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Figure 1. Left: We show results on 2D-3D shape matching computed with Lähner et al. [41], Roetzer et al. [61] and our approach.
Competing methods either have fast computation times, or high-quality matchings, but not both at the same time. Instead, our method
combines both desirable properties and even further improves accuracy as we effectively avoid bias towards shorter matchings (see zoomed-
in parts). Right: Our algorithm can be used to find object-shaped tracks in road networks, known as GPS-art, such as the shape of a guitar
in the road network of Nashville (represented as a graph, compute time 1s).

Abstract

In this work we address various shape matching problems
that can be cast as finding cyclic paths in a product graph.
This involves for example 2D-3D shape matching, 3D shape
matching, or the matching of a contour to a graph. In this
context, matchings are typically obtained as the minimum
cost cycle in the product graph. Instead, inspired by re-
lated works on model-based image segmentation [68], we
consider minimum ratio cycles, which we combine with the
recently introduced conjugate product graph in order to al-
low for higher-order matching costs. With that, on the one
hand we avoid the bias of obtaining matchings that involve
fewer/shorter edges, while on the other hand we are able to
impose powerful geometric regularisation, e.g. to avoid zig-
zagging. In our experiments we demonstrate that this not
only leads to improved matching accuracy in most cases,
but also to significantly reduced runtimes (up to two orders
of magnitude, depending on the setting). Our GPU imple-
mentations are publicly available: https://github.
com/paul0noah/product-graph-cycles/.

1. Introduction

Shape matching problems lie at the heart of visual comput-
ing, as they are of central importance for numerous down-
stream applications, including image segmentation [35, 66,
68], 3D reconstruction [24, 45, 71], statistical shape mod-
elling [33] and many more. Many recent shape matching
approaches build upon learning-based frameworks [11, 12,
23, 29, 47, 69] that have lead to impressive results. Yet,
these frameworks lack important regularisation abilities,
such as continuity, geometric consistency, or local rigidity.
An important class of approaches that can take into account
such desirable properties are combinatorial/graph-theoretic
shape matching methods.

Combinatorial Approaches to Shape Matching. Re-
cently, an efficient method for geometrically consistent 3D
shape matching was proposed [59]. It was shown that state
of the art 3D shape matching results can be obtained when
building upon cost functions that employ learned feature de-
scriptors. To achieve scalability in 3D to 3D shape match-
ing, the method leverages a graph-theoretic 2D-3D shape
matching formalism [41], highlighting the high relevance of
graph-based methods for shape matching. In this work, we
address several shortcomings of existing graph-based shape
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matching approaches in order to push this line of research
forward.

Current graph-based approaches [41, 61] find cyclic min-
imum cost paths (computed with variants of Dijkstra’s
method) to find globally optimal matchings between 2D
and 3D shapes. However, respective methods have a bias
towards shorter cycles (see Fig. 1, left, Lähner et al. [41]
and Roetzer et al. [61]) which leads to undesirable results
(e.g. unmatched object parts), even if higher-order regu-
larisers that penalise non-rigid deformations are used [61].
Furthermore, the currently best-performing 2D-3D shape
matching approach [61] is slow and currently takes around
10↑20 minutes for matching a single shape pair with mod-
erate resolution (e.g. a 3D shape with 3000 vertices and a
2D shape with 500 vertices), see Fig. 1, which is due to the
large size of the involved conjugate product graph.

Several works have shown that bias towards short cy-
cles can be avoided by considering the minimum ratio cy-
cle [13, 35, 66, 68] instead of the minimum cost cycle.
These works demonstrate impressive results on image seg-
mentation with near-real time computation times reported
on two-decades old hardware. Yet, the underlying for-
malisms have not been transferred to other tasks, possibly
due to the lack of a broader exposure and the unavailability
of high-performance implementations.

