations. Thus, the existing solu-
tions [24, 37] to this problem are only approximate and can
often fail, i.e., the returned solution can be arbitrarily far
from the geometrically correct solution.

An important scenario arises when the focal length is the
only unknown in the camera intrinsic parameters, referred
to as the partially calibrated case. This setup is practical
since most modern cameras have zero skew and a centered
principal point. When two cameras share an equal yet un-
known focal length, their relative motion and the common
focal length can be estimated using six point correspon-
dences [19, 27, 28, 41]. Similarly, if one camera is fully
calibrated and the other has an unknown focal length, six
point correspondences are also required [5, 27, 28]. For

'Note, that configuration of four points in three views generates an
over-constrained problem. In this case, we have 12 constraint for 11 de-
grees of freedom (DOF). A minimal solution would need to drop one con-
straint, e.g., by considering only a line passing through one of the points in
the third view [24] or by considering a “half” point correspondence.
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two cameras with different, unknown focal lengths, at least
seven point correspondences are necessary to recover both
the relative motion and the focal lengths [3, 18].

Three-view focal length problems are significantly more
complex, often involving polynomial systems with hun-
dreds of solutions. For example, when the three cameras
share the same focal length, there can be up to 668 pos-
sible solutions [7, 10, 13]. Such systems can be solved
using homotopy continuation methods [22, 39]. The run-
ning times of the CPU variants of the solvers for four points
in three cameras with unknown shared focal length range
from 250ms to 1456ms. Efficient GPU implementations
are much faster; however, with runtimes 16.7ms to 154ms
they are still too slow for practical applications.

Scenes with planar surfaces, such as floors, walls,
doors, facades, and other common structures, are preva-
lent in man-made environments. When points are copla-
nar, homography-based algorithms require four point corre-
spondences [20] to estimate the relative pose of two cam-
eras. Unfortunately, any attempt to recover intrinsic pa-
rameters from two views of a planar surface (using only
point correspondences without additional priors) is futile,
as stated in the following theorem [35, 36]: “’For any choice
of intrinsic parameters, any homography can be realized
between two views by positioning the views and a plane
in a particular way.” However, it has been shown that fo-
cal lengths can be recovered from three-view homogra-
phies [23, 34], i.e. three cameras observing a planar surface
(see illustration in Figure 1).

In this paper, we propose novel solutions to the problem
of estimating the focal lengths from three-view homogra-
phies. We consider four possible cases: (i) three cameras
having an unknown equal focal length, (ii) three cameras
having two different unknown focal lengths, (iii) three cam-
eras with one known focal length and two unknown equal
focal lengths, and (iv) three cameras with one known fo-
cal length and two unknown different focal lengths (see Ta-
ble 1). We propose novel formulations to these problems
and discuss the number of possible solutions for each case.
The main contributions of the paper include:

* We solve the three-view focal length problems using four
coplanar points. We use the property that four coplanar
points in three views define two independent homogra-
phies, which should share the same plane normal vector.

¢ Based on the normal vector consistence, we derive new
explicit constraints on the focal lengths and the homo-
graphies. We provide a detailed problem formulation for
the above-mentioned cases, which are then converted into
solving polynomial systems in only one or two unknowns.

» This allows us to develop solvers using efficient Sturm
sequences or hidden variable technique. The proposed
solvers are significantly more efficient than the existing
solvers to this problem [23]. Moreover, in extensive syn-

thetic and real experiments, we show an improvement in
accuracy over the state-of-the-art two-view solvers.

* We propose a new dataset consisting of 6 scenes (four
indoor and 2 outdoor) containing 1870 images captured
with 14 different cameras. Ground truth focal lengths are
estimated using the standard calibration method [44]. We
make both the dataset and the code publicly available.

* To our knowledge, we are the first to extensively evaluate
focal length self-calibration from three views of planar
scenes on large amounts of synthetic and real scenes, and
compare the solutions with different two-view and three-
view baselines for cameras observing general scenes.

