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Abstract

Diffusion models indirectly estimate the probability den-

sity over a data space, which can be used to study its struc-

ture. In this work, we show that geodesics can be computed

in diffusion latent space, where the norm induced by the

spatially-varying inner product is inversely proportional to

the probability density. In this formulation, a path that tra-

verses a high density (that is, probable) region of image la-

tent space is shorter than the equivalent path through a low

density region. We present algorithms for solving the asso-

ciated initial and boundary value problems and show how

to compute the probability density along the path and the

geodesic distance between two points. Using these tech-

niques, we analyze how closely video clips approximate

geodesics in a pre-trained image diffusion space. Finally,

we demonstrate how these techniques can be applied to

training-free image sequence interpolation and extrapola-

tion, given a pre-trained image diffusion model.

1. Introduction
When trained over a data space, a diffusion model [43–46]
can tell us the direction in which a data point of that space
should move in order to increase its likelihood. That is, it
learns a vector field corresponding to the gradient of the log-
probability of the data (the Stein score function [47]). This
is sufficient information to define a Riemannian manifold in
this space, where the norm induced by a spatially-varying
inner product is chosen to be inversely proportional to the
probability density. This has the effect that geodesics—
loosely, shortest paths—on this manifold ‘prefer’ to traverse
high-density regions, which can be thought of as shortcuts
in the space. In the context of image latent diffusion mod-
els [37], these regions correspond to the latent vectors of
probable images, while low-density regions correspond to
unrealistic image latents. By computing geodesics in this
space, we can find shortest paths between images and study
the structure of the learned space.

(a) (b)

(c)

Figure 1. Given a probability density and initial or boundary con-
ditions (here, the position of two points A and B), geodesics can
be computed in this space. If the norm is chosen to be inversely
proportional to the probability density, these geodesics preferen-
tially traverse high density regions of the space. For an image data
space, these correspond to plausible, realistic images according to
the probability density, such as that learned by an image diffusion
model. Here, we show the outputs of our boundary value problem
(BVP) solver that computes a geodesic between endpoints A and
B on a toy 2D example. (a) The geodesic and straight-line trajecto-
ries between A and B, given the underlying visualized probability
density field (contours) and its gradient (arrows). (b) Probability
density curves for both trajectories, showing that the straight-line
path drops to zero probability very rapidly whereas the geodesic
remains in higher probability regions. (c) Images corresponding to
points along a geodesic in Stable Diffusion [37] latent space, given
the left and right endpoints, computed using our BVP solver.

In this work, we outline the relevant theory needed for
computing probability density geodesics in diffusion la-
tent space and present algorithms for solving the asso-
ciated initial and boundary value problems. A 2D toy
example of the boundary value problem (BVP) is pre-
sented in Fig. 1, alongside image outputs from the BVP
solved in the 16384-D latent space of Stable Diffusion [37].
We address several challenges associated with computing
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geodesics in this space: (i) accurately estimating the score
function, especially in low-density regions; (ii) handling
(potentially spatially-varying) conditional probability den-
sities; and (iii) solving initial and boundary value problems
efficiently in an extremely high-dimensional space.

We also describe how to compute several useful quan-
tities for analysis: the relative probability density along
the path, the geodesic distance between two points, and
the geodesic gradient norm. Using these techniques, we
analyze how closely video clips approximate geodesics in
a pre-trained image diffusion space. This work is part
exploratory (e.g., what image sequences correspond to
geodesics?) and part applied (e.g., how can these tech-
niques be used to solve image sequence-based tasks?). For
the latter, we evaluate the performance of these techniques
on training-free image sequence interpolation and extrapo-
lation tasks, given a pre-trained image diffusion model. Our
contributions are:
1. characterizing probability density geodesics in diffusion

latent space;
2. algorithms for solving initial and boundary value prob-

lems that address challenges specific to conditional dif-
fusion models; and

3. an application to image sequence interpolation and ex-
trapolation tasks.