Contribution. In this work, we fill this gap and demon-
strate that minimum ratio cycle algorithms [66, 68] are suit-
able to solve a much broader range of shape matching prob-
lems. To this end, we consider 2D-3D shape matching,
3D shape matching and shape to graph matching. We use
the latter to obtain GPS-tracks that resemble a certain user-
defined shape (also known as GPS-art), see Fig. 1, right.
Especially for 2D-3D shape matching on conjugate graphs
we get speed-ups of 10↓ to 100↓, while having comparable
or better matching accuracy. In summary, our contributions
are as follows, see also Tab. 1:

• For the first time we address shape matching problems by
finding ratio cycles in product graphs.

• By doing so, we are able to simultaneously avoid bias to-
wards shorter solutions, and to take into account powerful
higher-order regularisers that can for example be used to
achieve local rigidity.

• We make our high-performance GPU implementations
for computing minimum cost and ratio cycles publicly
available. They can be easily adopted to address different
variants of shape matching problems, including 2D-3D
shape matching, 3D shape matching, and shape to graph
matching.

• Experimentally we demonstrate that our approach
achieves state of the art shape matching accuracy, while
at the same time being significantly faster compared to its
(best-performing product graph-based) competitors.

Demonstrated Unbiased Scalable Higher-
Method Applications Order

Lähner et al. [41] 2D3D ✁ ✂ ✁
Roetzer et al. [61] 2D3D ✁ ✁ ✂
SpiderMatch [59] 3D3D ✁ (✂) ✁
Ours 2D3D, 3D3D, ✂ ✂ ✂

GPS-Art

Table 1. Comparison of path-based shape matching methods.

2. Related Work
In this section we summarise works most relevant to our
approach. We start with reviewing general matching prob-
lems, followed by path-based matching problems. Eventu-
ally we discuss optimal ratio methods, along with related
vision applications.

Matching Problems. Finding correspondences between
shapes can, in principle, be formulated as a linear assign-
ment problem (LAP). However, this typically does not lead
to accurate matchings, as it omits geometric relations, such
as neighbourhoods. The quadratic assignment problem
(QAP) considers pairs of vertices and is thus able to take
geometric relations into account. Yet, the QAP is NP-
hard [58], so that it does not scale to large problems as
they occur in practical visual computing settings. To cir-
cumvent this, existing approaches consider convex relax-
ations for the QAP [6, 19, 40, 64], or use some forms of
heuristics [30, 44, 70]. While the LAP and QAP are general
(graph) matching problems and grow with the size of indi-
vidual shapes, shape matching can be solved in a lower di-
mensional space using functional maps [22, 27, 50, 55, 57].
Furthermore, there are sparse methods [7, 14, 26] that ex-
hibit reduced computation times. A range of other dense
shape matching approaches have been developed that are
able to enforce desirable geometric properties of the match-
ing [20, 21, 60, 72, 73], including solvers on GPU [1, 62].

Our approach combines many of the desired proper-
ties of the aforementioned methods: it can work on dense
shapes, enforces certain geometric properties, and is fast
due to algorithmic simplicity that allows for a convenient
GPU implementation.

Path-Based Matching. A special line of shape matching
are path-based approaches. While there are methods that
find geodesic shortest paths [28, 36] in shape space, these
are conceptually quite different to the path-based matching
approaches that we consider in this work. Instead, we will
turn our attention to graph-based approaches operating on
the discrete domain. In the 2D domain, this includes match-
ing of open contours based on dynamic time warping [63],
and the matching of closed contours [51, 65]. Furthermore,
there are works that use path-based methods to find match-
ings between 2D and 3D shapes [41, 61]. This idea was
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recently extended to 3D shape matching [59], where ad-
ditional geometric consistency constraints have been em-
ployed.

In this work we tackle path-based shape matching and
show that we outperform previous path-based works, both
in terms of matching quality and computation time. Op-
posed to existing path-based shape matching that consider
minimum costs, we consider minimum ratios as objective.

Ratio Cycles. A special case of the ratio cycle prob-
lem is the minimum mean cycle problem, for which the
first algorithm was developed by Karp [37]. Several follow-
up works have improved the time and memory complex-
ity [15, 17, 32, 49, 54, 74]. There also exists approximate
algorithms for the minimum mean cycle problem based on
optimal transport [2].

