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Abstract

Neural architectures tend to fit their data with relatively
simple functions. This “simplicity bias” is widely regarded
as key to their success. This paper explores the limits of
this principle. Building on recent findings that the simplic-
ity bias stems from ReLU activations [96], we introduce a
method to meta-learn new activation functions and induc-
tive biases better suited to specific tasks.

Findings. We identify multiple tasks where the simplicity
bias is inadequate and ReLUs suboptimal. In these cases,
we learn new activation functions that perform better by
inducing a prior of higher complexity. Interestingly, these
cases correspond to domains where neural networks have
historically struggled: tabular data, regression tasks, cases
of shortcut learning, and algorithmic grokking tasks. In
comparison, the simplicity bias induced by ReLUs proves
adequate on image tasks where the best learned activations
are nearly identical to ReLUs and GeLUs.

Implications. Contrary to popular belief, the simplicity
bias of ReLU networks is not universally useful. It is near-
optimal for image classification, but other inductive biases
are sometimes preferable. We showed that activation func-
tions can control these inductive biases, but future tailored
architectures might provide further benefits. Advances are
still needed to characterize a model’s inductive biases be-
yond “complexity”, and their adequacy with the data.

1. Introduction

When and why NNs generalize is yet to be understood.
Neural networks (NNs) have proven more effective than
other machine learning models. However, we still miss a
complete explanation of their generalization abilities. A
better understanding could help address failures from short-
cut learning [29, 93] to distribution shifts [47,95], biases,
and spurious correlations in language models for exam-
ple [28,38,87]. Understanding conditions for generaliza-
tion would also enable the design of architectures and data
preparation from first principles, rather than trial and error.

79

Florin Gogianu
Bitdefender

Ehsan Abbasnejad
University of Adelaide

-"'.,.- 1. Learning dataset-specific activation functions

Img. classification Tabular data Regression Grokking

@3 2. Training networks with new activation functions

[}
Accuracy |. ©® RelU m Learned activation function
Complexity

Figure 1. (1) We modulate the inductive bias of neural architec-
tures by learning novel activation functions that improve general-
ization on specific datasets. (2) With this tool, we study the rela-
tion between model accuracy and complexity. We identify tasks
where the simplicity bias of ReLU architectures is suboptimal.

This paper studies inductive biases i.c. the assumptions
made by learning algorithms to generalize beyond training
data [67].] A vast literature examines the inductive biases
of architectures [14], optimizers [69], losses [42], regular-
izers [50], etc. The simplicity bias is one aspect of the in-
ductive biases of NNs that makes them fit their training data
with simple” functions [8, 71]. Despite wide belief that the
simplicity bias could be due to SGD [7, 40, 60, 92], work on
untrained networks showed that it can be explained with ar-
chitectures alone [15,31, 64,99]. ReLUs also seem critical
to induce the simplicity bias in typical architectures [96].

Limits of the simplicity bias. The simplicity bias is an
intuitive explanation for the ability to generalize on real-
world data. It embodies Occam’s razor [66] and assumes
that data-generating processes in the real world are simple.
Additionally, a prior for simplicity is supported by results in
algorithmic information theory [18] stating essentially that
“a bias in the distribution of target functions must be to-
wards low complexity”. However, this only means that sim-
plicity is a good prior on average, but not necessarily the
best choice on any task or dataset. This matches the no-free
lunch theorem [101] according to which no inductive bias is
universally useful. Therefore, this paper asks the following.

!Inductive biases can formalized as a prior over the space of functions [65].
2Simplicity can be formalized using Kolmogorov complexity or its approx-
imations, e.g. frequency, compressibility, sensitivity, etc. [17, 18,37, 96]



Are there practical applications of machine learning
where the simplicity bias is detrimental? In these
cases, what do the optimal inductive biases look like?

For example, shortcut learning is one situation where the
simplicity bias is already known to be detrimental [85, 93].