We evaluate our training-free approach on five datasets with
respect to other interpolation methods, including those that
fine-tune the underlying diffusion model, achieving state-
of-the-art results.

2. Related Work
Text-to-image diffusion models. Recently, diffusion mod-
els [8, 19] have gained significant attention in deep gen-
erative modeling. Given specific input conditions, these
models generate realistic data by progressively denoising
Gaussian noise through a noise prediction network, result-
ing in outputs that closely resemble real data distributions
based on the provided conditions. With the availability of
large-scale image-text pairs for training, diffusion models
have achieved remarkable performance in the text-to-image
generation task [34, 37, 40]. Due to the flexibility of tex-
tual prompting, text-to-image diffusion models have been
widely applied to image editing [2, 14, 15, 26], personaliza-
tion [9, 12, 29, 38], stylization [16, 48, 49], etc. In this work,
we use a pretrained Stable Diffusion [37] model with which
to explore probability density geodesics for video analysis,
image interpolation and extrapolation.

Image interpolation. Image interpolation, also known as
image morphing, refers to the process of generating a
smooth transition between two images by creating interme-
diate images [51, 56]. Traditional methods rely on pixel-
based transformations, such as mesh morphing or defining

a blending function [30, 41, 55]. However, these methods
typically require pre-labeled corresponding points and hu-
man involvement. Some attempts have been made to au-
tomate this process [21, 32], but they generally work only
on image pairs generated in controlled environments. With
advances in generative models, Generative Adversarial Net-
works (GANs) [10] have been applied to the image interpo-
lation task [28, 33, 42] and achieve moderate success. How-
ever, GAN-based image interpolation frameworks do not
perform well in open-world settings. Specifically, input im-
age pairs are required to be in-distribution with the training
data of GAN models, which limits the application scenar-
ios for image interpolation. With recent progress in text-to-
image diffusion models, several works [11, 13, 50, 52, 53]
have shown that these models achieve impressive results in
image interpolation. Given any image pair, through tex-
tual embedding inversion and embedding interpolation, rel-
atively smooth intermediate images can be obtained. In this
work, we also employ a diffusion model; however, com-
pared with prior works [11, 52, 53], our method is training-
free and can be applied to image extrapolation. Further-
more, our approach offers a theoretical framework with
which to understand these tasks.

3. Probability Density Geodesics
In this section, we will outline the theory of probability den-
sity geodesics, followed by the algorithmic development.
The following section will apply the theory to a diffusion
latent space and address some design decisions particular to
that context. We aim to show that the structure of a data
space can be studied by computing geodesics with respect
to the probability distribution of the data, which can be ob-
tained by training a diffusion model in that space.

A geodesic is the (locally) shortest path between two
points on a Riemannian manifold with a constant speed
parameterization and can be obtained by minimizing the
length of a curve between them using the calculus of varia-
tions. In the following, time derivatives are denoted ẋ and
second derivatives as ẍ.

Equation for path length. Let � : [0, 1] ! Rn be a path
such that �(0) = x0 and �(1) = x1, and S : {�i} ! R be
the action functional on the set of such paths, defined by

S[�] =

Z b

a
L(t, �(t), �̇(t)) dt, (1)

where L is the Lagrangian given by

L(t, �, �̇) =
q
h�̇, �̇iK(�) with K(�) = p(�)�2I. (2)

Then S[�] is the path length for path �. The norm kxk =p
hx, xiM induced by the inner product hx, yiM = xTMy

is inversely proportional to the probability density with
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function p : Rn ! R+. The interpretation here is that
paths that pass through high density regions are ‘shorter’
than paths through low density regions. Note that this re-
duces to the standard formulation for the path length of a
curve when the probability distribution is uniform.