The ratio cycle problem allows for arbitrary per-edge
cost and time functions. Various algorithms exists for find-
ing optimal ratio cycles on general graphs, including algo-
rithms by Howard [34], Hartmann-Orlin [32], Lawler [42],
and Karp & Orlin [38]. For a comparison of these algo-
rithms we refer to the survey [16]. Further, recent algorith-
mic improvements have been made in [10].

The concept of ratio optimisation was first introduced to
the computer vision audience in [35] for segmenting im-
ages, and later extended to curvature-regularized segmen-
tation [66, 67] and multiview-reconstruction [39]. Other
works use ratio cycles to find minimum curves and surfaces,
e.g. used for graph cuts [53], or to smoothen initial contours
on surface meshes [13].

In our work, we build upon these insights in order to
smoothly match a contour onto a mesh (or a general graph).

3. Ratio-Based Shape Matching
In our work we aim to efficiently compute matchings be-
tween geometric data, for which we specifically focus on
a diverse range of shape matching problems that can be
cast as finding a (cyclic) path in a product graph. This
in particular includes the matching of a contour to a 3D
shape [41, 61] (2D-3D shape matching), the matching of
pairs of 3D shapes [59] (3D shape matching), and the
matching of a contour to a graph (see Fig. 1, right). While
most existing approaches in this direction find matchings
based on the shortest (cyclic) path [41, 59, 61], we instead
consider an optimal ratio cycle, as proposed for example by
Schoenemann and Cremers [68] in the context of model-
based image segmentation. In this formulation, the ratio al-
lows to employ two competing properties (which are often
called cost and time, hence cost-time ratio cycles). Thus,
this enables substantially more modelling flexibility. One
important aspect is that this formalism can effectively avoid
biased solutions towards paths with fewer/shorter edges,
which is the case for shortest paths due to the involved sum-
mation of edge weights. Furthermore, this formalism allows

to easily integrate a distortion bound, so that the maximum
compression of edges from Y can be controlled, see also
Tab. 1 for a comparison of properties of various path-based
shape matching approachs.

In the following we first illustrate the relation between
cyclic paths in product graphs and shape matching, both for
the case of 2D-3D and for 3D matching (Sec. 3.1). Subse-
quently, we summarise the minimum ratio cycle problem
and an algorithm to compute them efficiently in product
graphs for shape matching (Sec. 3.2). Eventually, we ex-
tend the idea of higher-order matching costs to higher-order
ratios – as we will demonstrate, this is crucial to (geometri-
cally) regularise matchings so that for example zig-zagging
is avoided (Sec. 3.3). Our notation is summarised in Tab. 2.

Symbol Description
C = (VC , EC) cyclic chain graph (embedded in 2D or 3D)
Y = (VY , EY) directed graph (e.g. 3D surface mesh)
P = (V, E) product graph of C→Y with product vertices

V and product edges E
e, v edge e, vertex v of P
P̄ = (V̄, Ē) conjugate product graph of P with vertices

V̄ and edges Ē
ē, v̄ edge ē, vertex v̄ of P̄

Table 2. Summary of the notation used in this paper.

3.1. Cycle-Based Matching in Product Graphs
Various works have cast shape matching as finding shortest
(cyclic) paths in product graphs [41, 59, 61]. In our work
we build upon this formalism, which we now summarise.
To formulate shape matching as finding such cycles, we
first define directed graphs, paths, cycles and cyclic chain
graphs:

Definition 1 (Directed Graph). A graph G = (VG , EG) con-
sists of a set of vertices VG and a set of oriented edges
EG ↔ VG ↓ VG . Every edge e ↗ EG has an associated
edge cost C(e) ↗ R+

0 and an edge time T (e) ↗ R+
0 .

Definition 2 (Path). A path ω =
(
e1, . . . , e|ω|

)
in graph G is

a sequence of edges ei ↗ EG , such that for i = 1, . . . , |ω|↑
1 we have that v→i = vi+1, where ei = (vi, v→i), ei+1 =
(vi+1, v→i+1).