2. Related Work

Homography estimation is a well-studied problem in the
literature and can be solved using the 4-point algorithm,
which involves solving a system of eight homogeneous lin-
ear equations [20]. However, with only point correspon-
dences, two-view homography does not provide additional
constraints on the focal length, making the two-view ho-
mography not suitable for self-calibration. To recover the
intrinsic parameters from the two-view homography, we
need additional priors. In [4], under pure rotation assump-
tion, the authors propose two minimal solutions for the two-
view homography-based focal length estimation with one or
two focal length parameters. In [15], the authors use sensor-
fusion, i.e., combining camera with gravity from IMU (In-
ertial measurement unit), to reduce the DOF of the motion
parameters. In general, the gravity prior can provide up to
two constraints on the focal length.

Focal length recovery from homographies in more views
was first discussed in [34]. Malis et al. compute homogra-
phies among multiple views, iteratively testing various focal
lengths to find the one that minimizes a cost function. How-
ever, this method is time-consuming and sensitive to noise.

The work most closely related to ours is by
Heikkild [23], where the constraints on the focal length and
the normal vector are derived, and non-iterative solutions
to the problem of recovering focal lengths from three-view
homographies is proposed. For three cameras with the
same unknown focal length, [23] solves three polynomials
in three unknowns. However, these polynomials have very
high degrees, making them challenging to solve efficiently.
Heikkild first applies SVD to a 82 x 82 matrix, followed
by Gaussian-Jordan elimination of a 82 x 164 matrix.
Finally, the solver finds the solutions by computing the
eigenvalues of a 82 x 82 matrix. For three cameras with
two different focal lengths, Heikkild’s method needs to
solve four polynomials in four unknowns by performing
Gaussian-Jordan elimination of a 176 x 352 matrix and
computing the eigenvalues of a 176 x 176 matrix.

In contrast to complex solutions presented in [23], we
propose very efficient solutions to the problem of recover-
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ing focal lengths from three-view homographies. For cam-
eras with the same focal length, our novel solver only re-
quires computing the roots of a univariate polynomial of
degree 9, which can be efficiently solved using Sturm se-
quences. For cameras with two different focal lengths, we
compute solutions from the eigenvalues of a 18 x 18 matrix.

For general scenes, focal lenghts can be recovered to-
gether with the epipolar geometry. For two cameras
with equal unknown focal lengths, the minimal 6-point
solvers [5, 19, 27, 28, 41] use rank-2 and trace constraints
on the essential matrix. The 5-point solver [42] solves the
plane+parallax scenario for cameras with unknown focal
length using four coplanar points and one off-plane point.
This solver can be used within the DEGENSAC frame-
work [9] to complement the six point solvers in order to
improve performance for scenes that are not completely pla-
nar, but contain a dominant plane. For the single unknown
focal length problem, the two-view geometry can be solved
using the single-side 6-point solver [5, 28]. For the relative
pose problem with different and unknown focal lengths, the
solution computes the fundamental matrix using the 7-point
solver [20], followed by the extraction of the focal lengths
from this matrix [3, 25].

As discussed above, three-view focal length problems
for general scenes are significantly more complex and their
homotopy continuation solutions [7, 10, 13] are impractical.

3. Problem Statement

In this section, we introduce the three-view focal length
problem for coplanar points along with the used notation.
We consider a set of 3D points {X;} which lie on a plane
defined by

IITXZ‘ = d, (1)

where n = [n,,n,,n;] is the unit normal of the plane and
d is the distance of the plane to origin.

The points are observed by three cameras such that
X, is projected to a 2D point m; ; by the j-th camera
K;[R; | t;]. In many practical scenarios, it is often rea-
sonable to assume that cameras have square-shaped pixels
and that the principal point coincides with the image cen-
ter [19]. This leaves only the focal length unknown, and
thus K; = diag(f;, f;,1).