Euler–Lagrange equations. Given this definition, a path �
is a stationary point of S if and only if it satisfies the Euler–
Lagrange equations, viz.,

@

@�
L(t, �(t), �̇(t))� d

dt
@

@�̇
L(t, �(t), �̇(t)) = 0. (3)

Using r log p(�) = 1
p

dp
d�

T
and a constant speed parameter-

ization of the path, for our Lagrangian we obtain

�̈ + k�̇k2
⇣
I � ˆ̇� ˆ̇�T

⌘
r log p(�) = 0, (4)

where the unit velocity is given by ˆ̇� = �̇/k�̇k. That
is, we obtain a nonlinear second-order ordinary differential
equation (ODE) that expresses the relationship between the
scaled acceleration and the gradient of the log probability.
It is important to observe here that r log p(�) is the Stein
score function [20, 47], the exact quantity that is estimated
by a score-based diffusion model. The full derivation is pre-
sented in the appendix.

Functional derivative. This second-order ODE expresses
the relationship at optimality, i.e., given an initial position
and velocity we can obtain the associated optimal path.
However, we can also derive the functional derivative �S

��
of the path length functional S by approximating the curve
by a polygonal line with n segments, as n grows arbitrarily
large. We obtain, for any � with a constant speed parame-
terization,

�S

��
=

�1
p(�)k�̇k

✓⇣
I � ˆ̇� ˆ̇�T

⌘
r log p(�) +

�̈

k�̇k2

◆
. (5)

Probability density along the path. While estimating the
absolute probability of any data point is challenging, the
probability relative to the starting point is convenient to
compute. For a conservative vector field r log p (the gra-
dient of a scalar field), line integrals are path independent.1
Therefore, the relative log-probability between two points
�(a) and �(t), along any path � connecting them, is

log p̃0(�(t)) := log p(�(t))� log p(�(0)) (6)

=

Z t

0
�̇(⌧)Tr log p(�(⌧)) d⌧. (7)

Let f(x) = �̇(x)Tr log p(�(x)) and let ti = i/n for 0 
i  n be n + 1 equally spaced samples along the path.

1This assumption is not strictly true for standard diffusion models, but
is a good approximation [3].

Then by the trapezoidal rule, the relative probability at these
points along the path can be approximated as

log p̃0(�(ti)) ⇡
1

n

 
f(t0)

2
+

i�1X

k=1

f(tk)+
f(ti)

2

!
. (8)

Higher-order approaches, such as Simpson’s rule, may also
be used for this approximation. From this, we may com-
pute the relative probability p̃0(�(t)) = p(�(ti))/p(�(0))
at every point �(ti) along the curve.

Geodesic distance. Given the probabilities computed in
the previous section, it is trivial to estimate the geodesic dis-
tance. Let ti = i/n for 0  i  n be n+ 1 equally spaced
samples along the geodesic �, then the relative geodesic dis-
tance is given by

d̃a(b) =

Z b

a

k�̇(t)k
p̃a(�(t))

dt (9)

⇡ 1

n

 
k�̇(a)k

2
+

n�1X

i=1

k�̇(ti)k
p̃a(�(ti))

+
k�̇(b)k

2p̃a(�(tn))

!

and the absolute geodesic distance is given by d(a, b) =
d̃a(b)/p(�(a)) .

4. Geodesics in Diffusion Latent Space
In this section, we show how to compute geodesics in the la-
tent space of a pre-trained Stable Diffusion [37] model. An
element x 2 R64⇥64⇥4 of this latent space can be obtained
from an image I via an encoder E(I); a decoder D(x) per-
forms the inverse mapping. A forward process incremen-
tally corrupts these elements with Gaussian noise, up to
timestep ⌧ = T , resulting in a noise element xT ⇠ N (0, I).
To distinguish between the time dependence of the diffu-
sion process and that of the path formulation in Sec. 3, we
use ⌧ instead of t to denote the diffusion time-step through-
out the rest of the paper. The diffusion model is trained
on a very large dataset of images to denoise elements of
this latent space at all timesteps. It is parameterized by a
neural network ✏✓(x⌧ ; z) that predicts the noise ✏ that was
used to produce noisy sample x⌧ from clean sample x0 [19].
This is proportional to the score functionrx⌧ log p⌧ (x⌧ ) of
the smoothed (noised) density p⌧ [19]. Finally, our method
makes use of the deterministic DDIM forward and back-
ward processes (DDIM-F, DDIM-B) with noise schedule
parameter ↵⌧ , known as inversion [44], defined by

d
d⌧

✓
x⌧p
↵⌧

◆
=

d
d⌧

✓r
1� ↵⌧

↵⌧

◆
✏✓ (x⌧ ; z) . (10)