Searching for optimal inductive biases by learning acti-
vation functions. Prior work [96] showed that ReLLU acti-
vations are critical to obtain the simplicity bias in typical ar-
chitectures. Hence we build a new tool to modulate the sim-
plicity bias by learning dataset-specific activation functions.
It uses bi-level optimization and a spline parametrization to
learn activations free of any prior, such as constraints of
smoothness or monotonicity (unlike prior work [2, 6, 82]).
This (1) enables the discovery of entirely new activation
functions and inductive biases that improve generalization
(Figure 1) and (2) highlights the suboptimality of the sim-
plicity bias by comparing the accuracy and complexity of
models with ReLUs vs. learned activations.

Findings. We examine four domains that we hypothe-
sized to be impaired by the simplicity bias: tabular data,
regression tasks, cases of shortcut learning, and algorithmic
tasks. Our intuition is that they require learning functions
with high sensitivity or sharp transitions. For each domain,
we collect existing datasets then train and analyze models
without and with learned activation functions. In all cases,
we obtain better generalization with dataset-specific acti-
vations, and the improvements are attributable to learning
higher-complexity solutions. In comparison, this analysis
also shows that classical image datasets (MNIST, CIFAR,
FASHION-MNIST, SVHN) are extremely well suited to the
inductive biases of ReLUs. The best learned activations are
then strikingly similar to variants like GeLUs [39].

Summary of contributions.

* A new method to discover dataset-specific activation
functions optimized for generalization.

* An examination of >20 datasets showing that the sim-
plicity bias of ReLU architectures can be suboptimal.
(1) For regression tasks and tabular data, new learned
activations greatly improve accuracy by helping learn
complex functions. (2) For image classification, the pro-
cess rediscovers smooth variants of ReLUs, suggesting a
near-optimal choice for these popular tasks. (3) In cases
of shortcut learning, we show that different learned ac-
tivations can steer the learning towards different image
features. (4) For grokking tasks, new learned activations
can eliminate the phenomenon, supporting the explana-
tion as a mismatch between data and architectures. We
also measure a positive transferability of learned activa-
tions across related tasks.

* An analysis showing that improvements with learned ac-
tivations correlate with the learning of complex functions.
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Implications. All cases where the simplicity bias proved
suboptimal are in domains where NNs have historically
struggled. We now connect them to a common explanation.
This implies that architectures tailored to some specific do-
mains may still have a place besides scaling up models and
data. Conversely, the suitability of ReLUs to image classi-
fication suggests that researchers successfully converged by
trial and error to designs well tuned to popular tasks.

2. Methods

This section introduces tools to analyze trained models and
to learn new dataset-specific activation functions.

2.1. Visualizing a Model’s Function

A neural network implements a function fg : R% — R%u of
parameters 6 (weights and biases) that maps an input €
R%» to an output y € R%. For a regression task, y € R is
the predicted value. For a classification task, vy is a vector of
logits passed through a sigmoid or softmax to obtain class
probabilities. Because d;, can be large, f can be difficult to
visualize and analyze. A workaround is to examine f over
1D or 2D slices of the input space [26, 96]. To obtain a slice
in a region of plausible data, we use the training data 7. For
a 1D slice (linear path), we sample 1, €2 ~ 7T then define
the path Xz, 2, = [(1—=X)x1 + Azo, A € [0,1]]. We
proceed analogously with three points for a 2D slice. We
sample A regularly in [0,1] such that X is a finite sequence
of points. Then f is evaluated on these points to give a 1D
sequence or 2D grid of values that are convenient to display
and analyze (Figure 7c). When dgy > 1 (multi-class task),
we examine one random dimension of f’s output at a time.

2.2. Measuring a Model’s Complexity

We wish to quantify the complexity of the function f im-
plemented by a model trained on data 7. Prior work used
Fourier decompositions [26, 96] but this requires a delicate
implementation. We found a reliable alternative with the
total variation (TV) of f averaged over many 1D paths:

TV(f,T) = Exy s NT/ |f(z)] de. (D)

with f’ the first derivative. We estimate (1) using a path as
defined in Section 2.1. We name the points in such a path
Xao @ = [Ta, T, Tc, ... Ty, T,]. We then have:

TV(f,T) = Egpa. ~7 |f(21) = f(0))|
+ | f(xe) = f()| + ...
+[f(2.) — flay)].