Without loss of generality, we set the coordinate system
such that R; = I and t; = 0. We use X, ; to denote the
points {X;} expressed in the coordinate system of the j-th
camera giving us

X, =R;X; +t;,j=23. )

Substituting (1) into (2) we obtain

t.
X =R;X;+ 20’ X; = HjX;, 3)

where H; = R; + %nT is the Euclidean homography ma-
trix. Since we have

Xij; ~Ki'm;, )

further substituting (4) into (3) and expressing X in (3) in
the coordinate system of the first camera, we obtain

Kj_lmi,j ~ HjKl_lmi,la (5
which can be reformulated as

. L=0,
m;;]xGjm;; =0

. 1 (6)
with G]‘ ~ KjHjK1 y

where ~ indicates equality up to a scale factor and G rep-
resents homography between the first and the j** camera.

We can use equation (6) to obtain 2D homographies
G, j = 2,3 from point correspondences between the first,
and the second and the first and the third camera. Now,
our goal is to estimate the unknown focal lengths f; from
G: and Gg3. There are several possible configurations of
three cameras based on combinations of known and un-
known equal or different focal lengths. In Section 5 we
derive solvers for four such camera configurations denoted
as Cases I-IV, which we list in Table 1.

We derive the new solvers by utilizing a key observation
that both Hy and Hj3 are related to the normal vector n. In
the next section, we use this to show that Gy and G3 can
provide two constraints on the intrinsic parameters, which
can be used to recover the focal lengths.

4. Our Approach

Given two 2D homographies G, we have
H; ~ K;'G,K;. (7

Thus for known G, H; are polynomial matrices in the fo-
cal length parameters. To solve for the focal lengths, we
need to find the constraints on H;. Based on the formula-
tion of the Euclidean homography (3), we know that [20]

t .
E; = [t;]xH; = [t;]x(R; + EJHT) = [t;]xR;, (8)

where E; is the essential matrix corresponding to H;. Let’s
consider H;r where

T_pT BT
H, =R; +Etj' 9)

It can be easily shown that the essential matrix E; corre-
sponding to H is given by

E; =[] H] = [n]« (R} + gtT) — [m)xR]. (10)
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Focal length No. of Solutions Eigenvalue Time (ps)
Problems  Proposed Solvers View 1 View?2 View 3 Ours  Heikkild [23] Ours Heikkili [23] Ours  Heikkild [23]
Case I Hyyy f f f 9 70 Sturm 82 x 82 17.3 1404
Case II Hy, Known f f 6 - Sturm - 19.4 -
Case II1 Hy,, f p p 17 152 18 x 18 176 x 176 200 5486
Case IV Hy, Known f p 9 - 12 x 12 - 106 -

Table 1. Four possible cases for three views. i) Equal and unknown focal length for three cameras; ii) Known focal length of reference
camera, equal and unknown focal length for target cameras; iii) Focal lengths of reference camera and two target cameras are different; iv)
Known focal length of reference camera, different and unknown focal lengths for target cameras.

Thus the essential matrices derived from different H]T are
related by the same normal vector n in the reference camera
coordinate. As shown in [36, 40], a valid essential matrix
should satisfy the singular and trace constraints

det(Ej):O,
B.ETE — Llirace®ETE, =0, OV
Jjj2race(1j)1*~

In our case, we omit the zero determinant constraint since
Ej is already singular by construction (10).

Substituting (7) into the trace constraints (11) gives us
nine equations per homography, i.e., 18 equations for two
homography matrices Hs and Hs. Only two from the nine
equations are algebraically independent, i.e., one homog-
raphy matrix provides two constraints on the focal lengths
and the normal vector parameters. For the case of equal un-
known focal length, we have only 3 unknowns (f, ng, n,)
(since (11) is homogenous in n, we can let n, = 1) and thus
an over-constrained problem. The problem can be solved
using only one of the nine trace constraint equations for
E,. These equations can be solved using the Grobner ba-
sis method [29, 31] The final solver performs Gauss-Jordan
elimination of a 118 x 141 matrix and extracts solutions
from the eigenvectors of a 23 x 23 matrix. However, this
solver is not efficient enough for real-time applications.