Working with diffusion models introduces several chal-
lenges, which we address in this section. In particular, (i)
how to handle (potentially varying) conditional probability
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densities; (ii) how to accurately estimate the score function
r log p(x), especially in low density regions; and (iii) how
to solve the initial and boundary value problems efficiently
in an extremely high-dimensional space (e.g., R16384).

4.1. Conditional probability density geodesics
Most image diffusion models are conditional models,
trained to denoise an image conditioned on a signal z such
as a CLIP-encoded text prompt [36, 37, 40]. Hence, we
extend the formulation from Sec. 3 to consider the condi-
tional probability density function p(�(t) | ⇣(t, �(t)). Here,
⇣ : R⇥Rn ! Rd is a function over the path parameter and
latent space that obtains the values of the conditioning vec-
tors za and zb at the endpoints, such that ⇣(0, �(0)) = z0
and ⇣(1, �(1)) = z1 for (a, b) = (0, 1). In our experiments,
we primarily consider the case where ⇣ is linear in time and
constant in the latent space: ⇣(t) = (1� t)z0 + tz1.

4.2. Score estimation
The score function is likely to be poorly estimated in low-
density regions [45]. This occurs since the diffusion model
does not have enough evidence during training to estimate
the score accurately in regions of the latent space where
data is scarce. However, estimating accurate directions in
these regions is critical for solving boundary value prob-
lems, since the initial path to be optimized is likely to tra-
verse low-density regions. Diffusion models apply multi-
ple levels of noise to data elements in order to alleviate this
problem. By doing so, low-density regions of the space can
be populated by noised data, improving the quality of the es-
timated gradients at those locations. As a result, we choose
to compute geodesics (and query the diffusion model) at a
particular non-zero noise level, with the associated diffu-
sion timestep ⌧ . A side benefit of this is that the probability
density becomes increasingly Gaussian as the timestep in-
creases, which provides a useful inductive bias, as explained
in the next section.

However, there is an additional complexity. For a noised
training sample x⌧ , the unconditional model ✏✓(x⌧ ; z =
?, ⌧) is expected to predict the noise ✏ that was used to
produce this sample from clean sample x0. Unfortunately,
in our case, we obtain vectors x⌧ from an optimization pro-
cedure, initialized along a great circle between endpoints
xa,⌧ and xb,⌧ . These points are (at least initially) out-of-
distribution (OOD) for the model, and we should not expect
it to predict the noise well. Instead, Katzir et al. [25] observe
that the prediction consists of a domain correction term �D
and a denoising term �N. The residual �N � ✏, as used in
score distillation sampling [35], is generally non-zero and
noisy, leading to an averaging (over-smoothing) effect in the
optimized latents. In our optimization procedure, we are not
aiming to denoise the samples, so neglect the denoising di-
rection �N and instead use noise-free score distillation [25]

(a) The pipeline for image interpolation.

(b) The pipeline for image extrapolation.

Figure 2. Pipelines for the image interpolation and extrapolation
tasks, addressed by solving boundary and initial value problems in
diffusion latent space.

direction �(x | z, ⌧) to approximate the gradient direction,

r log p(x | z, ⌧) ⇡ ��(x | z, ⌧) (11)
�(x |z, ⌧)=E⌧ 02R⌧w(⌧

0) (�d(x⌧ 0|z)�d(x⌧ 0|zneg)) , (12)

where � is a scalar hyperparameter, w(⌧) is a weighting
function, � is the classifier-free guidance parameter (0 if
unconditional) [18], zneg is a negative prompt embedding
that says something about the specific OOD latent vector
(see Appendix B), d(x⌧ |z) = ✏✓(x⌧ |?) � ✏✓(x⌧ |z) is the
direction function, and the expectation is taken over a range
of timesteps R⌧ = [⌧ ��⌧, ⌧ +�⌧ ].