Appendix F shows that (2) correlates closely with a Fourier-
based measure of complexity: the higher the TV, the higher
the complexity. Yet, it is straightforward to implement and
discriminative across small and large values.
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2.3. Meta-Learning Activation Functions

Our goal is to optimize the inductive biases of a neural
network and recent work [96] showed that the activation
functions are the most important component. The typical
approach to learn activations [2,5,6, 11,13,22,45,82,91]
(see Related Work) replaces them with a small shared ReLU
MLP that implements an R — R function. Its parameters are
optimized along the network’s. However this cannot dis-
cover truly novel activations because the embedded ReLU
MLP has itself a simplicity bias and activations are opti-
mized together with the model. We propose instead:

- an unbiased parametrization of the activations as splines,
- a bi-level optimization to learn reusable activations,

- an episodic training to optimize for generalization rather

than simply to fit the training data.

Parametrization as splines. We want a space of activation
functions free of priors such as the smoothness and mono-
tonicity enforced in prior work [5, 13]. We implement an
activation g,, : R— R as a linear spline with control points
defined by 1. We define n. points spread regularly in an in-
terval [a, b], typically ~ 50 points in [—5, +5]. Then g rep-
resents piecewise linear segments interpolating values spec-
ified in the learned parameters ¥ := [ gy (a), ... gy(b))] €
R"™<. g can represent simple and complex functions, includ-
ing smooth curves, periodic functions, sharp transitions, etc.

Bi-level optimization & episodic training. Our goal is to
get an activation function that can be reused like any other
in subsequent training runs. This differs from prior work
(e.g. [2]) that continuously updates the activation during
training: the final one may not be suitable to start training
with. Our solution is a bi-level meta-learning loop. An inner
loop trains the model with a fixed activation function. An
outer loop trains the activation function to maximize gener-
alization. Each outer step simulates a new learning task or
episode. This means (1) initializing the model with different
weights and (2) using different subsets of data for training
and validation. With suitable choices, this can simulate in-
or out-of-distribution conditions (see Section 3.4). Without
episodes, the learned activation could overfit to a particular
model initialization for example, and would not generalize
in subsequent training runs. The method is outlined as Al-
gorithm 1. Its implementation is discussed in Appendix C.

Inductive bias and simplicity bias are not inter-
changeable. Our method optimizes toward bet-
ter generalization. Simplicity is only one aspect of the
trained models that we analyze post-hoc (e.g. Figure 4).

3. Tasks and Results

We now examine tasks that we hypothesized to be ill-suited
to the simplicity bias of ReLU architectures. The intuition is
that the target function to learn (e.g. optimal classifier) con-
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Algorithm 1 Meta-learning an activation function (AF).

Input: training data 7; untrained neural model fg
Initialize 1) with zeros
Ny < 0

max
< Ny

while 7y,
Increment ny,
Sample the episode’s tr. (77) and val. (V) sets from T
Initialize @ randomly

for ny steps

Eval. loss on 7": L < X4 o) c7 L(fo,u (2, y))

Gradient step on weights/biases: 8 <— GD(6,VgL)

Eval. loss on V: L < S 4y v L(fo, (@, y))
Gradient step on AF: 1) <— GD(t), VL)
if performance on V worsens then break

Output: optimized AF 1

tains sharp transitions (regression tasks, tabular datasets),
or repeating patterns (algorithmic tasks) that contradict the
ReLUs’ simplicity bias. For each task, we examine exist-
ing datasets with the tools from Section 2. In all cases, we
find benefits from architectures whose inductive biases fa-
vor more complex functions. Additional details and results
are provided in Appendix E.

3.1. Image Classification Tasks

Background. We start with classical datasets to validate
our methodology: MNIST, FASHION-MNIST, SVHN, CIFAR-
10 [49,52,68,102]. They are representative of the vision
tasks that guided the development of deep learning. Our
hypothesis is therefore that the inductive biases of modern
architectures and ReLUs are well suited to these datasets.

