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Abstract

This supplementary material presents more details on the theoretical results in the main paper. More implementation details
of the proposed method and more experimental results are also provided for better reference to the readers. The structure of the
supplementary material is organized as follows. In the first section, we introduce the necessary notations and definitions, laying
the foundation for the subsequent analysis. Building on this, the second section presents the rotation equivariant errors of two
commonly used downsampling operators, accompanied by detailed proof processes to ensure clarity and rigor. Similarly, the third
section focuses on the rotation equivariant errors of two common upsampling operators, again providing comprehensive proofs
to substantiate the findings. In the fourth section, we take the U-Net network from the N2N method as an illustrative example.
Within this context, we derive and present the equivariant error bounds for the complete U-Net network under fixed discrete
angles, formulated as theorems. Extending this analysis, we further provide the equivariant error bounds for the complete U-Net
network under arbitrary rotation angles, which are summarized in the form of corollaries. In the fifth section, we present additional
experimental results and visualizations to further demonstrate the effectiveness of the proposed method.

I. NOTATIONS AND DEFINITIONS

We first introduce some necessary notations and preliminaries as follows.

We consider the equivariance on the orthogonal group O(2). Formally, O(2) = {A € R?*?|AT A = I5,5}, which contains
all rotation and reflection matrices. Without ambiguity, we use A to parameterize O(2). The Euclidean group E(2) = R?2xO(2)
(X is a semidirect-product), whose element is represented as (x, A). Restricting the domain of A and x, we can also use this
representation to parameterize any subgroup of E(2). In practice, the subgroup is usually assumed to contain ¢ rotations with
27” degree for an integer ¢t € N,..

An image I € R™ "™ is viewed as a two-dimensional discretization of a smooth function r : R2 — R, at the cell-center of
a regular grid with n x n cells, i.e., fori,5 =1,2,--- n,

Lij = r(xi;), (D

where z;; = ((z—%ﬂ) h, (j—%l) h)T and h is the mesh size.

An intermediate feature map F' € R™*"*? in equivariant networks is a multi-channel tensor, which can be viewed as the
discretization of a continuous function defined on £ = R? xS, where S is a subgroup of O(2) and ¢ is the number of elements
in S. Formally, F' can be represented as a three-dimensional grid tensor sampled from a smooth function e : R? x § — R,
ie., fori,j =1,2,---,n,

Ffj = e(wi, A), 2)

where x;; is defined in (1) and A € S.

With above notations, the transformations on the input and feature maps can be mathematically formulated. Specifically, in
the continuous domain, for an input 7 € C*°(R?) and feature map e € C°°(FE(2)), the transformation A € O(2) acts on r
and e respectively by:

WA@[T](:U) =r(A7 ),V € R?,

mEle](z, A) = e(A™ 2z, A7V A),Y(2, A) € E(2).

3)

cosf,sin 6

In particular, if A O(2) is the rotation matrix .
p 0 €0(2) [ sin 6, cos

], then the corresponding rotation operators can be expressed

by 7}t and 7f. R
Besides, in the discrete domain, we can also define the transformation A € S on the input image and feature map as
followings:

(7},};(1))” = Wg[r](%j),
(FE(P)) ], = Elel(xij, A), )

Vi, j=12,---,n,A€S.



Similarly, the rotation operators can be denoted as 7/ and T,
Before the proof of the theorem, we provide the definitions of commonly used downsampling and upsampling methods in
the continuous domain.
Maxpooling Downsampling. Maxpooling is a commonly used downsampling method in CNNs, which reduces the spatial
dimensions of feature maps by sliding a fixed-size window over the feature map and selecting the maximum value within each
region as the output [1]. In the continuous domain, we can define maxpooling operator M(-) as follows,
[M(F)|(z,A) = max{FA Fi‘il,j, Fi’j‘jJrh F‘f‘H,jH} = mazgq, FA 5)

ij 3 ity

where * = [z, 72]7 € R? denotes the spatial coordinates, and z; € [Tij 1, Tit1,51)s T2 € [Tijo, Tijg1o)s Qij = {(4,7), (1 +
L, 67+1),6+1,+ 1)}
Stride Downsampling. Stride Downsampling is also a widely used downsampling operator which reduce the size of the feature
map by adjusting the stride of the convolution operation [2]. In the continuous domain, we can define stride downsampling
operator S(-) as follows,

[S(F))(z, A) = Fi:qj-i-lv (6)

where = = |71, 22]T € R? denotes the spatial coordinates, and x; € [Tij1, Tig1,51) T2 € [@ijgs Tijt1y)-

Nearest Neighbor Upsampling. Nearest neighbor interpolation is an image scaling method that fills the pixels of the
interpolated image by selecting the original pixel value closest to the target pixel position. In the continuous domain, we
can define the nearest neighbor operator N(-) as follows,

[N(E))(x, A) = Fj., )

where (i*,*) = argmin;;||z;; — z|[3.
Bilinear Upsampling. Bilinear interpolation calculates the new pixel value by taking the weighted average of the four
surrounding known pixel values. In the continuous domain, we can define the bilinear interpolation operator B(-) as follows,

B(F)|(z, 4) = 227 72) [(“2 ~) Q) + (xl‘“”f(@m)} Gty [(“2 =) @) + T (0,

(v2 — 1) [(u2 —w) (uz —u1) (v2 — 1) [(u2 —w) (uz —u1)
=M1 f(Q11) + A21 f(Q21) + A2 f(Q12) + A22 f(Q22)
2 2
= ZZ)\ijf(Qij)a 8
i=1 j=1
where )\;; are the coefficients of bilinear interpolation and f(Q;;) represent the grid points, x = [z1,72]T € R? denotes the