To derive more efficient solutions, we use additional con-
straints. It can be seen that

[MﬂﬂHHNIZMMRE%ME, (12)
= [n]x[n],.
Substituting (7) into (12) gives
). Q;[n]; ~ [n]x[n], (13)
with
Q; = (K;'G;Ky) " (K;'G,Ky). (14)

Note that, we use ~ instead of equality in (13) since H;
from (7) is up to a scale factor. Since Q, are symmetric
matrices, we can write them as

451 452 453
Q= |22 94 a5 (15)
53 45 4j6

Then (13) can be rewritten as
(] Q;j[n]} = sj[]x[n]}, j =2,3

where we add scale factors to ensure the equality. Note that
both the left and right of (16) are symmetric matrices, hence
we can get 6 equations for each j.

To simplify our 12 equations, we can eliminate some
unknowns from these equations using the elimination ideal
technique [11]. This technique was recently used to solve
several minimal camera geometry problems [28].

In our case, we first create an ideal J generated by 12

polynomials (16). Then, the unknown elements of the nor-
mal {n,,n,} and the scale factor sq, s3 are eliminated from
the generators of J by computing the generators of the elim-
ination ideal J; = J N Clga1,...,q36]. Here, g;. are the
entries of Q2, Q3. These generators can be computed us-
ing computer algebra software Macaulay2 [17] (for more
details and the input Macaulay?2 code see the SM).
In this case, the elimination ideal J is generated by seven
polynomials g; of degree 6 in the elements of Q;, j = 2, 3.
The final constraints are only related to the 12 elements of
the symmetric matrices Q; (6 from Qs and 6 from Q3). To
the best of our knowledge, these constraints are first shown
in this paper and have not been used in the computer vision
literature before. Alternatively, we can eliminate n,,n,
from the 18 equations of the trace constraints (11), how-
ever, this will result in more complicated equations since
the constraints will be related to the 18 elements of H;.

(16)

5. New Solvers

In this section, we propose solvers for the four different
cases outlined in Tab. 1 using the constraints derived in the
previous section. We also propose a method based on LO-
RANSAC [8] that utilizes the new solvers for robust esti-
mation of focal lengths from three views of planar scenes.

5.1. One Unknown Focal Length Parameter

Case 1. We first consider the case where the three cameras
have equal and unknown focal length, i.e., f1 = fo = f3 =
f,and K » 3 = diag(f, f,1). By substituting K; into the
generators g;, ¢ = 1,...,7 of the elimination ideal J, we
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obtain 7 univariate polynomials in f, which are of degree 9
in & = f2. They form an over-constrained system. We only
need one of them to find the solutions to f. To find the roots
of the degree 9 univariate polynomial we use the Sturm se-
quence method [16]. We denote this solver as Hy .

Case II. In the second case, we assume that f7 is known,
and fo = f3 = f are unknown. This case occurs when
a calibrated camera is used to capture the reference image,
and the second uncalibrated camera captures two target im-
ages. Similar to Case I, we only need to find the roots of a
univariate polynomial in f, in this case of degree 6, using
Sturm sequences [16]. We denote this solver as Hy .

5.2. Two Unknown Focal Length Parameters

In the second group of solvers, we consider self-calibration
problems with two different unknown focal lengths. There
are two practical cases:
Case III. In this case, we assume two unknown focal
lengths f1 = f, and fo = f3 = p, i.e., Ky = diag(f, f,1)
and Ky 3 = diag(p, p,1). This corresponds to a situation
where the first uncalibrated camera is used to capture the
reference image and the second uncalibrated camera cap-
tures two target images. By substituting K; into the con-
straints g; from the elimination ideal, we obtain 7 polyno-
mials in two unknowns «, 3, (a = f2, 3 = p?), which can
be written as

Mv =0, 17

where M is a 7 x 28 coefficient matrix and

v=[1,5, B8 aLaB, .., aB5, ..

is a vector consisting of the 28 monomials. The system
of polynomial equations in (17) can be solved using dif-
ferent algebraic methods [11]. There are also different
state-of-the-art approaches for generating efficient algebraic
solvers [2, 19, 26, 27, 31]. In this paper, we use the hidden
variable technique to derive polynomial eigenvalue solution
based on [27].