Setup. For each dataset, we learn activation functions with
Algorithm 1. We experiment with two initializations of the
spline parameters: as zeros and so as to mimic a ReLU. The
goal of the latter is to explore the space of functions similar
to ReLUs. Because of the difficulty of the optimization, the
algorithm is likely to converge to a local optimum similar to
ReLUs if there is one. We also experiment with the sharing
of the activation function. By default, a single function is
shared across the network. Alternatively, we learn a differ-
ent activation function per layer. This provides more ways
to affect the model’s inductive biases. Our base architecture
is a 3-layer MLP (details in Appendix E).

Results. We compare in Figure 2a the accuracy of models
with ReLUs vs. learned activation functions. Differences
are small. The learned activations only improve slightly on
SVHN and CIFAR. This suggests that the inductive biases of
ReLUs are generally well suited to these datasets.

We examine the learned activations in Figure 3a. With
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Figure 2. Test accuracy on image datasets. (a) For classification
tasks, all models perform similarly, suggesting that the inductive
biases of ReLUs are well suited to these datasets. (b) For regres-
sion tasks, models with learned activations perform better, espe-
cially from an initialization as zeros, which enables the discovery
of completely novel activation functions.
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Figure 3. Activation functions learned for MNIST. For a clas-

sification task, the activation learned from a ReLU resembles the
popular GeLUs. For a regression task, the learned activations con-
tain irregularities that help a network represent complex functions.
See Figure 16 for similar results on other datasets.

an initialization as ReL.Us, the optimization converges to
a smooth variant remarkably similar to GeLUs [11] which
are widely used. This suggests that the research community
has empirically converged on a local optimum in the space
of activation functions. With an initialization as zeros, we
discover wavelets [80] that are unlike common activations
but perform as well as ReLUs, i.e. another local optimum.

Take-away: for image classification, learned activa-
tions provide very little benefit over ReLUs. Smooth
variants of ReLUs are a local optimum in the space of
activations. ReLUs’ popularity for such tasks could thus
be explained with their proximity to this optimum.

3.2. Regression Tasks

Background. Regression tasks are known to be difficult
for NNs [90]. They are often turned into a classification
through discretization [24,43]. Existing explanations that
invoke implicit biases of gradient descent are clearly incom-
plete [90]. Our hypothesis is that regression is difficult be-
cause it often involves irregular decision boundaries [35] in
opposition to the typical solutions of ReLU networks [17].

Setup. We use the same setup and image datasets as Sec-
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Figure 4. Accuracy vs. complexity on image datasets. Each
marker is a model with different hyperparameters and ReLUs (®)
or learned activations initialized as ReLUs () or as zeros (). For
classification (a), ReLUs are close to best. Activations optimized
from ReLUs only improve the accuracy slightly, corresponding to
the GeLU-like function in Figure 3. For regression (b), new ac-
tivations (learned from zeros) are best. Moreover, accuracy and
complexity are clearly correlated only for regression. This sup-
ports the hypothesis that regression is more complex than classifi-
cation and thus benefits from alternatives to the ReLUs’ simplicity
bias. See Figure 18 for similar results on other datasets.

tion 3.1. The task is now to directly predict class IDs. E.g.
for MNIST this means predicting digit values. Models are
trained with an MSE loss. To measure accuracy, we dis-
cretize the predictions to the nearest class ID.

Results. The first observation from Figure 2b is that re-
gression is clearly more difficult for NNs than classifica-
tion (lower accuracies) despite the identical underlying task.
Importantly, the learned activations now provide clear im-
provements, especially when learned from scratch (initial-
ization as zeros). This confirms the hypothesis that the in-
ductive biases of ReLUs are not well suited to these tasks.

Figure 3b shows that the learned activations contain
more irregularities for regression than classification. Prior
work [96] showed that this can help models represent com-
plex functions with sharp transitions. An analysis of the
complexity of trained models (Figures 4 and 18) shows that
the accuracy is correlated with complexity for regression
but not classification. And regression models with learned
activations implement functions of higher complexity than
with ReLUs. This supports the claim that the improvements
arise from overcoming the simplicity bias of ReL.Us.