Definition 3 (Cycle). A cycle ! =
(
e1, . . . , e|!|

)
is a path

with the additional property that v1 = v→|!|, where e1 =

(v1, v→1), e|!| = (v|!|, v
→
|!|).

Definition 4 (Cyclic Chain Graph). A cyclic graph chain
graph C = (VC , EC) is a special case of a directed graph
that comprises of exactly one cycle. With that, every vertex
v ↗ VC has exactly one incoming and one outgoing edge.
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Figure 2. The product graph between shapes C and Y . Every
coloured set of vertices of P refers to a single vertex of C and all
vertices of Y , Thus, P is structured into components which have
intra-component edges ( , , , ). Furthermore, components
are connected via inter-component edges (black). Note, we do not
show all inter-component edges for a lighter visual appearance.

The shape matching problems that we consider (2D-3D,
3D, contour to graph) can be cast as matching a cyclic chain
graph C (e.g. a contour) to the graph Y (e.g. the graph of a
triangular surface mesh obtained by converting each undi-
rected edge into two directed edges, or a general directed
graph). The product graph P = (E ,V) is a directed graph
defined via the (strong) graph product, i.e. P = C↭Y [31].
In Fig. 2, we visualise the product graph for a 2D outline
and a 3D shape. We can see that the product graph P is
structured into components (having individual colours in
the figure), where each of the components refers to a sin-
gle vertex of C and the whole graph Y . For more details
about P , we refer to [41, 59, 61].

To find an optimal matching, most existing for-
malisms [41, 59, 61] find the shortest (minimum cost) cycle
in P , i.e. a cycle which minimises

ε(!) :=
∑

e↑!

C(e), (SP)

so that edge costs C(e) are summed along the cycle !.

3.2. Minimum Ratio Cycles
Opposed to summing edge weights along a cycle, [35] and
[66, 68] have demonstrated the strong advantages of con-
sidering minimum ratio cycles in the context of image seg-
mentation.

The Minimum Ratio Cycle Problem. In the minimum
ratio cycle problem we aim to find an optimal cycle !ε in a
graph G that has the smallest value of

ϑ(!) :=

∑
e↑! C(e)∑
e↑! T (e)

. (CTR)

In the literature, C(e) is called the edge-cost, and T (e)
is called the edge-time. We emphasise that T (e) does
not necessarily have to refer to a temporal quantity. We
note that the minimum ratio cycle problem is a generalisa-
tion of the minimum mean cycle problem (the minimum

mean problem refers to setting T (e) = 1 for all edges
e ↗ EG) [16, 42, 43]. This emphasises why the minimum
ratio cycle can effectively be used to avoid biased solutions
containing only few edges (which the minimum cost cycle
in (SP) is prone to).

Minimum Ratio Cycle Algorithm. We build upon
Lawler’s algorithm [35, 42, 43, 66, 68] to find a minimum
ratio cycle in a (connected) directed graph. Lawler’s algo-
rithm is based on the fact that any sub-optimal chosen ratio
ϑ, i.e. ϑ > ϑε, leads to a negative cycle in G when redefining
edge weights as Wϑ(e) = C(e)↑ ϑ T (e). Hence, Lawler’s
algorithm is based on detecting negative cycles, and itera-
tively updating ϑ until no negative cycle exists.

The existence of a negative cycle ! in G (with edge
weights Wϑ(e)) for a sub-optimal ϑ can be understood as
follows: ! being a negative cycle means that

0 >
∑

e↑!

C(e)↑ ϑT (e) (1)

↘
∑

e↑!

ϑT (e) >
∑

e↑!

C(e) (2)

↘ ϑ >

∑
e↑! C(e)∑
e↑! T (e)

= ϑ(!). (3)

This shows that the ratio ϑ is greater than the ratio ϑ(!) of
!, so that ϑ cannot be optimal [16, 42, 43, 68].