2D spatial coordinates, x1 € [2ij;, Tit1,51)> T2 € [Tijo, Tijt1s)-

II. PROOF OF EQUIVARIANCE ERROR FOR DOWNSAMPLING OPERATORS
A. Proof of equivariance error for maxpooling downsampling

Theorem 1. Assume that a feature map F € R"*"* is discretized from the smooth function e : R? x S — R, |S|=t, the
mesh size is h, M(-) is the downsampling operator. If for any A, B € S,z € R?, the following conditions are satisfied:

| Ve(z, A) < G, ©)
then the following results are satisfied:

M [7E] (F) (z, A) = 75 [M (F)] (z, A) |< 2v2Gh. (10)

Proof. From the above definition we can deduce as follows:

M [7E] (F)] (2, 4) = M (RE (F)) (2, 4) = maa{ (FE(F)),, , GEF)) ., (FEE) 0 GEE) )

= max{e(Bilzij, BilA), B(Bil,fEH_Lj, BilA), 6(371$Z‘,j+1, BilA), €(B71x1+17j+1, BilA)}
:maxgije(B_lxij,B_lA), (11

w5 [M (F)] (z, A) = M(F)(B~ 'z, B~ A)
= mam{e(mi’jH _B_lfl)7 e(£i’+1,j’7 B_IA), 6(.’Ei/’j/+17 B_IA), e(xi/+1’j/+1, B_lA)}
= main,j,e(xi/j/,BflA), (12)



where = [z1,20]7 € R?, B~z = [2{,25]7 € R? denotes the spatial coordinates, and z1 € [z, Tiy1,5,), T2 €
[@ijos Tijj+1)s 1 € [Tirjry, i1y ], @ € [@irjry, ir j1,]. We define x;; as the coordinates of the maximum point in
(11), z7; as the coordinates of the maximum point in (12). By the definition of z;;, we have I Ty —w |2< v/2h. Since B is
an orthogonal matrix, we have

1B™ 55 — B~ 3< V2h. (13)
By the definition of x;z,
||zz; — B~ 2| [3< V2h. (14)
From (13) and (14) we can derive
1B~ a5 — w5 |3< ||B™ g5 — B~ a5+ [ay; — B '2l[3< V2h + V2h = 2v2h. (15)
From (9) and (15) and by using the Lagrange Mean Value Theorem, we can derive:
\M [75] (F) (z,A) — 75 [M (F)] (z,A) |= le(B™ 2, BT A) — e(x;;, B~ A)|< 2V2Gh. (16)
O

B. Proof of equivariance error for stride downsampling

Theorem 2. Assume that a feature map I € R"*"*? is discretized from the smooth function e : R2 x S - R, |S|= t, the
mesh size is h, S(-) is the stride downsampling operator. If for any A, B € S,z € R2, the following conditions are satisfied:

| Ve(z, 4) |< G, (17)
then the following results are satisfied:
S [75] (F) (,A) = 75 [S (F)] (z, A) |< 2v2Gh. (18)

Proof. From the above definition we can deduce as follows:
A

[S [ﬁ-g] (F)] (va) = S (,ﬁg (F)) (‘T7A) = (ﬁg(F))iJ_f_l = e(Bilxi,j—Q—l,BilA)ﬂ (19)
FE[M (F)] (va) = M(F)(B_lx7B_1A) = e(xi’7j'+17B_1A)7 (20)
where © = [z1,22]7 € R?, B7'z = [2{,24]" € R? denotes the spatial coordinates, and z1 € [z, Tit1,5,], T2 €

, | ..
[Tijo, Tijr1g)s X1 € [Tirjry, Tirg1jrq)s 5 € [Tirjry, Tir jry1,]. Similarly, we have

1B i1 — @iy [13< 1B i1 — B |3+ [ww jrp1 — B™'2]|3< V2h + V2h = 2V2h. @21

From (17) and (21) we can derive:
1S [75] (F) (z,A) = 75 [S (F)] (z, A) |= |e(B™ 'z, B7' A) — e(x;;, B~ A)|< 2v2Gh. (22)
|

III. PROOF OF EQUIVARIANCE ERROR FOR UPSAMPLING OPERATORS
A. Proof of equivariance error for nearest neighbor upsampling

Theorem 3. Assume that a feature map F' € R™*"*? is discretized from the smooth function e : R2x S = R, |S|= t, the
mesh size is h, N(-) is the nearest neighbor upsampling operator. If for any A, B € S,z € R, the following conditions are
satisfied:

| Ve(z, A) [[< G, (23)

then the following results are satisfied:

IV [75] (F)] (2, A) = 75N (F)] (2, A) |< V2Gh. (24)
Proof. From the above definition we can deduce as follows:

N [#5] (F)] (. A) = [N (75 ()] (2, A) = (RB(F)) = e(B a5, B~ 4), 5)

177



where (i, 7) = argmingj||z;; — /3.

17

TBIN (F)] (2, 4) = [N(F)|(B™ 'z, B~ 4) = F;?_lA = e(z53, B~ A), (26)

where (i,7) = argmin;||z;; — B~ x|[3.
From (25) and (26), by using the Lagrange Mean Value Theorem, we can derive

IV [#E] (F)] (2, A) — 7B [N (F)] (2, A) |= [e(B "5, B~'A) — e(a;, B A)|< G||B "y — a3 @D)

137 ij? J

By the definition of z;;, we have || z;; — 3< gh. Since B is an orthogonal matrix,

|B~ a5 — B~ lal[3< % (28)
By the definition of 3z,
||lz3; — B~ l3< @L. (29)
From (28) and (29) we can derive
180y — a3 1B a5 — B el lla — B el L2h+ L2 = va. (0)
Combining (27) and (30), we can get
I[N [75] (F)] (2, A) = 75 [N (F)] (z, A) |< V2Gh. 31)

B. Proof of equivariance error for bilinear upsampling

Theorem 4. Assume that a feature map F € R"*"*! is discretized from the smooth function e : R? x S — R, |S|=t, the
mesh size is h, B(-) is the bilinear upsampling operator. If for any A, C' € S,z € R?, the following conditions are satisfied:

| Ve(z, 4) ||< G, (32)
then the following results are satisfied:

(B [75] (F)] (z, A) — n&[B (F)] (z, A) |< 2(V2 + 1)Gh. (33)

Proof. From the above definition we can deduce as follows:

B [7E] (F)] (2, A) = [B (75 (F))] (z, 4)
= M@E(F)iy + X @EE) N+ M@EE) 11+ M@EF)) 10 (34)
= )\16(0_13?”‘7 C_lA) + )\ge(C_lxiJrLj, C_lA) + )\36(0_1$i’j+1, C_1A> + )\46(0_1$i+1’j+1, C_1A>,

TElB (F)) (x, A) = [B(F)|(C™'2,C7A)
= N FS A M FS 4+ MFS A + NFS 4 (35)
= Ne(zirjr, CTYA) + Noe(xirg,5, C 1 A) + Nye(air jr11, CHA) + Nye(2irgr jr41, CT 1 A),
where = [z1,20]7 € R?, C 'z = [2f,25]7 € R? denotes the spatial coordinates, and z1 € [z, Tiy1,5,), T2 €
[Tijo, Tijrin)s T8 € [Tijry s Tig1,4)s Ty € [Tirjrg, Tir jry1,). We note that Ay + Ao + Az + Ay = 1, and they’re both
positive. We can transform (34) as follows:
(B [7E] (F)] (z,A) = Me(C 25, O A) + Xoe(C g1 j, CTHA) + A3e(C My jy1, C1A) + Mae(C iy ji1, CHA)
— (M A2+ A3+ )e(C ey, C7HA) + e(CLayy, 7L A)
=e(C'2ij, O A) + Xa[e(C M aigr j, O HA) — e(C gy, CLA))
+ A3e(C i i1, O A) — e(C 7wy, CTHA) + Mle(C aigg jp1, O HA) — e(C gy, C1A)).
(36)



We can transform (35) in the same way.
me[B (F)] (z, A) = Me(ziy, CTHA) + Xye(@irp1,j, O~ A) + Age(wy jrr, O A) + Nye(wig jrr1, O 1 A)
— ()\/1 + /\/2 + )\g + )\ﬁl)e(gcyj/, C_lA) + e(xi/j/,C_lA)
= e(xi/j/, CilA) + )\/2 [e(xi/_‘_l_’j/,C’*lA) - e(xi/j/, CilA)]
+ )\é[e(l‘,’/,j/.;,_h OilA) - e(a:i/j/, CilA)] + )\21[6(33‘,'/4_17]‘/4,_1, OilA) - e(xilj/, CilA)] 37
We can find that ||[C ™ 241 ; — C7 1 a;;]|3< h, it still holds true for other points. So we have
)\2|€(Cil$i+1,j, CilA) - e(Cflxij, CilA)| + /\3|6(C71(Ei7j+1, CilA) — G(Cill'ij, CilA)|
+ Aale(C7 ig1 41, CTHA) — e(C g, CTHA) < G, (38)

)\/2|6($1'/+17j/, CilA) — e(xi/j/, CilA)| + /\§|e(x¢/7j/+1, CilA) — e(xi/j/,cilA”
+ Nile(irt141, CTHA) = e(wyy, O A)|< Gh, (39)
|C™ iy — o |[3< | C gy — O | |34 [z jr — O~ 2| |3< V2R 4 V2R = 2V/2h. (40)
Then we have

B [75] (F)] (2, A) — 78 [B (F)] (v, A) | < |e(C™ @iy, CT1A) — e(wyjr, CTHA)|+2Gh

< 2(v2+1)Gh. (41)

Finally, we have
B [7E] (F)] (z, A) — n&[B (F)] (z, A)|< 2(V2 + 1)Gh. (42)
0

IV. PROOF OF EQUIVARIANCE ERROR OF COMPLETE U-NET NETWORK

In this section, we aim to analyze the rotational equivariance error of the complete U-Net network. Lemma 1., using bilinear
upsampling as an example, provides a theoretical guarantee that our interpolation method does not increase the gradient values
of the feature maps. Lemma 2. establishes the range of function values, derivative values, and second-order derivatives for each
feature map layer in a rotationally equivariant network. Lemma 3. provides the rotational equivariance error for a single-layer,
single-channel convolutional layer. Theorem 5. presents the rotational equivariance error of the complete U-Net network under
discrete angles.

Lemma 1. Assume that a feature map F' € R™*"*? ig discretized from the smooth function e : RZ2x S = R, |S|= t, the
mesh size is h, B(:) is the bilinear upsampling operator. If for any A € S,z € R2, the following conditions are satisfied:

| Ve(z, 4) |< G, (43)

then we have:
[B(F)](z,4) <G. (44)

Proof. Based on Rolle’s Theorem: let a function f be continuous on [a,b] and differentiable on (a,b). If f(a) = f(b),
then there exists a point & € (a,b) such that f'(§) = 0. At the grid points, we have [B (F)] (z, A) = e(z, A). Let F(x) =
[B (F)] (z,A) —e(x, A), x1, x4 are grid points and £ is a point within the range of the grid points. Then F(z) satisfies Rolle’s
Theorem and can be expressed as:

F'(§) = V[B(F)] (&, 4) = Ve(§, 4) = 0. (45)
Therefore, we can obtain V[B (F)] (z, A) C Ve(z, A), i.e. [B(F)](z,A) <G. O

Lemma 2. (Fu. 2023 [3]) For an image X with size h x w x ¢, and a N-layer rotation equivariant CNN network CNN(-),
whose channel number of the i*" layer is n;, rotation equivariant subgroup is S < O(2), |S|= t, and activation function is set
as ReLU. If the latent continuous function of the ¢! channel of I denoted as 7. : R> — R, and the latent continuous function
of any convolution filters in the i*" layer denoted as ¢’ : R? — R, where i € {1,---,N},c € {1,---,C}, for any x € R?, the
following conditions are satisfied:

[re()|< Fo, [Vre(a)[|< Go, [|V2re(2)]| < Ho,

' (@)|< F, [V (2)][< Gi, V26! (2) ]| < Hi, (46)

Viz|[= (p+ 1h/2, pi(z) =0,



where p is the filter size, h is the mesh size, and V and V2 denote the operators of gradient and Hessian matrix, respectively.
Denote 1 1 . .
¢z, B) — { Desel Pea(B™10)re(x — b) if i=1,
e Y sen Paca(BT10)e (x =6, BA) if i#1,N.

where A = {((a — 2y p, (b — 25 h)T la,b= 1,2,~--,p} oL, and ¢, are filters in the first layer and other layers
respectively. Then,for VB € S the following results are satisfed:

|6?1(:L'7B)| < Fofia

|Vey(z, B)| < (Z G;FO +Go> Fi

m=1

V2¢i(z, B)| < ( HmFo Z G mFo QZ Gm Go )]'_i,
m=1

m=1 m=1

(47)

(48)

where F; :szl Ng_1p°Fj,Vi=1,2,---,N — 1. |

Lemma 3. (Xie. 2023 [4]) Assume that an image X € R™*" is discretized from the smooth func~ti0n~r i R2 = R, a feature
map F' € R"*"*? js discretized from the smooth function e : R? x S — R, |S|= ¢, and filters ¥ , ® and Y are gencrated
from i, Pour and @4, YA € S, respectively. If for any A € S, 2 € R?, the following conditions are satisfied:

r(2)], e(z, A)|< Fi,

[Vr(@), [Ve(z, A)||< G,

IV2r ()|, [[V2e(x, A)||< Hy,

|pin(@)]; [pa(@)]; [Pout ()< Fo, (49)
IV @in(@)]l; [Voa (@), [[Veout (@) < Ga,

IV20in (@), V24 (@), [V 0out (2)| < Ha,

V[z[|= (p + 1Dh/2, pin(®), pa(2), Pout () = 0,

where p is the filter size, h is the mesh size, and V and V? denote the operators of gradient and Hessian matrix, respectively,
then for any 0, = {2kn/t | k =1,2,---,t}, the following results are satisfied:

W [7,] (X) — 70, [0 < S 0+ 1%,
b0, ) (F) ~ 70, [91(F)] < 3 (o 1207, (50)

T ] (F) — 70, [T1(F)] < & (p+ 1702

where C = Fy Ho + FoHy 4+ 2G1G2 and ||-||» represents the infinity norm. O

To obtain the rotational equivariance error of the complete U-Net network under discrete angles, as shown in fig. 1, we

decompose the network into multiple upsampling and downsampling blocks. Each downsampling block (DB) consists of one
E-Conv layer (Equivariant Convolution) and a downsampling operator, while each upsampling block (UB) is composed of an
upsampling operator and two E-Conv layers, we provide the equivariant error for each block. These are denoted as Lemma
4. and Lemma 5. Note that the mesh size of upsampling and downsampling is different, we define the mesh size of the
original picture to be h, the mesh size after a X2 downsampling is 2h, and so on.
Lemma 4.(DB Equivariant Error) We take an equivariant convolution layer ®(-) and a downsampling layer D(-) as a
Downsampling Block (DB), ®(-) and D(-) are both multi-channel operators, we consider the i'* DB module DB;, we
used stride downsampling operator for demonstration. If the latent continuous function of the ¢*" channel of I denoted as
r. : R? — R, and the latent continuous function of any convolution filters in the i*” layer denoted as ¢’ : R? — R, where
le{l,---,L},ce{l,---,C}, for any z € R?, the following conditions are satisfied:

Ire(z)|< Fo, | Vre(@)||< Go, |Vre()||< Ho,
o (2)|< Fi, IV (2)|I< Gy, | VP (2)]I< Hi, (51)
Viz||> (p + 1)h/2, pi(x) = 0,

where p is the filter size, h is the mesh size of the original picture, and V and V2 denote the operators of gradient and Hessian
matrix, respectively. In front of this module there are 7 convolutions (¢ — 1 intermediate layers and 1 input layer) and ¢ — 1
downsampling modules, and we give the rotation equivariant error of the DB;, the following result is satisfied:



\\%

>

144 96

LB b %
144 96 b
UB; — i <
UBs 144 96
Ll \ V1
4848 DB, U convolution on the input layer ' | E-Conv| equivariant convolution UB, 3
v T & convolution on the intermediate layer T
DB, Y  convolution on the final layer downsampling operator UBs

DB; the iy, downsampling block
UB; the iy, upsampling block

upsampling operator

Fig. 1. The network architecture of the equivariant N2N method. The network can be divided into multiple upsampling and downsampling blocks. Each
downsampling block (DB) consists of one E-Conv layer and a downsampling operator, while each upsampling block (UB) is composed of an upsampling
operator and two E-Conv layers.

|DB: [ (F)(@) ~ f [DBi(F)] (@)] < Quh+ Quah?, (52)

where Qi = (Zi::ll g+ GO) Fin127%, Qi = (Zfiil g+ Go) Firani S5 (p +1)22%2,

Proof.
DB [ <F><x> —f [DBi(F)] )] = | ($is1 (7] (F)) @) = 7 [D [$i] ()] @) .
< |D (&1 [75) (F)) (@) = D (75 ($131) (1)) (@) + [P (7 (¥511) () (@) = 7 [D [$s] (F)] (@)].
By Lemma 2, we know that the derivative of the feature map at the i, layer satisfies:
|Veu(z, B)| < <Z G}’F =+ Go) Fi, (54)
m=1 ="
so the derivative of layer i+l is
i+1
Veg" (2, B)| < (Z G;F : +G0> i1 (55)
m=1 m