Complexity is only one dimension of the inductive biases.
The complexity plots for SVHN (Figure 18) interestingly
show that models with ReLUs and learned activations get
different accuracies at the same complexity level. This
shows that our meta learning approach can search over di-
mensions of the inductive biases that are not captured by our
complexity measure, and are yet to be explicitly studied.

Take-away: regression is more difficult for NNs than
classification, and the simplicity bias of ReL.Us is partly
to blame. Learned activations improve performance by
helping networks represent more complex functions.




3.3. Tabular Data

Background. Tabular data is any data with few un-
structured dimensions, which often contains low-cardinality
variables such as dates or categorical attributes. This con-
trasts e.g. with images, which contain many correlated,
continuous dimensions (pixels). NNs struggle with tabu-
lar datasets and are often inferior to decision trees [35, 63].
Our hypothesis is that the inductive biases of standard ar-
chitectures are ill-suited to such data because of the simplic-
ity bias. It makes it difficult to learn functions where small
changes in the input (e.g. day of the week) correspond to
abrupt changes in the target — the definition of sensitivity,
a proxy for complexity [17]. This seldom occurs in vision
where similar images correspond to similar labels.

Setup. We use 16 real-world classification datasets from
Grinsztajn et al. [34,35]. Baselines include a linear clas-
sifier, k-NNs, and boosted decision trees. Our models are
MLPs with 1-4 hidden layers (details in Appendix E.4).
We compare learned activations functions with ReLLUs and
TanHs with a global prefactor, tanh (o) with « € R tuned
on the validation set. This is a simple option with tunable
complexity, albeit with inductive biases of TanHs [45, 96].
We also experiment with learned input activation func-
tions (IAFs). The motivation is to learn a different behavior
for each input dimension. Since they carry different infor-
mation, e.g. continuous vs. categorical variables, one could
be suited to the simplicity bias while another is not, for ex-
ample. IAFs are dimension-specific activation functions ap-
plied directly on the data before a standard MLP. IAFs are
learned like AFs, from an initialization as the identity i.e. no
effect by default. They subsume the gated inputs, and Fouri-
er/numerical embeddings from prior work [20, 25, 32].

Results. We compare the accuracy of models on the 16
datasets in Figures 5 and 20. Vanilla MLPs generally per-
form worse than trees. But adjusting the MLPs’ inductive
biases with learned prefactors or activations eliminates the
gap. IAFs perform best, sometimes even surpassing trees.
We analyze below the reasons for these improvements.
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Figure 5. Comparison of model types over 16 tabular datasets.
Vanilla MLPs often perform worse than decision trees, but adjust-
ing their inductive biases with learned activation functions (AFs)
eliminates this gap. The input activation functions (IAFs) enable
even better performance. See Figure 20 for results per dataset.
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Figure 6. Test accuracy vs. complexity on tabular datasets. Each
marker represents a model with different hyperparameters, and Re-
LUs (@) or learned activations initialized as ReLUs (m) or as ze-
ros (m). The learned activations perform better in all cases, but the
accuracy peaks at different complexity levels. For some datasets,
a low complexity is best and ReLUs thus perform quite well (left-
most panel, note the smaller Y scale). For other datasets, the oppo-
site is true and the improvements with learned activations is larger.

Learned activation functions close the gap to decision
trees by mimicking their inductive bias. We visualize in
Figure 7c the functions implemented by different models,
plotting their output over slices of the input space (Sec-
tion 2.1). ReLUs produce the smoothest function while
TanHs and learned activations induce sharper patterns. No-
tably, the IAFs induce sharp axis-aligned decision bound-
aries that are also characteristic of trees, with which they
share a high accuracy. Axis-aligned transitions are the con-
sequence of IAFs applied independently to each dimension.
Sharp transitions originate from the complex shape of the
learned activation function (Figure 7a) which is possible
thanks to the unbiased spline parametrization (Section 2.3).
The simplicity/complexity bias is a property of the ar-
chitecture. We visualize complexity landscapes of MLPs
in Figure 7b. Similarly to standard loss landscapes [54],
we plot model complexity over 2D slices of the parameter
space. A first global view over a plane aligned with the
training trajectory shows that complexity steadily increases
during training for all models [48, 75, 104] but does so to
the highest level for the best model (IAFs). A second view
zooms in on each optimized solution in a random 2D plane.
This examines the effect of arbitrary perturbations to the
parameters.’ It shows that the ambient complexity of per-
turbed solutions of the best model is much higher than the
solution itself, and than with less accurate models. This
means that this architecture is more likely to represent com-
plex functions because they are more abundant in parame-
ter space [05, 84]. This is why the simplicity bias can be
overcome: it results from architecture choices and not from
an inevitable “implicit bias” of SGD [85, 89,98, 105].