Overall, Lawler’s algorithm has two main steps that are
repeated until no negative cycle exists:

In the first step, given a ϑ, a negative cycle has to
be found (in the graph with modified cost Wϑ(e)). This
can efficiently be detected by searching for a shortest path
from any vertex in the graph to all other vertices with
maximum length |VG | (since the cycle length is bounded
by the number of vertices in the graph). We tackle this
based on a modification of the Moore-Bellman-Ford algo-
rithm [5, 25, 52, 68] that allows for negative edge weights.
To improve the running time, during the shortest path search
it is beneficial to check for negative cycles in regular inter-
vals, since we are interested in finding any negative cycle
(and not the one with smallest cost).

In the second step, ϑ needs to be updated to the ra-
tio ϑ(!) of the negative cycle ! obtained in the first step
(from (3) we know that any negative cycle w.r.t Wϑ(e) has
a smaller ratio than ϑ). Once there does not exist a neg-
ative cycle, there does not exist a cycle !→ that leads to
a lower cost-time ratio, and consequently ! must be opti-
mal. For the first iteration, ϑ can be determined by con-
sidering any cycle in the graph and selecting ϑ such that∑

e↑! Wϑ(e) < 0.
Optimal Ratio Cycles in Product Graphs. Lawler’s al-

gorithm can be used to find optimal ratio cycles in arbitrary
graphs. However, for matching problems in product graphs
we have the additional requirement, that every vertex of C
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Figure 3. To avoid intra-component cycles we duplicate each
component k times (k = 2 shown in this figure; duplicates are
shown at the bottom of the figure). Basically, intra-component
edges are carried over to one of their k duplicates, and inter-
component edges are duplicated so that every duplicate of one
component is connected to the first duplicate of the second com-
ponent.

Figure 4. We employ a branch and bound strategy whenever the
optimal ratio cycle in P goes through components of P multiple
times (see left). In such scenarios, P is divided into P1,P2 by
removing sets of vertices of one component. Note that we do not
show component duplicates here for easier visual exposure.

must be matched to Y . In terms of the cyclic path in P , this
means that the cycle must visit every component (cf. Fig. 2,
right). This gives rise to two requirements [66, 68]:

(i) We need to avoid that the found cyclic path only in-
volves intra-component edges. This can be achieved by cre-
ating k ↗ N+ (see below) duplicates of each component,
and connecting all of the duplicates to the first duplicate of
the sub-sequent component, see Fig. 3 for an illustration.
We note that the value of k can be user-defined to bound the
maximum distortion, i.e. how many edges in Y can maxi-
mally be compressed into a single vertex of C, see Sec. B
in the supplementary. This strategy not only avoids intra-
component cycles, but further allows for an efficient imple-
mentation: every duplicate of each component can be pro-
cessed in parallel when performing dynamic programming
updates. To achieve faster runtimes, we implement this on
the GPU.

(ii) Secondly, we need to avoid multiple passes through
the components. This can be achieved by employing a
branch-and-bound strategy, i.e. creating duplicates P1 and
P2 of the product graph P , in which different vertices of
one component have been removed, see Fig. 4. The opti-
mal cycle ratio is the minimum of the ratios found in P1

and P2. If P1 or P2 again yield cycles which go through
components multiple times, the branch-and-bound strategy
continues.

3.3. Higher-Order Ratios for Shape Matching
Recently it was shown that using higher-order edge costs
(which we denote as C̄(e)) is beneficial for shape matching
problems, as this allows to incorporate geometric regulari-
sation to avoid zig-zagging and better constrain the match-
ing [61]. In a similar spirit, in the following we introduce
higher-order ratio cycles. This involves computing the so-
called conjugate graph of P (also known as the line-graph).

Definition 5 (Conjugate Graph). Let Ḡ = (VḠ , EḠ) de-
note the conjugate graph of G = (VG , EG). The ver-
tices of the conjugate graph VḠ are the edges EG of G,
i.e. V̄ = EG . The edges of the conjugate graph Ē =
{
(
(v1, v2), (v3, v4)

)
↗ VG ↓ VG} result from the adjacency

of edges in EG , i.e. whenever two (directed) edges of G are
an incoming and an outgoing edge of the same vertex, then
the respective vertices in Ḡ are connected with a directed
edge (going from the vertex representing the incoming edge
to the vertex representing the outgoing edge).