Polynomial Eigenvalue Solution. The polynomial system
in (17) contains four polynomials in two unknowns (a, f3),
and the highest degree of the unknown « is 3. In this case,
« can be chosen as the hidden variable, i.e. we can con-
sider it as a parameter. Then the system of polynomial equa-
tions (17) can be rewritten as

cad, L, abp%T (18)

C(a)v =0, (19)

where C(«) is a 7 x 7 polynomial matrix parameterized by
a,and v = [1,8,...,8% " is a vector of monomials in /3
without . C(«) can be rewritten as

C(a) = a®Cs 4 a®C; + aC; + Cy, (20)

where C3, C,, Cy, Cy are 7 x 7 coefficient matrices con-
taining only numbers. For this problem, the matrix Cs is

only rank 4, resulting in four zero eigenvalues. To speed up
the solver, we remove these zero eigenvalues from the com-
putations. To do this, we first need to transform the matrices
C,; by considering linear combinations of their rows, such
that there are three zero rows in the transformed matrix Cs.
To remove the zero rows in the transformed Cs, we use the
technique from [15] and consider the transpose of (19)

viCcT(a)=0. (21)
In this case, we have
C'(a) =a’Cy +a’Cy +aC] +CJ. (22)

The zero rows in C3 are now zero columns in CJ . Since
Cy is full rank, we let v = 1 and rewrite (22) as

C'(7) =+°Cq +7°C{ +19CJ +C5.  (23)

If we consider (23) as a polynomial eigenvalue problem [1],
the solutions to ~y are the eigenvalues of 21 x 21 matrix

0 I 0
D= 0 0 I .24
-c;'c] -¢;'cy —cp'cef

The three zero columns in C3 can now be removed together
with their corresponding rows to eliminate the zero eigen-
values [27]. In this way, we obtain 18 possible solutions.
Once we have solutions to «, the remaining unknown g can
be extracted from the null vector of C(«) based on (19).
We denote this solver as Hy,,,.

Note that in the proposed polynomial eigenvalue for-

mulation, we solve a relaxed version of the original prob-
lem (11). The original system (11) has 17 solutions, as
it can be shown, e.g., using the computer algebra system
Macaulay?2 [17]. In the polynomial eigenvalue formulation,
we have one spurious solution that does not ensure that the
elements of v satisfy v = [1,3,---, 8% T.
Case IV. Finally, we consider a case where f; is known
and fo = f, f3 = p are unknown. The solver for this case,
we denote it as Hy,, performs steps similar to the solver
Hy,, for Case III. In this case, the Hy, solver computes the
eigenvalues of a 12 x 12 matrix. Due to space limitations,
we describe the H, solver for Case IV in the SM.

5.3. Robust Estimation of Focal Lengths

To estimate focal lengths from three images of planar scenes
we utilize the LO-RANSAC framework [8] using a strategy
inspired by [36]. We first extract triplet point correspon-
dences from images (e.g. using [12, 33]). In each RANSAC
iteration we sample 4 triplets from which we estimate G
and G using DLT [20]. These matrices are used as inputs
to solvers proposed in Section 5.1 and 5.2.
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For each resulting real positive solution we use (7)
to obtain Hy, which is then decomposed into two poses
(Ra,t2).> We then use these poses and focal lengths to
triangulate three of the sampled points in the first two
views thus obtaining points X;;. We use the correspond-
ing points in the third view to obtain R3 and t3 using the
P3P solver [14]. Note that it is possible to obtain Rg
and t3 by decomposing H3 and using a single correspon-
dence to obtain the scale of t3, but in practical experiments
we found the approach using P3P faster and more accu-
rate. We score the generated models using pairwise Samp-
son error for each of the three image pairs. Whenever a
new so-far-best model is found we perform local optimiza-
tion using the Levenberg-Marquardt algorithm minimizing
the pairwise Sampson error across the three pairs of views.
In addition to the estimated focal lengths this strategy also
produces the relative poses of all three cameras. We de-
note the proposed robust estimators as Hy ¢y + P3P for
Case I, Hyy + P3P for Case II, Hy,, + P3P for Case III
and Hy, + P3P for Case IV to distinguish them from the
solvers. Our implementation is based on PoseLib [30].