4.3. Efficient IVP and BVP solvers
Solving the initial and boundary value problems efficiently
with respect to time and memory becomes challenging in
the extremely high-dimensional latent space R4⇥64⇥64 of
Stable Diffusion [37]. For this dimensionality, standard
techniques, such as collocation algorithms for solving BVPs
[27], become prohibitive in time and memory. We also aim
to minimize calls to the diffusion model, since this is ex-
pensive to compute. In view of these aims, we use a simple
low-memory parametrization and optimization strategy.

Before outlining the algorithms, we first observe that the
probability distribution becomes more Gaussian as the dif-
fusion timestep increases [5] and that the Gaussian Annulus
Theorem [1] states that a point chosen at random from a
unit variance d-dimensional Gaussian distribution will be
located in a small annulus around a sphere of radius

p
d

with high probability. However, for finite-sized gradient de-
scent steps, the optimizer may take the curve away from the
sphere, moving into low-density regions where probability
density gradients are poorly estimated. To mitigate this, we
reproject the curve back onto the sphere, ensuring that opti-
mization remains within the high-density region where gra-
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Algorithm 1: BVP solver for image interpolation.
Input: start/end image I0/I1; text prompts p0/p1;

diffusion timestep ⌧ ; learning rate ⌘;
optimizer steps n; hyperparameter �; VAE
encoder E ; CLIP text encoder C

Output: geodesic �
1 {z0, z1} {C(p0), C(p1)}
2 {x0, x1} {DDIM-F(E(Ii), ⌧, zi)}i={0,1}
3 �  Interpolate({(0, x0), (1, x1)})
4 for i = 1 to n do
5 T  TimeSampler(i)
6 S  {(0, x0), (1, x1)}
7 forall t 2 T do
8 x �(t) ;
9 z  (1� t)z0 + tz1

10 s Score(x, z, ⌧,�) ; % Eq. (11)
11 g  FuncDeriv(s, x, ẋ, ẍ) ; % Eq. (13)
12 x kxk(x� ⌘g)/kx� ⌘gk
13 S  S [ {(t, x)}
14 �  Interpolate(S)

dient estimates are more reliable, and we project the func-
tional derivative to the tangent space of the sphere,

g = (I��̂�̂T)
�S

��
. (13)

BVP. Given a start position x(0) and an end position
x(k+1), we parameterize the path � with a set of control
points {x(i)

⌧ }ki=1 connected by a spherical piecewise linear
function (great circle arcs). For clarity, we notate points on
this curve as xt with the curve parameter t 2 [0, 1], drop-
ping ⌧ and the ordinal superscript. Algorithm 1 initializes
the path as a great circle. It then computes the projected gra-
dient descent update for the control points using Eq. (13),
where the associated velocities �̇ and accelerations �̈ are
obtained from a natural cubic spline fit to the control points
and end points, and projects the updated control points back
onto the sphere. To save computation, the algorithm uses a
coarse-to-fine discretization, where the number of control
points k 2 [1, 3, 7, 15] varies as optimization progresses,
using a bisection strategy.

IVP. Algorithm 2 takes an image I0 and its correspond-
ing text description p0, and extrapolates how the geodesic
evolves given an initial velocity formulated from the target
prompt p1. As with Eq. (13), the updates are projected to
the tangent space, resulting in the ODE given by

�̈ = �k�̇k2
�
I � �̂�̂T

� ⇣
I � ˆ̇� ˆ̇�T

⌘
r log p(�), (14)

which can be solved by applying the Runge–Kutta (RK4)
method to the first-order system of equations.