For the second absolute value, since there are i-1 downsampling modules before it, the meshsize has become 2i=1p We define
the meshsize of the original image as h, and we use the derivative of the ¢ + 1, layer, then we have:

’D (7}5 ((i)i-‘rl) (F)) (x) — g [D |:<i)i+1] (F)} (x)‘ <2V2 <Z1 GFFO + Go) Fip127th = 23 (S G;FO +G0> Fitrh.

m

m=1

For the first absolute value, according to Lemma 3, we have:

1D ($is1 [75] (F)) (@) = D (7F (®i11) (1)) (@)] = |D (€11 [7F] (F)(@) = 7 [ia] (F)(@))|

i+1 G, F Cis ' (56)
< (ﬂ; FmO +Go | Fipini—g~ Lip+1)2(21h)2.
Then we have: . X
| DB, [#] (F)(@) - nff [DBiF)] (@)] < Quuh + Quah?, (57



where Q;1 = (Zj,jll Cufo 4 Go) Fin1273, Qin = (Z;J{:ll Galo Go) Firini S5

Lemma 5.(UB Equivariant Error) We take an upsampling layer U(-) and two equivariant convolution layers ®,;(-), ®;11 ()
as a Upsampling Block (UB), all operators are multi-channel, we consider the i*” UB module U B;, we used nearest neighbor
upsampling operator for demonstration. If the latent continuous function of the ¢! channel of I denoted as r. : R> — R, and

L (p+1)22%2, O

the latent continuous function of any convolution filters in the i'” layer denoted as ¢’ : R? — R, where [ € {1,---,L},c €
{1,---,C}, for any = € R?, the following conditions are satisfied:

[re(@)|< Fo, [ Vre(@)[|< Go, | Vre(2)||< Ho,

o' (@)|< Fi, [ V' (@)1 Gi, [V (@)1 < Hi, (58)

Vlz|[= (p+ 1h/2, pi(z) =0,

where p is the filter size, h is the mesh size of the original picture, and V and V? denote the operators of gradient and Hessian
matrix, respectively. In front of this module there are m + 2 + 2¢ — 2 = m + 2¢ convolutions, m downsampling modules and
1 — 1 upsampling modules, and we give the rotation equivariant error of the U B;, the following result is satisfied:

UB: 7] (F)(@) - 7 [UBi(F)| (@)] < Kah + Kioh?, (59)

m-+24 G F i
where K1 = Nynt2i+10? Finr2itonm+2i0? Fing2i11V2 (ZJ 1 ¢+ @ ) gm—itl

2 Cm+2i 262m—2i Crm+2i 202m—2i
Kio = nnyoii10° Fnyoiyonmy2i— 54 (p + 1)72°7 7% + nm+21+1 L2 (p + 1)225m T,

Proof.

\UB: [#] (F)(@) - 7 [UB:(F)| (@ ]— 242

( m2i1U [7g | (F)> (x) — 75 [i’m+2i+2‘i’m+2i+1[ ](F)} (x )‘
umizivs (PmrzinaU [7] (F)) (@) = Smszise (Smszisrnd [U](F)) (@)
( my2i417g (U] (F)> (@) = Dry2ite (ﬁ£®m+2i+1 ) ‘
‘i’m+2i+2 (79E®m+2i+1 U] (F)> (@) = 7§ Srmyaito (‘fm+2i+1 ) ‘

We assume there are m DB modules, in the instance m is equal to 5, but for generality, we denote it as m. For the first
absolute value, the derivative function is from the (m+2i)y, layer, which has undergone m downsampling and i —1 upsampling
operations. Therefore, h has been amplified by a factor of m — ¢ + 1, and we have:

’(i)m+2i+2 (qA)erQiJrlU [ﬁéE] (F)) (z) — qsm+2i+2 (‘i)m+2i+17T(;E [U] (F)) (55)‘

m+2z+2

+

m+2i

2 2
< Ny 2i410° Frny 2i 4220 Frny2i01V/2 Z
=1

. (60)
G FO 4 G 2m72+1h'

J

For the second absolute value, applying the mean value theorem for derivatives, this concerns the rotation before and after the
(m + 2i + 1)4, layer, which has undergone m downsampling and ¢ upsampling operations, and we have:

[#rnsaise (Snsainrf U] (F)) (2) = ungaie (75 iz U] (F)) (@)

Cmt2i+1 i
< nm+2i+1p2Fm+2i+2nm+2i%(p +1)2(2™'h)?.

(61)

For the third absolute value, we have:

A _pa ~EA & Cm i m—i
‘(I)m+2i+2 <70E¢m+2i+1 (U] (F)) () — 7§ Prtoigo (q)m+2i+1 U] (F)) (x)‘ S ”m+2i+1%@ +1)%(2™h)?. (62)

Adding the three absolute values together, we obtain the final result:

UB: 7] (F)(@) - 7 [UBi(F)| (@)] < Kah + Kioh?, 63)

m-+24 G F
where Ki1 = Nymt2i+10? Fint2itonm+2i0? Fing2i11V2 (Z] 1 °+G ) gm—itl

2 Cm+2i 262m—2i Cm+2i 2m—2i
Kis = nnyoii10° Fnyoiyonmy2i— 54 (p + 1)72°7 7% + nm+21+1 2 (p 4 1)22%2m 2, U

Using the provided Lemma 4 and Lemma 5, we further derive the rotational equivariance error of the complete U-Net
network under fixed discrete angles, which is presented as Theorem 5.