For Case I and II this approach is able to find the single
unknown focal length even when the scene is fully planar.
For Case III and IV we may obtain multiple solutions from
which the correct focal lengths can not be distinguished us-
ing only planar points thus requiring some off-plane points
during scoring and local optimization.

6. Experiments

We perform extensive experiments on synthetic and real
data to evaluate the performance of the proposed solvers and
the robust focal length estimation strategy described in Sec-
tion 5.3. We compare our solvers with several baselines us-
ing either pairwise or triplet correspondences. For pairwise
correspondences, we consider the 6 point solver for relative
pose with one unknown shared focal length [27] denoted
as fE fand its combination with the 4 4 1 point plane and
parallax solver [42] using the DEGENSAC framework [9],
which we denote as fEf + PP. We also evaluate the
solver for one unknown focal length [5] denoted as Ef.
When considering triplets, we use a strategy [36] of using
a pairwise solver followed by triangulation of points and
registration of the third camera using the P3P solver [14].
(see Section 5.3 for more details). We denote the meth-
ods that work with triplet correspondences as fEf + P3P,
fEf + PP + P3P, Ef 4+ P3P respectively.

Note that we do not compare with the solvers proposed
in [23]. As visible from Table 1 these solvers are signifi-
cantly slower than our solvers ® and they return significantly

2Four poses are possible, but we select those two for which the plane
intersects the principal axis in front of the first camera.

3We report runtimes of the original Matlab implementations of [23] and
the Matlab + mex implementations of our solvers on I7-11700K CPU.

— Hyys

H//w
0.4 — Hy
— Hy,

Probability

0.2

0.0
—12 -8 —4 0

logyo(&y)

Figure 2. Numerical stability of the proposed solvers.

more solutions that need to be tested inside RANSAC.
As such they are not practical for real-world applications.
Moreover, the solver for Case IV proposed in [23] returns
solutions only to one of the two unknown focal lengths.

Except for the numerical stability experiment, due to
space constraints, in the main paper we present only results
for Case I and Case II. Experiments for Case III and IV for
synthetic and real data are in the SM.

6.1. Synthetic experiments

Numerical Stability. We evaluate the numerical stability of
the solvers proposed in Sections 5.1 and 5.2. The synthetic
data is generated in the following setup. We sample 200 3D
points distributed on a plane with a random orientation. The
focal lengths of the cameras are generated from a uniform
distribution f, € [300,3000] px with a field of view of 90
degrees. The baseline between consecutive cameras is set to
be 10 percent of the average scene distance. We generated
10,000 random scenes with 3D points on different planes
and different transformations between consecutive views.
The focal length error £ is defined as:

& = 'ffgfg' 25)

where f, f. represent the ground-truth focal length and the
estimated focal length, respectively. For the solvers with
different focal lengths, we use the geometric mean of the
two focal length errors 5 = /&, &5, -

Fig. 2 shows the results of the log,, relative focal length

error for the proposed methods by considering the solution
closest to the ground truth. As can be seen, all of our solvers
are numerically stable without large errors.
Accuracy of the Estimated Focal Lengths. Next, we eval-
uate the performance of the robust estimators proposed in
Section 5.3 on synthetic data. We show how varying noise
levels and the proportion of points that lie on a plane affect
their accuracy compared to baselines.

The synthetic data is generated with n = 200 3D points
visible by the three 1920px x 1080px cameras with focal
lengths sampled unfiormly f, € [300,3000]. The cameras
are positioned randomly such that their views overlap. n,
of the total n points lie on a plane with random orientation.
From the 3D points we create triplets with 75% inlier ratio
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= Hys; + P3P (ours) = Hjy; + P3P (ours) = fEf+ P3P [43] = fEf+ PP+ P3P = Ef+P3P = fEf[27]
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Figure 3. Focal length errors for the evaluated methods in synthetic experiments. Case I: (a) We vary the proportion of points which lie on
the dominant plane with fixed noise o = 1. (b) We vary noise o with n,/n = 1.0 (i.e. all points lie on a plane). Case II: (c) We vary the
proportion of points which lie on the dominant plane with fixed noise o = 1. (d) We vary noise o with n,/n = 1.0.