Algorithm 2: IVP solver for image extrapolation.
Input: image I0; source text prompt p0; target text

prompt p1; diffusion timestep ⌧ ; optimizer
steps n; VAE encoder E ; CLIP text encoder
C; hyperparameter �

Output: image sequence I; geodesic �
1 {z0, z1} {C(p0), C(p1)}
2 x DDIM-F(E(I0), ⌧, z0)
3 ẋ GetInitVelocity(x, z0, z1)
4 S  {(0, x)}
5 I  {I0}
6 for i = 1 to n do
7 z  (1� i/n)z0 + (i/n)z1
8 s Score(x, z, ⌧,�) ; % Eq. (11)
9 ẍ ODE(s, x, ẋ) ; % Eq. (14)

10 ẋ RK4(ẋ, ẍ, 1/n)
11 x kxkRK4(x, ẋ, 1/n)/kRK4(x, ẋ, 1/n)k
12 S  S [ {(i/n, x)}
13 I  I [ {D(DDIM-B(x, ⌧, z))}
14 �  Interpolate(S)

5. Experiments
In this section, we first analyze whether short video se-
quences are geodesics in diffusion latent space. Second,
we evaluate applications of the theory, focusing on the im-
age interpolation task framed as solving a boundary value
problem. For all experiments, we use a pre-trained Stable
Diffusion v2.1-base model [37].

5.1. Geodesic analysis of videos
The objective of this experiment is to assess how close video
clips are to geodesics.

Dataset. We use the CLEVR framework [22] to render 40
synthetic videos with Blender. Each 100-frame sequence
contains one of the three CLEVR objects (cube, sphere,
cylinder) and has a single varying attribute, including cam-
era rotation and translation, light source location, and the
size, color and motion of the object.

Baselines. The path �v corresponding to the original video
clip is compared to the path after geodesic optimization �o,
the path after a sinuoidal perturbation �� = �v+ � sin (⇡�),
and the path after smoothing �s, by fitting a smoothed cubic
spline [7] with smoothing factor 0.9999.

Results. In Fig. 3a, we report the l2 norm of the functional
derivative in Eq. (5) as it varies along the path, for a single
video clip (translating red cube). For a geodesic, this is zero
everywhere along the path. In Fig. 3b, we report the aver-
age of this norm across the path and the dataset. If a video
path was a geodesic in the diffusion latent space, we would
expect (i) the norm along the path �v to be near zero, (ii)
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(b) Geodesic gradient norm, averaged across the path and dataset.

Figure 3. Analysis of simple videos generated using CLEVR [22].
If a video path was a geodesic in the diffusion latent space, we
would expect (i) the norm of the geodesic gradient along the path
�v to be near zero, (ii) the norm to be close to that of the optimized
path �o, and (iii) the norm of the perturbed �� or smoothed �s
paths to be larger. From the evidence, we conclude that many of
the videos are approximately geodesic.

the norm to be close to that of the optimized path �o, and
(iii) the norm of the perturbed �� or smoothed �s paths to be
larger. We observe these trends in the results, and conclude
that many of the videos are approximately geodesic.

5.2. Applications
Here, we assess the performance of the geodesic solvers for
the image interpolation and extrapolation tasks.

Datasets. We compile a union of datasets from prior works
[50, 52, 53]. This includes MorphBench [53], which con-
tains 90 image pairs of object animations and object meta-
morphoses; Animals and Humans [52], which contains 50
animal image pairs from AFHQ [6] with an LPIPS below
0.7 and 50 human face image pairs from CelebA-HQ [23]
with an LPIPS below 0.6; and Web, which contains 20 im-
age pairs sourced from publicly accessible websites, some
of which have been used in other related studies [50].