We now consider the conjugate product graph P̄ , i.e. the
conjugate graph of the product graph P . Since vertices in P̄
are the edges of P , the edges of P̄ have scope of two edges
of P . This enables the definition of higher-order edge costs
C̄(e) and times T̄ (e), i.e. costs (and times, respectively)
which involve multiple edges of P .

To this end, we follow Roetzer et al. [61], who in-
troduced a local-rigidity regulariser which exploits higher-
order costs, see also Sec. A in the supplementary. A local
3D coordinate frame on every edge of C and Y can be de-
fined by using the edge direction, the edge-normal as well
as their cross-product. From that, a rotation matrix for each
edge in P is computed. To favour local rigidity, we con-
sider edges of P̄ , which have the scope of two neighbouring
edges of P . With that, we can use the geodesic distance be-
tween the two aforementioned rotation matrices on the Lie
group SO(3) to quantify the local rigidity of a matching.
Intuitively, this can be interpreted as penalising rotation dif-
ferences of consecutive matched edges.

We use the SO(3)-distance in addition with a data term
in our higher-order edge cost C̄. For the data term, any
problem-specific feature difference can be considered (for
2D shape matching we follow [61] and use local-thickness,
while for 3D shape matching we use deep features).

4. Experiments
In this section, we compare our method to various other
methods on four different datasets. We specifically consider
2D-3D shape matching, 3D shape matching, and an appli-
cation of our method to create GPS-art on road networks.

Implementation Details. We implement our cost-time
ratio algorithm (as well as our re-implementations of [41,
60], see also Sec. C) to run on graphics cards using the
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CUDA programming language. The algorithm can either
be directly called via C++ or through convenient Python or
Matlab wrappers. Our implementations are independent of
the choice of problem (so that they can easily be re-used for
general graphs occurring in other problems), they automat-
ically ensure maximal utilisation of processing cores of the
graphics hardware, are memory-efficient, and they handle
distortion bounds (for any suitable input graph).

Experimental Setup. For 2D-3D shape matching we set
the distortion-bound k = 2 and use the vanilla higher-order
cost function reported in [61] with T̄ (e) = 1 for every edge
e, i.e. we essentially compute higher-order mean cycles. For
3D shape matching, we set k = 2 and we also use T̄ (e) = 1
for every edge. Furthermore, we use the local-rigidity reg-
ulariser [61] with robust loss function [4] using parameters
ϖ = ↑0.4 and c = 0.4. For GPS-art we set k = 10 and use
T (e) = 1. For computation time comparisons we run our
algorithm on a single NVIDIA L40 graphics card and the
CPU-based algorithms on a 12-th Gen Core i9-12900K.

Metrics. For comparing shape matching performance
we use geodesic errors, which allow to measure the cor-
rectness of the resulting matching [41, 59]. We evaluate
geodesic distance from matched vertices to ground-truth
vertex annotations. For TOSCA2D

3D, where no such annota-
tions are available, we evaluate the distance from matched
vertices to their ground-truth segmentation [61].

4.1. 2D-3D Shape Matching
Methods. Non-rigid 2D-3D shape matching is underex-
plored and thus there only exists two competing methods:
Lähner et al. [41] introduce the product graph P for 2D-3D
shape matching and employ a single-core heap-based Di-
jkstra variant to compute the minimum cost cycle. Similar
to [61], we evaluate Lähner et al. [41] without the segmen-
tation pre-matching for a fair comparison to other methods.
Roetzer et al. [61] extend the idea of Lähner et al. to con-
jugate product graphs and hence operate on a much larger
graph than Lähner et al. (with additional runtime costs).
This allows them to introduce higher-order costs. Similarly,
they find the minimum cost cycle with a single-core heap-
based Dijkstra variant.

Datasets. We compare 2D-3D shape matching on two
different datasets: FAUST2D

3D[41]: comprising of 100 3D
shapes of ten different humans, where each human comes
with one 2D shape. The data has ground-truth correspon-
dences as well as segmentation correspondences of seg-
ments. TOSCA2D

3D[41]: 80 3D shapes of different classes:
cat, dog, horse, wolf, humans and centaur. Each class comes
with at least one 2D shape. The data has only correspon-
dences of segments.