Method Sample | Median{y Mean{; mAA;(0.I) mAA[(0.2) Runtime (ms)

Hyss + P3P ours | 4 triplets 0.0439 0.1342 51.49 65.58 49.31

Hysp + P3P [23] | 4triplets 0.0480 0.1693 48.73 61.94 1102.48

> fEf+P3P [43] | 6 triplets 0.0503 0.1604 47.83 61.45 37.44

5 fEf +PP + P3P 6 triplets 0.0518 0.1661 47.11 60.65 41.18

fEf [27] 6 pairs 0.4793 0.4924 10.49 17.07 24.54

fEf+PP [42] 6 pairs 0.5166 0.5149 10.31 16.51 31.95
H;; + P3P ours | 4triplets 0.0611 0.2073 43.11 55.54 35.97
fEf+P3P [43] | 6 triplets 0.0692 0.2250 40.42 52.35 31.81
= | fEf+ PP+ P3P 6 triplets 0.0714 0.2317 39.86 51.58 34.35
§ Ef + P3P 6 triplets 0.0691 0.2406 40.60 52.13 36.82
o FfEf [27] 6 pairs 0.4623 0.4781 12.01 19.12 28.59
fEf+PP [42] 6 pairs 0.4968 0.5006 12.11 18.98 37.60
Ef [5] 6 pairs 0.6827 0.5932 8.87 13.01 22.59

Table 2. Comparison of the focal length estimation accuracy of the evaluated methods on our dataset of planar scenes.

by randomly shuffling 25% of the points. We add Gaussian
noise with standard deviation of o to the pixel coordinates
of points. We run all of the tested methods in PoseLib [30]
for a fixed number of 100 iterations with the Sampson error
threshold of 3 px. For methods that use only pairwise corre-
spondences we consider only the first two views. For each
configuration we generate 100 random scenes.

Fig. 3 shows the results of the synthetic experiments in
which we vary both ¢ and n,,. When considering Case I,
Hy ;¢ + P3P shows significantly better accuracy than the
remaining methods when a large portion of points lie on a
single dominant plane (Fig. 3 (a)) even under high levels
of noise (Fig. 3 (b)). This indicates a clear superiority of
Hy;; + P3P when dealing with images of planar scenes.
Similarly, for Case II, H¢s + P3P also shows improved
focal length estimation accuracy when considering planar
scenes, although the improvement over competing methods
is not as significant. For fully planar scenes, as expected,
the two-view solvers fEf, fEf + PP and Ef fail to gen-
erate correct solutions (Fig. 3 (b),(d)). For scenes with few
of the plane points, e.g., scenes with n,/n € [0.95,0.9],
the fEf + PP solver, i.e., the solver where the 4 + 1
plane+parallax solver is utilized within DEGENSAC with

fEf [42], outperforms the fEf solver (Fig. 3 (a)). This
is not surprising since the fEf + PP solver [42] was de-
veloped to handle scenes with dominant planes and some
off-the plane points. The solvers that work with triplet
correspondences, i.e. fEf + P3P, fEf + PP + P3P,
Ef + P3P, outperform the two-view solvers. Additional
synthetic experiments are presented in SM.

6.2. Real-World Experiments

Dataset. Since there are no suitable datasets for evaluat-
ing focal length recovery on planar scenes, we have col-
lected a new dataset for evaluation which we make publicly
available. We have collected the dataset using 14 different
cameras. For each camera we obtained ground truth focal
lengths using the standard calibration method [44] with a
checkerboard pattern. Using these cameras we have cap-
tured four indoor and two outdoor planar scenes from vari-
ous positions resulting 1870 images in total. Sample images
of the scenes are shown in Fig. 5. To obtain triplet corre-
spondences we used SuperPoint features [12] with Light-
Glue matches [33]. More details are available in SM.