Metrics. Quantitatively evaluating image interpolation and
extrapolation is extremely challenging and subjective. Fol-
lowing previous work [52, 53], we report (1) the Fréchet in-
ception distance (FID) [17] between the set of input images
and the set of generated images to measure how close the
distributions are; (2) the perceptual path length (PPL) [24]
as the sum of LPIPS between adjacent images to assess the
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Figure 4. Qualitative comparison of image interpolation results.

directness of the generated image sequence; (3) perceptual
distance variance (PDV) as the standard deviation of LPIPS
between consecutive images to assess the consistency of
transition rates across the sequence; and (4) the TOPIQ [4]
score, an image quality metric that evaluates the perceptual
quality of each generated image in alignment with human
perception. To focus on the quality of interior frames, we
compute a weighted TOPIQ score, detailed in Appendix C.
We report all metrics on 17-frame sequences by sampling
15 intermediate images between the input pairs.

Implementation details. We use BLIP [31] to generate
short text prompts p for each input image. For text inver-
sion, we finetune the CLIP [36] encoded text embedding
z, using 500 steps with a learning rate of 0.005 and the
AdamW optimizer. For BVP optimization, we perform 400
steps of gradient descent with an initial learning rate of 0.1,
following a linear learning rate schedule. The hyperparam-
eters are set as ⌧ = 600, �⌧ = 100, � = 0.002, and � = 1.
As detailed in Sec. 4.3, we adopt a bisection strategy to add
additional sample points every 100 steps. For IVP optimiza-
tion, we set the iteration number to 200. To obtain a diverse
set of initial velocities, we apply text inversion to the target
text embedding using several generated images from ran-
dom initial noise N (0, I), conditioned on the target prompt
[39]. All methods use the same pre-trained diffusion model
(Stable Diffusion v2.1-base) and text prompts, and default
settings otherwise. Further details are in Appendix B.
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Table 1. Image interpolation results. We report the performance on three datasets: MorphBench (MB), Animals and Humans (AH), and
Web data (Web). TF denotes “training-free”, which also prohibits fine-tuning; best results are in bold; second best ones are underlined.
“Ours” represents the optimized geodesic path and “Ours w/o opt.” represents the unoptimized path as the great circle initialization.

FID # PPL# PDV# TOPIQ "

Method TF AH MB Web AH MB Web AH MB Web AH MB Web

NoiseDiffusion [54] X 71.85 100.87 201.08 2.507 2.718 3.738 0.117 0.111 0.099 0.700 0.666 0.650
AID [13] X 86.30 124.11 242.34 2.709 2.648 3.813 0.181 0.188 0.208 0.699 0.675 0.665
IMPUS [52] 7 25.75 36.33 89.73 1.861 1.718 2.554 0.065 0.066 0.115 0.622 0.587 0.539
DiffMorpher [53] 7 32.89 42.39 160.69 1.195 1.011 1.934 0.018 0.016 0.024 0.686 0.651 0.592
SmoothDiffusion [11] 7 30.80 52.19 135.78 0.903 0.879 1.371 0.027 0.033 0.045 0.571 0.515 0.389

Ours w/o opt. X 24.71 37.85 112.81 0.874 0.841 1.473 0.032 0.035 0.053 0.584 0.546 0.466
Ours X 33.87 46.51 134.68 0.960 0.921 1.565 0.016 0.022 0.026 0.607 0.559 0.479

Table 2. We ablate the impact of different text conditioning
strategies for BVP solver, including text inversion, positive (�)
prompts, and negative ( ) prompts, on the validation dataset.

Text inv.� prompt prompt FID# PPL# PDV# TOPIQ"