Different tabular datasets require different inductive bi-
ases. We examine the relation between accuracy and com-
plexity in Figure 6. The accuracy peaks at different com-
plexity levels for different datasets. For some, a low com-
plexity is best and ReLU MLPs perform well. For oth-

3This resembles an analysis of untrained models [15,64,96,99] but fo-
cuses on relevant regions on the parameter space, near optimized models.
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Figure 7. Models trained on the ELECTRICITY [34] tabular dataset. ReLU MLPs perform worst (left). TanHs induce sharper transitions
in the network’s function (c). So does the learned activation function (a) which is itself very irregular. The input activation functions
(IAFs) perform best and mimic the axis-aligned boundaries of trees (bottom-right). The complexity landscapes (b) show that complexity
increases to the highest level in the best model (IAFs). The zoom-in shows that the ambient complexity is also much higher than in other
models. This means that it is inherently more likely to represent complex functions since they are more abundant in parameter space.

ers, a higher complexity is best and the improvements with
learned activations are larger. This supports the hypothesis
that improvements over ReLU MLPs come from overcom-
ing their simplicity bias. The variance across datasets is also
unsurprising since they have little in common besides their
low dimensionality (full results in Appendix E.4).

Effect of width and depth. We show in Figure 8 that the
learned activations can be reused in networks of different
widths than they were trained for. The accuracy varies with
width similarly as with ReLUs. Teney et al. [96] indeed
showed that a model’s width affects its capacity but not its
inductive biases. Therefore width does not interfere with
the effects of the learned activations. Figures 8 and 21 also
show that good performance can be achieved with fewer
layers than with ReLUs. Learned activations might thus
have utility in model compression and distillation.

Take-away: many tabular datasets are ill-suited to
ReLU models because they require learning a complex
function. Learned activations improve accuracy by im-
plementing sharp axis-aligned decision boundaries that
mimic the inductive biases of decision trees.

3.4. Shortcut Learning

Background. Shortcut learning occurs when a model
learns spurious features instead of generalizable ones. It is
a known consequence of the simplicity bias [85, 93] when
the training data contains multiple features of different com-
plexity. Our hypothesis is that the preference for some fea-
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Figure 8. The learned activation functions surpass ReLUs, often
with fewer layers. They can also be reused with different network
widths (COVERTYPE [34] tabular dataset, see Figure 21 for others).

tures depends on their alignment with the inductive biases.
We will evaluate whether this can be controlled with activa-
tion functions.

Setup. We use MNIST/CIFAR collages [85, 93, 94], a clas-
sification task over images combining tiles from MNIST and
CIFAR-10. The training set is ambiguous: both tiles are
predictive of the labels. Two unambiguous test sets evalu-
ate reliance on either tile: one is predictive, the other con-
tains a random class. We similarly build two validation sets
to learn two activation functions optimized for either tile.
We simulate OOD conditions by setting V in Algorithm 1.
The models are the fully-connected MLPs used in [93].

Results. Figure 9 shows that a baseline with ReLLUs is
prone to shortcut learning. It relies exclusively on MNIST
and the accuracy on the CIFAR test set is not better than
chance (10%). In comparison, using either learned activa-
tion steers the learning towards either tile. The accuracy
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shifts towards either of two tiles as the model prioritizes dif-
ferent features, merely with a change of activation function.
This shows that the simplicity bias is not an inevitable effect
of SGD. Instead, it directly reflects the alignment between
the chosen architecture and the data.

