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A. RayFlow
A.1. Flow Trajectory

Proposition 1. Given data x0, pretrained mean ϵµ ∈ Rd and variance σ ∈ R>0, and target diffusion p(xT ) = N (ϵµ, σ
2I),

we can describe the diffusion process with the following Markov chain.
Flow Trajectories. Define probability flow path.

ψt(·|ϵ) =
√
ᾱtx0 + (1−

√
αt)ϵµ +

√
1− ᾱtϵ (24)

Forward Process. Add noise to image data.

p(xt|xt−1, ϵµ) = N
(
αtxt−1 + (1− αt)ϵµ, β

2
t σ

2I
)

Backward Process. Denoise from image data.

p(xt−1|xt, ϵµ) = N
(

1

αt
xt −

1− αt

αt
ϵµ, β̃tσ

2I

)
(25)

β̃t =

(
(1− α2

t )(1− ᾱt−1)

1− ᾱt

)
(26)

Proof. We split the proof process into two parts: Forward Process and Backward Process.
Forward Process

We set α2
t + β2

t = 1 and ᾱt =
∏t

i=1 α
2
t , According to the forward process, we have:

xt = αtxt−1 + (1− αt)ϵµ + βtϵt

= αt(αt−1xt−2 + (1− αt−1)ϵµ + βt−1ϵt−1) + (1− αt)ϵµ + βtϵt

= αtαt−1 · · ·α1x0

+ αtαt−1 · · ·α2(1− α1)ϵµ + · · ·+ αtαt−1(1− αt−2)ϵµ + αt(1− αt−1)ϵµ + (1− αt)ϵµ

+ αtαt−1 · · ·α2β1ϵ1 + αtαt−1 · · ·α3β2ϵ2 + · · ·+ αtβt−1ϵt + βtϵt

= αtαt−1 · · ·α1x0 + (1− αtαt−1 · · ·α1)ϵµ

+ αtαt−1 · · ·α2β1ϵ1 + αtαt−1 · · ·α3β2ϵ2 + · · ·+ αtβt−1ϵt + βtϵt

(27)

where
αtαt−1 · · ·α2β1ϵ1 ∼ N (0, α2

tα
2
t−1 · · ·α2

2β
2
1σ

2I)

αtαt−1 · · ·α3β2ϵ2 ∼ N (0, α2
tα

2
t−1 · · ·α2

3β
2
2σ

2I)

· · ·
(28)

we set α2
t + β2

t = 1, then we have:

αtαt−1 · · ·α2β1ϵ1 ∼ N (0, α2
tα

2
t−1 · · ·α2

2(1− α2
1)σ

2I)

αtαt−1 · · ·α3β2ϵ2 ∼ N (0, α2
tα

2
t−1 · · ·α2

3(1− α2
2)σ

2I)

· · ·
(29)

based on the properties of Gaussian distributions:

a ∼ N (µ1, σ
2
1I), b ∼ N (µ2, σ

2
2I), (30)

a+ b ∼ N (µ1 + µ2, (σ
2
1 + σ2

2)I), (31)

then
α2
tα

2
t−1 · · ·α2

2(1− α2
1)σ

2 + α2
tα

2
t−1 · · ·α2

3(1− α2
2)σ

2

= α2
tα

2
t−1 · · ·α2

2σ
2 − α2

tα
2
t−1 · · ·α2

1σ
2 + α2

tα
2
t−1 · · ·α2

3σ
2 − α2

tα
2
t−1 · · ·α2

2σ
2

= α2
tα

2
t−1 · · ·α2

3σ
2 − α2

tα
2
t−1 · · ·α2

1σ
2.

(32)



αtαt−1 · · ·α2β1ϵ1 + αtαt−1 · · ·α3β2ϵ2

∼ N (0, (α2
tα

2
t−1 · · ·α2

3 − α2
tα

2
t−1 · · ·α2

1)σ
2I).