Theorem 5. For an image X with size h X w x ng, and a rotation equivariant U-Net network UNet.,(-), whose channel number
of the i layer is n;, rotation equivariant subgroup is S < O(2),|S|=t , and activation function is set as ReLU. If the latent
continuous function of the ¢! channel of I denoted as r. : R? — R, and the latent continuous function of any convolution
filters in the i‘" layer denoted as ¢’ : R? — R, U, &, and T represent the convolutional layers in the input, middle, and output
stages, respectively. We consider m DBs and m UBs, so the network has a total of 3m + 3 convolutional layers. We define:

UNete(-) = T[UB - UB, [<i> [DABm---DABl [\If””() (64)

the following conditions are satisfied:

[re(2)|< Fo. [|Vare(2)||< Go, [[Vire(z) || < Ho,
|6'(@)|< B IVe¢! (0)|< Gi, [ V36! (2)|< Hi, (65)
V2= (p+ 1)h/2, 1(z) = 0
where p is the filter size, i is the mesh size, 6 = 2’“7”, k=1,2,---,t and V,and V2 denote the operators of gradient and
Hessian matrix, respectively. We have
|UNete, [740 ] (X) — 74t [UNeteg] (X)| < Rih + Roh?, (66)

3m+3 : 3m+3 3m+3
where R, = Y7, ( o 1P F ) Qi + (Hk::@+2i+3 nk—1p2Fk) i1, Ro = (Hkm;— Nk~ 1p2Fk) oG- (p +
Cnl
12430 (Hi’::ﬁ nk_1p2Fk) Qiz+ Hi::;i_z; nk—1p2Fk) N1 =552 (p+1)%(22™)+>0 (Hk m+2i+3 "Wk—1P Fk) Kix+
N3m+2 ngﬂrs (p+1)2.

Proof. We assume there are m upsampling modules and m subsampling modules.

|UNeteq [75, ] (X) — 7o, [UNeteq] (X))

=T VB UB: :cﬁ :DBmmDABl [\11 [frz;;}m } (X) —#f [ [UB .UB, { [DBm DB, [¥] HH (X)’
<|T :UABm-uUABl _cﬁ :ljB,n--~DAB1 [qf [frgﬂm } X)-T [UA - UB; [ [DBm ..DB, [ﬁ'éi Mm } (X)‘
T |UBy--UBy |& DB, - DBy [ﬁfk Mm} (X)—T[UA UBl[ {DB [ £ DB Mm} (X)‘

=

=3

{UABm ...UB, {inr@b; {DABm { ..DB,---DB, M
{UABm~-~UABl7~r(i [é [DABm {---1)]5,--1)]91 MHH X)-T [UABm-~-7~r£CUABl {é [DABm--- [DUB,--D]B1 M]m (X))

=3

+ + + + + +F + o+t
. )_%>

There are a total of 3m + 3 convolutions. Following the input convolutional layer, there are m + 1+ 2m + 1 = 3m + 2
convolutional layers. We do not need to consider the impact of upsampling and downsampling operators on the feature maps,
as demonstrated in Lemma 1. The upsampling and downsampling operators perform interpolation between grid points without
increasing the gradient of the feature maps. However, we must consider the mesh size change of h. We can then derive the
error of the first layer.

For the rotation equivariant error of the input convolutional layer \il()

UB - UBL[&[DBu-- DB: [xf - DBy [3]]]]] () = T [UBw - UBy [& [ DBy [xf DB: - DBy [9]]]]] ()

:UBm .UB, & :lfB,,L [775; ...DB;---DB, MHH (X)-T [UAB,,,L UB, [émfk [DABm S [DAB,- -..DB, MHH (X)‘
HH X)-T [UBm-.-U]B1 [ﬁ(ﬁﬁ) [DABm--- {DBZquBl M]m (X))

Y[UAB",-.U“Bﬁri UBl[ [DB [ DB, {\if}””(X)fY{UABm'uwgkUB UBl[ [DB [ DB, MHH(X)

T[UBmwek UB; -- UBl{ [DB [ DB, [\if}””(X)—T{frfiUABmmUABi UBl{ [DB [ DB, MHH(X)

T#E [UBm---UABimUABl [ci> [DABm [---ijB1 MHH (X) - #8T [U]B,,L---U]Bi---UAB1 [<i> [DABm [---DUB1 MHH (x)].




’Y [UABm-nUABl {ci) [DABm---DB1 [\1: [frg‘;]m ] (X)- T [UABm-nUABl {cﬁ [DAan-.-DAB1 [erEk Mm } (X)‘

3m+3 %)
<H Nk—1P Fk> no— S (p+1)h%,

k=2
where Cl = H1F0 + FlHO + 2G1G0.
For the rotation equivariant error of D DB;, there are ¢ convolutional layers and ¢ — 1 downsampling layers. There are

m—i+142m+1 = 3m —i-+ 2 convolutional layers, from the (i 4 2);, convolutional layer to the (3m + 3), convolutional
layer.

‘Y [U]Bm - UB, [ci> [DABm ... DB; [W;Ek ... DB, M ]JJL(X) -7 {UABm .. UB; {cﬁ [DABm - [w(iDABZ— ... DB, MHH (X)‘

< Ngmi2p’ Famas -+ 10 Fiyo (Qiah + Qizh?) ( H Ng—1p Fk) (Qirh + Qizh?)
k=1+2

and we also need to sum ¢ from 1 to m. ¢ is the index of the DB. R
For the rotation equivariant error of the middle convolutional layer ®(-),

‘Y [UABmmUABl [(im;i [DABm [.--15]32---.17]}91 MHH (X)- 7T ?[Zim---UABl [frfké {DABmm [DABZ-WDABl MHH (X)‘

Om m Cm m
< 312D Famys -+ Mg 2D’ Py 37m 41 2+2 (p+1)°(2"h)* = ( H nk—1p2Fk> Nim+41 2+2 (p+1)2(2™h)*.
k=m+3

For the rotation equivariant error of U B;, there are 2m—2i+1 convolutions following it, ranging from the m+2+2i+1 =
m + 2¢ + 3 layer to the 3m + 3 layer.