For Case I we have randomly sampled 500 image triplets
per camera per scene. For Case II/III we sampled 50 triplets
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Figure 4. Median £; and mAA f(O.l) plotted for different number of RANSAC iterations (10, 20, 50, 100, 200, 500, 1000, 2000, 5000,
10000). All methods are evaluated in combination with P3P [14] and non-linear optimization within PoseLib [30]. We do not include
methods relying solely on pairwise correspondences since they all result in very low accuracy (median &5 > 0.4, mAA(0.1) < 0.2).

Asphalt Boats Book

Facade Floor Papers

Figure 5. The six planar scenes captured in our evaluation dataset.

per camera pair and for Case IV 10 triplets per camera
triplet. We only kept image triplets that had at least 10
triplet matches. For some scenes and cameras, it was im-
possible to obtain 500, 50 or 10 triplets, respectively, result-
ing in 35 472 image triplets for Case I, 18 219 triplets for
Case II/IIT and 12 876 for Case IV. Details on the cameras,
number of images, and triplets are provided in SM.
Evaluation. We evaluate the methods using £f (25) and
the mean average accuracy derived from £ [25], denoted as
mAA ¢(t) representing the normalized area under the curve
of the cumulative distribution function of £ on [0, t].

Table 2 shows the results for our Hy ;¢ and Hy ¢ solvers
and the baselines for RANSAC with a fixed maximum num-
ber of 1000 iterations, with early termination at 0.9999 suc-
cess probability (allowed after the first 100 iterations) and
an epipolar threshold of 3px. The results show a signifi-
cantly better accuracy of Hysr + P3P and Hy; + P3P
compared to the baseline methods. We also include a ver-
sion of Hyyy + P3P with our solver replaced with the
solver from [23] which we re-implemented from Matlab
into C++. We show that the solver from [23] results in
worse accuracy than utilizing our novel solver, possibly due
to worse numerical stability. In addition, our Hy s, solver
results in ~20x faster runtime than [23].

To further demonstrate the efficacy of our method,
we also performed speed-vs-accuracy tradeoff evaluation
by running each method for a different number of fixed

RANSAC iterations. We measured runtime for all methods
on one core of Intel Icelake 6338 2GHz processor. The re-
sults for our methods and the baselines are shown in Fig. 4.
Since our methods use the same non-linear optimization
strategy as the baselines which utilize triplets, given enough
iterations, the different methods eventually converge to sim-
ilar focal lengths resulting in similar accuracy. However, the
results show that our solvers lead to very accurate results in
fewer iterations compared to the baselines, showcasing their
practical viability for focal length estimation.

Limitations. Our solvers have several limitations. First,
pure translation is a degenerate case for the Hyyr and Hy
solvers. However, if the focal length of the reference cam-
era is known, we can still recover the focal lengths of the
target cameras under pure translation. Due to the outliers,
the focal length solvers are usually used in a robust estima-
tion framework such as RANSAC or simpler robust voting
framework [6]. In our case, we found that robust voting is
not suitable and may fail due to the fact that more than one
solution generated by the solvers may be geometrically fea-
sible. Moreover, as mentioned above for Case III and IV fo-
cal lengths can not be distinguished using only planar points
thus requiring some off-plane points during scoring. Note
that this is a property of the problem and not the solvers.
Problem with recovering one focal length for Case III was
mentioned also in [23].

7. Conclusion

We address the problem of estimating the focal lengths of
three cameras observing a planar scene. We derive novel
constrains for this problem and use them to propose four
new efficient solvers for different possible camera config-
urations. We extensively evaluate the proposed solvers on
both real and synthetic data showing their superiority over
baseline approaches. To the best of our knowledge, we are
the first to perform such extensive evaluation for these prob-
lems. For this purpose, we introduce a new public dataset
of planar scenes captured by multiple calibrated cameras.
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