(33)

Let’s expand it to t-dimension:

αtαt−1 · · ·α2β1ϵ1 + αtαt−1 · · ·α3β2ϵ2 · · ·+ βtϵt = ϵ̄t

ϵ̄t ∼ N
(
0, (1− α2

tα
2
t−1 · · ·α2

1)σ
2I
)
,

(34)

we have
xt = αtαt−1 · · ·α1x0 + (1− αtαt−1 · · ·α1)ϵµ +

√
1− α2

tα
2
t−1 · · ·α2

1ϵ̄t. (35)

Since, ᾱt = α2
tα

2
t−1 · · ·α2

1, then we can get:

p(xt|x0, ϵµ) = N
(√
ᾱtx0 + (1−

√
ᾱt)ϵµ, (1− ᾱt)σ

2I
)

(36)

Finally, we get:
(Noise Process) p(xt|xt−1, ϵµ) = N

(
αtxt−1 + (1− αt)ϵµ, β

2
t σ

2I
)

(Noise Injection) p(xt|x0, ϵµ) = N
(√
ᾱtx0 + (1−

√
ᾱt)ϵµ, (1− ᾱt)σ

2I
) (37)

(Noise Process) xt = αtxt−1 + ϵt, ϵt ∼ N ((1− αt)ϵµ, β
2
t σ

2I)

(Noise Injection) xt =
√
ᾱtx0 + ϵ̄t, ϵ̄t ∼ N ((1−

√
ᾱt)ϵµ, (1− ᾱt)σ

2I)
(38)

where 0 < αt < 1 and 0 < βt < 1, σ ∈ R>0.
Backward Process

During the backward process, we are focus on the reverse probability distribution p(xt−1|xt, ϵµ). Hence, we have:

p(xt−1|xt, ϵµ) =
p(xt|xt−1, ϵµ)p(xt−1|x0, ϵµ)

p(xt|x0, ϵµ)

=
N
(
αtxt−1 + (1− αt)ϵµ, (1− α2

t )σ
2I
)
N
(√
ᾱt−1x0 + (1−√

ᾱt−1)ϵµ, (1− ᾱt−1)σ
2I
)

N (
√
ᾱtx0 + (1−

√
ᾱt)ϵµ, (1− ᾱt)σ2I)

(39)

Due to the fact that the multi-varite gaussian distribution has probability density function p(x) =
1√

(2π)k det(Σ)
exp

(
− 1

2 (x− µ)TΣ−1(x− µ)
)
, where x ∈ Rk and x ∼ N (µ,Σ)

p(xt−1|xt, ϵµ) ∝ exp

{
− 1

2σ2

[
(xt − αtxt−1 − (1− αt)ϵµ)

2

(1− α2
t )

+
(xt−1 −

√
ᾱt−1x0 − (1−√

ᾱt−1)ϵµ)
2

(1− ᾱt−1)

− (xt −
√
ᾱtxt − (1−

√
ᾱt)ϵµ)

2

(1− ᾱt)

]} (40)

Since p(xt−1|xt, ϵµ) is w.r.t. xt−1, we can convert this pdf to a simplified formulation (by rearanging terms which has no
realtionship with xt−1 to C(xt,x0, ϵµ)):

p(xt−1|xt, ϵµ) ∝ exp

{
− 1

2σ2

[
x2
t + α2

tx
2
t−1 + (1− α)2ϵ2µ − 2αtxtxt−1 − 2(1− αt)xtϵµ + 2αt(1− αt)xt−1ϵµ

1− α2
t

+
x2
t−1 + ᾱt−1x

2
0 + (1−√

ᾱt−1)
2ϵ2µ − 2

√
ᾱt−1x0xt−1 − (2− 2

√
ᾱt−1)xt−1ϵµ + 2(

√
ᾱt−1 + ᾱt−1)x0ϵµ

1− ᾱt−1

+C(xt,x0, ϵµ)]}

= exp

{
− 1

2σ2

[
α2
tx

2
t−1 − 2αtxtxt−1 + 2αt(1− αt)xt−1ϵµ

1− α2
t

+
x2
t−1 − 2

√
ᾱt−1x0xt−1 − (2− 2

√
ᾱt−1)xt−1ϵµ

1− ᾱt−1

+C(xt,x0, ϵµ)]}
(41)