’Y[UABm-~-UAB,»7~r9Ek UBl[ [DB [--DAB1 MHH(X) —BELEAB”,,--%@UAB UBl[ [DB [.-DB1 MHH(X)‘

< N3mt2p” Fsmis - Nms2ip2p” Frgoirs (Kith + Kigh?) = < H nk—1p2Fk> (Kith + Kish?)
k=m+2i+3

and we also need to sum ¢ from 1 to m. ¢ is the index of UB. .
For the rotation equivariant error of the output convolutional layer Y(-),

‘Yﬁi [UABmmU . UB, [ [DBm [-.-DAB1 MHH (X) - 78T [U ...UB,---UB, [ [DBm [-.-DB1 MHH (X)‘

Csm
< N3m42 32+3 (p+1)°h°.

In the above derivation, by substituting Lemma 2, we can obtain the expansion of C;, where

H;F, H Fo e G mFo GnGo GG Fo GGy
Ci:]-"i_lFi< 7t 22 22 —|—Ho—|-22 2 ) (67)

m=1 m=1

To make it appear more concise and clear, we use C; as the expression without expanding it.
Finally we can deduce:

|UNeteq (740 ] (X) — &4L [UNeteg] (X)| < Rih + Ryh?, (68)
where Ry = > 1", (Him’;fg nk—1p?Fr ) Qin + >0y (Hk ma2it3 Mk—1P Fk) i1, g = ( 27”;3 Mg 1p2Fk) no St > (p +
D250 (T a1 B ) Qo+ (TTow ks 19 Fi ) i1 522 (0 1)2@2m) 4 20 (TR i 192 ) Ko+
n3m+2%(p + 1) . U

Next, we will derive the rotation equivariant error of the entire U-Net network under any angle. We decompose the equation
into the following form (69). The error of the second term has already been provided in Theorem 5. For the errors of the first
and third terms, since upsampling and downsampling operations only affect the size of h, we can similarly use the lemma
from [3]. For clearer presentation, we write them as Lemma 6 and Lemma 7:
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|UNeteq [7}5] (X) — 7§ [UNet,] (X)’
< |UNeteq [74'] (X) — UNeteq [40 ] (X)| + [UNeteq [74 ] (X) — 74 [UNeteg] (X)| + |74 [UNeteg] (X) — 74 [UNeteq] (X)),

(1) (2) (3)
(69)

Lemma 6. (Fu. 2023 [3]) For an image X with size H x W X ng, and a N-layer rotation equivariant network CNN,(-),
whose channel number of the i layer is n;, rotation equivariant subgroup is S < O(2), |S|= t, and activation function is set
as ReLU. If the latent continuous function of the ¢" channel of X denoted as r. : R — R, and the latent continuous function
of any convolution filters in the i layer denoted as ¢’ : R? — R, where i € {1,---,N},c € {1,---,ng}, for any = € R?,
the following conditions are satisfied:

[re(2)] < Fo, [ Vre(2)]| < Go, [|[V?re(@)]| < Ho,

o' (x)] < Fi, [|[Ve' (2)|| < Gs, || V26! ()] < Hi,

Vilz|[= (p+ Dh/2, ¢i(x) =0,
where p is the filter size, h is the mesh size, and V and V2 denote the operators of gradient and Hessian matrix, respectively. For
an arbitrary 6 € [0, 27], Ay denotes the rotation matrix. If F/(§) = CNN,, [75] (X) =T [(iN_l D {fi)i c Dy {\if [frf” H (X),
then the following result is satisfied:

|F'(0)] < F(max{H,W}+ N(p+ 1))hGy,
where F = H]kV:1 Ng_1p>Fy.

Lemma 7. (Fu. 2023 [3]) Under the same conditions with Lemma 6.
If F(0) = 7l [CNN] (X) = #F [Y [CfDN_l By {Ci)z D[] - }H (X), and then the following result is satisfied:

|F'(0)| < Fmax{H, W }hGy,
where F = H;ZcV:1 ng_1p>Fy.

Based on the above two lemmas, we can easily derive the values of the first and third terms. The rotational equivariant error
of the complete U-Net network under arbitrary angles is presented in the form of the following corollary:

Corollary 1. Under the same condition as Theorem 5, for an arbitrary 6 € [0, 27], let my denote the rotation transformation,
then VO we have
|UNeteq [74'] (X) — 74 [UNetey] (X)| < Rih + Roh® + Rgt™'h, (70)

where By = >0, ( i:;f'g nk—1PF ) Qi1 + Y ey ( i:;;i%Jrg nk71p2Fk) Kii, Ry = ( 272;3 nk71p2Fk) ”0%(19 +
D2+ (TR e 1p B ) Qua (T s mko b i) mon S5 (o )2+ 0 (TI A g 102 F ) Kot
Ngm2 22258 (p + 1)2, Ry = 20 F (max{H, W} + N(p + 1))Go + 2n.F max{H, W }Go.

V. MORE DETAILS ABOUT OUR EXPERIMENTS
A. Datasets and Experimental Indicators

We try our best to conduct experiments in accordance with the original setup and validate our method in three classic
approaches. We closely adhered to the official experimental protocol outlined in the reference paper. For the Noise2Noise [5]
experiments, we conducted experiments on both RED30 [6] and U-Net networks. U-Net architecture can significantly speed up
training, although at the expense of some performance degradation. To improve efficiency, we demonstrated the effectiveness
of our method using the U-Net architecture. Our training dataset is the IMAGENET [7] validation set, which comprises
50,000 images. Testing was performed on well-established public datasets: Kodak24 [8], BSDS300 [9], Set14 [10]. In the
Noise2Void [11] experiments, we conducted experiments on both grayscale and color images. The R2R [12] experiments were
also conducted in accordance with the original settings. Throughout these experiments, we employed PSNR and SSIM as the
primary metrics for evaluating image denoising performance.