Training dynamics. The accuracy on CIFAR remains be-
low a model trained on unambiguous CIFAR data. This is
because training dynamics are also important. In Figure 9
(right), we plot the accuracy on the two tiles for the whole
training trajectory. The reliance on different features varies,
and the model eventually relies primarily on simple ones
with enough iterations (i.e. without early stopping). This
calls for future work combining our findings with the exten-
sive literature on ID/OOD training dynamics [46, 95, 98].

Take-away: we confirm that shortcut learning is a side
effect of the simplicity bias. Different activation func-
tions, while not completely avoiding shortcut learning,
can steer the learning towards particular input features.

3.5. Algorithmic Tasks and Grokking

Background. Grokking is a phenomenon where a model
first overfits the data (i.e. high training accuracy, low test
accuracy) then shifts to high test accuracy after many train-
ing steps [73]. This is typically observed on algorithmic
tasks and architectures from MLPs to transformers. Our
hypothesis is that grokking is due to a mismatch between
the target function and the model’s inductive biases. Indeed,
typical architectures were not developed for the algorith-
mic tasks where grokking is typically observed. To verify
this hypothesis, we will show that endowing an architec-
ture with the right inductive biases, using learned activation
functions, can eliminate the phenomenon. Supporting this
hypothesis, Zhou et al. [110] proposed that grokking comes
from the frequency principle (i.e. low frequencies learned
first by SGD), and Kumar et al. [51] showed that it corre-
lates with a misalignment between features at initialization
and the target function.

Setup. Following [36,51,58] we train 1-hidden layer
MLPs on algorithmic tasks, defined each by one binary op-
eration (Figures 10 and 27). e.g. y = (z1+2x2) mod 13. The
operands are passed as one-hot vectors and the task is a clas-
sification over possible outputs. Details in Appendix E.6.
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Figure 10. Target functions used to investigate grokking [73] (de-
tails in Appendix, Figure 27). These patterns are very different
from the tasks for which typical architectures were developed.

Results. We compare models with ReL.U vs. learned acti-
vations across various tasks, network widths, and fractions
of training data. We find that the learned, task-specific ac-
tivations lead to faster convergence and/or higher test accu-
racy (Figures 11-13). On modular addition (a common task
in the grokking literature) the learned-activation model con-
verges ~ 10x faster than ReLUs. Curiously, some models
with learned activations also end up overfitting (decreasing
test accuracy) with prolonged training. In contrast, ReLU
networks either never generalize (test accuracy ~ 0) or grok
and keep a high accuracy indefinitely. Further investigation
is needed to explain this difference. We examine learned
activation functions in Figure 12. See Figure 28 in the Ap-
pendix for results on other algorithmic tasks [73].

ReLU baseline Learned activation function
100
Accuracy (%)
— Training
= Test
GH ) < G—n ™ <
& Trsteps & & Tr. steps &

Figure 11. The learned activations essentially eliminate grokking
(delayed convergence). On the above task (addition mod 27), our

model converges ~ 10X faster than ReLUs.
] e ] ]
(mod 41)

(mod 13) (mod 27) (mod 29)
Figure 12. Activations learned for modular addition. The fre-
quency of the sine-like function varies across versions of the task.

led 7e3

Num. training

steps to reach
> 95% test
accuracy
0 0
0.4 0.95 64 256 512 768
Fraction of tr. data Network width

Figure 13. Models with learned activations (=) converge faster
than ReL.Us (- =) across a variety of settings (addition mod 27).



Take-away: learned activations eliminate grokking in
all our cases, suggesting, as a cause, the mismatch be-
tween the data and the architectures’ inductive biases.

4. Do the Activations Transfer Across Tasks?

So far, we used dataset-specific activation functions and
found that there exist better alternatives to ReLUs. A practi-
cal application would be the learning of activation functions
suitable to a broad task, or range of related datasets.