Results. In Fig. 5 we show quantitive matching results
on FAUST2D

3D and TOSCA2D
3D using geodesic distances to

ground-truth correspondences and ground-truth segments,
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Figure 5. Top: Quantitive results for 2D-3D shape matching. The
numbers in the legends are mean geodesic errors. Bottom: Com-
putation times (including graph and cost computation) for fixed
resolution of 3D shapes (|VY | = 3500), while varying the res-
olution of the 2D contour. Lines are median computation times.
Our method almost never needs to employ the branch and bound
scheme (cf. Sec. 3) and thus runtimes do not fluctuate. We em-
phasise that only Lähner et al. runs on P , while Roetzer et al. and
ours run on the larger conjugate product graph P̄ (which is ap-
prox. 10→ as large as P).

respectively, as well as runtimes of respective methods. For
more results we refer to Sec. C in the supplementary. Note
that, similar to previous works [61], for all methods we re-
move left-right flips from the evaluation with ground-truth
correspondences, as these would lead to high geodesic er-
rors but still represent valid matchings.

We can see that we perform equally well or better com-
pared to Roetzer et al. [61] while having orders of magni-
tude faster computation times. Furthermore, in Fig. 6 and
Fig. 7 we show qualitative results of respective methods.
It becomes clear that optimising cost-time ratio cycles re-
moves the bias towards shorter paths and in turn leads to
better matchings.

4.2. 3D Shape Matching
We now evaluate our method on 3D shape matching. Since
we require a cyclic chain graph as an input, we follow [59]
to discretise one 3D shape with a so-called SpiderCurve (a
cyclic chain graph embedded in 3D space visiting every ver-
tex of a 3D shape), which we use as input C to our method.

Methods. We consider the following competitors:
ULRSSM [12] is a deep learning method which cou-
ples functional maps with point maps to learn shape cor-
respondences in unsupervised fashion. DiscrOpt [57]
is an axiomatic method which uses the coupling be-
tween functional maps and point maps as a hard con-
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Figure 6. Qualitative comparison of 2D-3D shape matching on
the TOSCA2D

3D dataset. Our method computes consistently bet-
ter results than Roetzer et al. while avoiding bias towards shorter
paths (which is especially visible at the legs of animals and hu-
mans). Only on the leg of dog our method fails.

straint. SmoothShells [22] is an functional map-based it-
erative alignment scheme which incrementally adds high-
frequency details of shapes to compute the matching. Spi-
derMatch [59] builds upon the product graph P , but in-
corporates additional structural constraints to ensure some
form of 3D geometric consistency. Both, SpiderMatch [59]
and ours use the same feature extractor to define costs [12].

Datasets. We compare 3D shape matching on two dif-
ferent datasets: FAUST [9, 18, 56] consists of 100 near-
isometric non-rigidly deformed human shapes. We evaluate
on the 100 randomly sampled pairs (from the test set) re-
ported in [59]. DT4D [48] is based upon [46] and consists
of 9 different classes of human-like shapes in different non-
rigidly deformed poses. We use the 100 randomly (from the
test set) sampled intra-class pairs reported in [59].

Results. In Fig. 8 we show quantitative results.
W.r.t. shape matching performance, our method performs
equally well as the SOTA method SpiderMatch [59], despite
not employing geometric consistency constraints. Further-
more, our method is faster compared to SpiderMatch [59],
despite operating on a much larger graph (P̄ is approx. 10↓
larger compared to P). For a detailed comparison of graph
sizes of P and P̄ , we refer to [61].