B. More Experimental Results

In the N2N method, we also used the RED30 network. RED30 has more layers than the U-Net network used in the main
text, and its residual structure is more suitable for image denoising tasks. The results are shown in table 1. For the N2V method,
we followed the original paper’s setup and conducted experiments on grayscale images, with the results shown in table II.
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Gaussian25

_ _ +
Dataset N2N [5] N2N-EQ N2N-EQ
PSNRT  SSIMt PSNRT SSIMT  PSNRT  SSIMt
Kodak [8] 31.33 0.869 31.95 0.884 31.95 0.885
BSD300 [9] 30.06 0.865 30.49 0.876 30.60 0.879
Set14 [10] 29.91 0.848 30.42 0.860 30.41 0.860
Gaussian50
- _EOT
Dataset N2N [5] N2N-EQ N2N-EQ
PSNRT SSIMt PSNRT SSIM?T PSNRT  SSIMt
Kodak [8] 27.98 0.762 28.97 0.802 28.99 0.803
BSD300 [9] 26.77 0.749 27.47 0.779 27.56 0.783
Set14 [10] 26.91 0.755 27.72 0.786 27.72 0.786
TABLE I

N2N: THE THREE NETWORKS WITH RED30 ARCHITECTURE WERE TESTED UNDER CONDITIONS OF GAUSSIAN NOISE AT LEVELS 25 AND 50. THE BEST
RESULTS HAVE BEEN BOLDED TO HIGHLIGHT THEM.

Dataset o N2V [11] N2V-EQ N2V-EQt
BSD68 25  25.62/0.743  26.07/0.726  27.47/0.773
TABLE I

N2V: EXPERIMENTS ON GRAYSCALE IMAGES. THE BEST RESULTS HAVE BEEN BOLDED TO HIGHLIGHT THEM.

We further design experiments to calculate the equivariant error! for the N2V framework, as shown in table III. It can be
observed that N2V-EQ with strictly rotation-equivariance achieves the smallest rotational equivariant error. N2V-EQ™, relaxes
the equivariance constraints, which also achieves smaller equivariant errors than the original network. This verifies that the
improvements are achieved by reducing equivariant errors.

Method N2v N2V-EQ N2V-EQ™
Equivariant Error 0.2325 0.0682 0.0759
TABLE III

QUANTITATIVE COMPARISON OF ROTATIONAL EQUIVARIANT ERRORS.

We have conducted experiments with the SOTA method in the field of self-supervised fluorescence microscopy denoising [13].
The proposed method achieves a comparable performance with fewer parameters as shown in table IV.

Method Confocal Two-Photon  Wide-Field #Param
PSNR/SSIM  PSNR/SSIM  PSNR/SSIM -
BM3D 31.28/0.820  32.20/0.879  31.26/0.760 -
DIP 33.94/0.902  32.35/0.853  28.57/0.603 2.2M
ZSN2N 34.27/0.910 32.76/0.869  25.84/0.398 22.2k
FM2S 34.99/0.909 33.46/0.883  30.14/0.707 3.2k
FM2S-EQ(ours)  35.04/0.905  33.49/0.881  29.93/0.705 1.6k
TABLE IV

DENOISING PERFORMANCE OF FM2S AND DIFFERENT METHODS ON THE NOISY IMAGES FROM THE FMD OFFICIAL TEST SET.

We have supplemented table V with experiments conducted on the real-world datasets.

NLr®(f) — PLR(HIIZ/IILr®(f)||3, where ®(-) represents the network and L () denotes the rotation transformation.
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Method CBM3D MCWNNM N2V N2S R2R R2R-EQ R2R-EQ*

SIDD Validation  25.65 33.40 29.35 30.72 3431 34.73 34.65
SIDD Benchmark 25.65 33.37 27.68 29.56 35.18 35.27 34.98

CcC - - - - 3431 35.28 34.34

PolyU - - - - 36.44  36.69 36.35

#Param - - - 0.22M 0.67M 0.17M 0.84M
TABLE V

PSNR COMPARISON OF DIFFERENT METHODS.

C. Remark

The difference compared to data augmentation and the necessity and significance of the proposed architecture:

Data augmentation (DA) is a classic way to improve network equivariance. However, the supervision of DA is imposed
only on the final output, with no direct impact on the intermediate layers of the network. Therefore, recent research has taken
more interest in incorporating equivariance into network architectures. Our approach aims to construct networks with adaptive
equivariance, and our sub-networks ensure that all network layers are equivariant. This is significantly different from DA.

Moreover, DA does not conflict with our approach, i.e., embedding rotation equivariance into the model. Actually, further
improvements can be achieved with the proposed method, even with DA.

Effectiveness is greater in N2V than in N2N and R2R:

As explained in the manuscript, the success of self-supervised deep learning relies on two factors: 1) prior information from
the training data and 2) prior information inherently embedded in the network architecture. In our experiments, N2N and R2R
methods require paired noisy images during training, whereas the N2V method can only utilize unpaired noisy images. This
means that less prior information can be obtained from the training data in the N2V framework. Therefore, the performance
of N2V relies more heavily on the prior information embedded in the network, while the proposed approach exactly focuses
on design networks embedded with more rotation symmetry prior. This is why the effectiveness of the proposed method is
greater in N2V.

D. More Visualization Results

(a) GT (b) N2N/33.55dB (¢) N2N-EQ / 33.85dB (d) N2N-EQ+/33.90dB

Fig. 2. N2N: Image denoising results of one image from kodak with o = 25.
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(a) GT (b) N2V /30.11dB (¢c) N2V-EQ/ 30.42dB (d) N2V-EQ+/30.97dB

Fig. 3. N2V: Image denoising results of one image from BSD500 with ¢ = 50.

(a) GT (b) Low frequency power map (¢) High frequency power map (d) Output of our proposed MaskNetwork

Fig. 4. The output result of the MaskNetwork branch in AdaReNet.
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