X 70.56 1.06 0.017 0.518
X 69.06 1.046 0.017 0.529

X X 65.05 1.045 0.018 0.562
X X 64.72 1.037 0.019 0.564

X X X 63.28 1.000 0.017 0.553

Results. We compare our method for the image interpola-
tion task with several state-of-the-art diffusion-based meth-
ods, including NoiseDiffusion [54], DiffMorpher [53], IM-
PUS [52], AID [13], SmoothDiffusion [11] and report the
result of a baseline (‘Ours w/o opt.’), which returns the ini-
tial path before geodesic optimization. This corresponds to
the great circle trajectory, the most direct path between the
endpoints on the sphere. The quantitative and qualitative re-
sults are presented in Tab. 1 and Figs. 4 and 6. We observe
that methods involving finetuning the diffusion model on
input images, like DiffMorpher and IMPUS, tend to score
better with respect to most of the metrics. While AID and
NoiseDiffusion generate high-quality images, they have a
weaker connection to the input images. SmoothDiffusion
[11], trained on the large LAION dataset, performs well
with respect to perceptual path length, but has high variance
and weaker image quality scores, especially on the partially
OOD Web dataset. In contrast, our method has high direct-
ness (low PPL), high fidelity to the input distribution (low
FID), and very high perceptual smoothness (low PDV), but
has slightly lower image quality (low TOPIQ). Overall, our
approach is on-par with the best methods without requir-
ing any training. Finally, we show qualitative results for the
image extrapolation task in Fig. 7, where we visualize two
trajectories for each prompt.
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(a) Relative log-probability along the path as optimization progresses,
where iteration 0 is the lightest curve and iteration 400 is the darkest.
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(b) Path length with respect to optimization step.

Figure 5. Example of the evolution of the probability density along
the path and the path length during BVP optimization.

Analysis. We constructed a validation dataset for ablation
and analysis by randomly selecting 25 image pairs from the
three datasets (Sec. 5.2). In Fig. 5, we show that optimiza-
tion correctly increases the log probability of samples along
the path and decreases the path length. This indicates that
the curve smoothly approaches a geodesic during optimiza-
tion. We also present an ablation study in Tab. 2, where
we show how the text conditioning formulation (text inver-
sion, positive prompt, and negative prompt) contributes to
the performance of the method. In Appendix D, we com-
pare the time-linear conditioning signal with the constant
one. In Appendix E, we analyze the trade-off between the
different choices of hyperparameter settings.

5.3. Limitations
This work has several limitations. First, the metrics used
for evaluating image interpolation struggle to capture inter-
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Figure 6. Qualitative image interpolation results using our geodesic BVP solver.

(a) Target prompt: “Volcano eruption”.

(b) Target prompt: “An expensive cake worth $1,000, adorned with fancy
decorations and looking incredibly delicious”.

(c) Target prompt: “A real photo of a cute but scary monstrous creature
with sharp teeth and bulging eyes”.

Figure 7. Qualitative image extrapolation results using our
geodesic IVP solver. For each image, we plot two extrapolated
paths, each with different initial velocities but the same prompt.

polation quality (smoothness, directness, and realism). In
particular, FID, which measures fidelity to the input distri-
bution, is unreliable when applied to small image sets like
these, and the other metrics only capture individual aspects

of interpolation quality. Second, the method performs well
for image morphing (local changes) but struggles with large
camera motions or domain gaps, as illustrated in Figs. 15
and 16. We hypothesize that by initializing with a great
circle, which also performs poorly in such cases, our opti-
mizer gets stuck in nearby local optima rather than finding
more optimal solutions. A global search strategy is indi-
cated. Third, we approximate the log-probability gradient
with a score distillation gradient, which is not necessarily
well-aligned. Fourth, the path representation is inelegant:
a spherical piecewise linear function (great circle arcs) for
which the velocities and accelerations are approximated by
fitting a cubic spline. Finally, the image extrapolation per-
formance is unreliable, as determining a good initial veloc-
ity is challenging; a more robust approach is called for.

6. Conclusion
In this paper, we have presented the theory required for
computing probability density geodesics in diffusion latent
space and algorithms for solving the associated initial and
boundary value problems. We also described how to com-
pute several useful quantities for analysis: the relative prob-
ability density along the path, the geodesic distance be-
tween two points, and the geodesic gradient norm. Finally,
we presented applications to image interpolation and ex-
trapolation and evaluated the performance of these training-
free approaches. We show that they perform comparably or
better than existing state-of-the-art. We expect these tech-
niques to be useful for tasks involving generative modeling,
as well as for studying the distribution of image space.
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