In Fig. 9, we showcase qualitative results of our method,
SpiderMatch [59], and ULRSSM [12] (comparison with all
other methods as well as more qualitative results can be
found in Sec. D in the supplementary). We can see that Spi-
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Figure 7. Qualitative comparison of 2D-3D shape matching on
FAUST2D

3D. On this dataset our method and Roetzer et al. produce
similar results, likely because arms and legs are thicker compared
to the animal shapes of TOSCA2D

3D and shortcuts (which the mini-
mum cost cycle has a bias towards) are more costly.
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Figure 8. Top: Quantitative results on 3D shape matching. Num-
bers in legends are mean geodesic errors. Our approach achieves
similar matching accuracy as SpiderMatch [59], even though we
do not enforce geometric consistency constraints. Bottom: We
compare computation times of our approach with the other path-
based shape matching approach SpiderMatch [59]. Lines are me-
dian runtimes. We can see that our approach is faster, even though
we operate on the much larger graph P̄ .

derMatch [59] and ours produce very similar results, which
is also confirmed through quantitative comparison in Fig. 8.
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Figure 9. Qualitative results on 3D shape matching visualised
by transferring colour from the source to the target shape in
each column. Our method performs visually similarly to Spider-
Match despite not employing geometric consistency constraints.
We believe that regularisation with local rigidity and the fact that
subsequent edges of the matching are connected (which could be
interpreted as weak form of neighbourhood preservation) leads to
such good matching quality.

4.3. GPS-Art on City Maps
As a proof of concept, we demonstrate that our formalism
can also be used for matching a 2D shape to a graph. To this
end, we match the outline of 2D objects to a road network of
Nashville [8], which is a task that occurs in so-called GPS-
art. For qualitative results, see Fig. 1, right and Fig. 10.

To compute the track, we compute the product graph be-
tween the 2D outline and the road network. As cost, we
use the xy-coordinate difference between vertices of the 2D
object outline and the vertex locations of the graph of the
road network. As time, we use the trivial case of T (e) = 1.
Consequently, the computed track shown in Fig. 1 amounts
for a minimum mean cycle through the product graph.

5. Discussion
Our experimental evaluation confirms that finding mini-
mum ratio cycles indeed avoids the bias towards shorter
paths (which especially in the 2D-3D setting is undesirable
due to the unknown number of matched edges). This results
in better matching quality in most cases since edges with
good average matching cost are preferred. Yet, in some rare
cases, our approach yields undesirable results, e.g. the leg

Figure 10. GPS-art examples that find tracks on different parts of
the road-network of Nashville resembling the letters C-V-P-R.

of the dog in Fig. 6. We believe that more carefully curated
matching costs may circumvent such issues.

We demonstrate that runtimes of our approach are sig-
nificantly lower compared to the other path-based algorithm
that operates on a conjugate product graph [61]. This run-
time decrease mainly stems from a combination of an ef-
ficient GPU implementation that is enabled by distortion
bound k, and the fact that in practice far less branch and
bound iterations compared to [41, 61] are employed.

In our work, we specifically consider matching prob-
lems that can strictly be modelled using a product graph
of two input graphs. In principle, the overall framework
can be applied to more general forms of component-based
graphs (e.g. a product graph that is constructed from dy-
namic graphs). We leave an investigation of such cases for
future work.

6. Conclusion
We present an alternative to the prevalent minimum cost
cycle formulation for shape matching problems on product
graphs. To this end, we consider the minimum ratio cycle
formalism that allows for a higher modelling flexibility and
that empirically leads to favourable results, both in terms
of accuracy and runtime. We believe that improved run-
times are an important step towards integrating such prin-
cipled matching approaches into end-to-end learning-based
pipelines. Further, the ratio-based formalism effectively
avoids a bias towards solutions with fewer/shorter edges.
Overall we believe that our work is not only an important
contribution to the field of shape analysis, but that it may
also be beneficial for more general visual computing down-
stream tasks. To foster follow-up works, we make our effi-
cient GPU implementation publicly available.
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ing image matching in 3d with mast3r. In ECCV, 2024. 1

[46] Yang Li, Hikari Takehara, Takafumi Taketomi, Bo Zheng,
and Matthias Nießner. 4dcomplete: Non-rigid motion esti-
mation beyond the observable surface. In ICCV, 2021. 7

[47] O. Litany, T. Remez, E. Rodolà, A. M. Bronstein, and M. M.
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