As a first step, we study the specialization of the acti-
vations functions (AFs) learned for the 22 algorithmic tasks
from Figure 27 [73]. We evaluate every task/activation com-
bination, yielding the 22 x 22 matrix of Figure 14. The
learned activations do transfer, with improvements in accu-
racy and convergence shared across tasks. We also evaluate
an activation learned learned on all tasks simultaneously.
The accuracy across tasks (i.e. per-column average) reaches
61.5% vs. only 19.9% for ReLUs. and 54.0% on average for
tasks-specific solutions. This procedure can thus improve
performance on a range of related tasks. Future work could
leverage it to discover activation functions that improve per-
formance in other specific domains. See Appendix E.3 for
other transfer experiments using image regression tasks.

AFs optimized for each task ReLU AF optimized

(same order as Y axis) for all tasks
Easy tasks
(solved with ReLLUs,
improv. in convergence)
Hard tasks
(not solved with ReL.Us,
improv. in accuracy) 5
Scores per column (%): mean 54.0, min/max 22.2/80.5 19.9 61.5

Figure 14. Transfer of AFs (columns) across algorithmic tasks
(rows). Colors represent the fraction of the best convergence speed
or accuracy per task (brighter is better). If the activations were
over-specialized, the matrix would be diagonal. On the contrary,
it is densely filled, indicating positive transfer across many tasks.

5. Discussion

We used activation functions as a tool to show that there
exist a variety of inductive biases that are useful across ap-
plications of NNs. The impossibility of universal induc-
tive biases is well known [101] but a strong argument has
also been made that deep learning research is converging to-
wards few architectures with wide applicability [31]. This
argument rests on the NNs’ simplicity bias being a good
match for real-world data [12, 18, 56]. Our results do not in-
validate these assumptions: NNs are widely applicable and
their simplicity bias is evidently very effective on average.
Our results show instead the following.
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1. There exist real-world tasks where the inductive bi-
ases of typical architectures’ are suboptimal. This ex-
planation connects four domains where NN historically
struggled.

2. The simplicity bias in modern NNs depends on par-
ticular design choices, the activation functions in par-
ticular. Research has converged on these choices by trial
and error, in large part by optimizing performance on vi-
sion tasks. Therefore the adequacy of ReLUs for image
classification (Section 3.1) is not accidental.

Relevance to transformers and language models. The
simplicity bias exists in transformers [10, 109] and language
models [4,31,96]. Their embedding layer resembles in-
put activations functions (Section 3.3). Could this explain
the transformers’ remarkable flexibility? l.e. a simplicity
bias on an initial mapping of arbitrary complexity. Zhong
and Andreas [108] indeed trained embeddings alone in a
random-weight transformer and could learn complex tasks.

Limitations and open questions. We prioritized breadth
by establishing a new connection across multiple disparate
topics in machine learning. Each section could expand into
its own paper with additional models, datasets, compar-
isons, etc. Our findings on shortcut learning for example
(Section 3.4) could yield new methods to address distribu-
tion shifts, though no such claim is made here. Here are the
most promising follow-up questions opened by this paper.

* How to fully characterize inductive biases? We fo-
cused on simplicity for its prevalence in Al [31], philoso-
phy [72], and the natural sciences [12]. But it is only one
dimension among many to characterize inductive biases.

* Can we improve state-of-the-art architectures? We
used simple MLPs to isolate the effects of activations
functions since they are central to the simplicity bias [96].
But other existing mechanisms (architectural, optimiza-
tion) may already tweak or attenuate the simplicity bias.

e Can we learn transferable activation functions for
other domains? We examined transferability in Sec-
tions 4 and E.3. The results suggest the possibility of bet-
ter architectures optimized for specific domains. Predict-
ing the suitability of an architecture/dataset pair ex ante
(prior to training) would be extremely useful. This may
follow from advances on the first open question above.

¢ Are there other detrimental effects of the simplicity
bias? Any learning algorithm needs inductive biases to
“fill the gaps” between training examples. The better they
are, the fewer examples are needed. Researching what in-
ductive biases are most useful on real-world tasks might
thus hold the key for machine learning to become as data-
efficient as humans. More speculatively, high-level cog-
nition has been argued to require postulating explanations
beyond the data [16, 23]. In this regard, simplicity-biased
architectures might also hold us back.
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