Then we can rerange the remaining terms to construct a gaussian distribution formulation which associated with xt−1.

p(xt−1|xt, ϵµ)

∝ exp

− 1

2σ2


(

α2
t

1− α2
t

+
1

1− ᾱt−1

)
x2
t−1 − 2

(
αtxt − αt(1− αt)ϵµ

1− α2
t

+

√
ᾱt−1x0 + (1−√

ᾱt−1)ϵµ
1− ᾱt−1

)
︸ ︷︷ ︸

(b)

xt−1

+C(xt,x0, ϵµ)]}

= exp

{
− 1

2σ2

[(
α2
t − α2

t ᾱt−1 + 1− α2
t

(1− α2
t )(1− ᾱt−1)

)
x2
t−1 − 2(b)xt−1 + C(xt,x0, ϵµ)

]}

= exp

− 1

2σ2


(

1− ᾱt

(1− α2
t )(1− ᾱt−1)

)
︸ ︷︷ ︸

(a)

x2
t−1 − 2(b)xt−1 + C(xt,x0, ϵµ)




= exp

{
− 1

2σ2/(a)

[
x2
t−1 − 2

(b)

(a)
xt−1 + C(xt,x0, ϵµ)

]}

= exp

−

(
xt−1 − (b)

(a)

)2
2σ2(a)

+ C(xt,x0, ϵµ)


∝ N (µp(xt,x0, ϵµ),Σp(t)I) ,µp(xt,x0, ϵµ) =

(b)

(a)
,Σp(t) = σ2/(a)

(42)
We can expand the µp(xt,x0, ϵµ)

µp(xt,x0, ϵµ)

=
(1− α2

t )(1− ᾱt−1)

1− ᾱt

(αtxt − αt(1− αt)ϵµ)(1− ᾱt−1) + (
√
ᾱt−1x0 + (1−√

ᾱt−1)ϵµ)(1− α2
t )

(1− α2
t )(1− ᾱt−1)

=
(αtxt − αt(1− αt)ϵµ)(1− ᾱt−1) + (

√
ᾱt−1x0 + (1−√

ᾱt−1)ϵµ)(1− α2
t )

1− ᾱt

=
αt(1− ᾱt−1)xt +

√
ᾱt−1(1− α2

t )x0 + [α2
t − αt − α2

t ᾱt−1 + αtᾱt−1 + (1− α2
t −

√
ᾱt−1 +

√
ᾱt−1α

2
t )]ϵµ

1− ᾱt

=
αt(1− ᾱt−1)xt +

√
ᾱt−1(1− α2

t )x0 + [1− αt − α2
t ᾱt−1 + αtᾱt−1 −

√
ᾱt−1 +

√
ᾱt−1α

2
t ]ϵµ

1− ᾱt

=
αt(1− ᾱt−1)xt +

√
ᾱt−1(1− α2

t )x0

1− ᾱt
+

1− αt − α2
t ᾱt−1 + αtᾱt−1 −

√
ᾱt−1 +

√
ᾱt−1α

2
t

1− ᾱt
ϵµ︸ ︷︷ ︸

(c)

=

√
ᾱt−1(1− α2

t )

1− ᾱt
x0 +

αt(1− ᾱt−1)

1− ᾱt
xt + (c)

=

√
ᾱt−1(1− α2

t )

1− ᾱt

xt − E[ϵ̄t]√
ᾱt

+
αt(1− ᾱt−1)

1− ᾱt
xt + (c), ϵ̄t ∼ N ((1−

√
ᾱt)ϵµ, (1− ᾱt)σ

2I)

=

√
ᾱt−1(1− α2

t )

1− ᾱt

xt√
ᾱt

+
αt(1− ᾱt−1)

1− ᾱt
xt −

√
ᾱt−1(1− α2

t )

(1− ᾱt)
√
ᾱt

E[ϵ̄t] + (c)

=

√
ᾱt−1(1− α2

t )

1− ᾱt

xt√
ᾱt

+
αt(1− ᾱt−1)

1− ᾱt
xt −

√
ᾱt−1(1− α2

t )(1−
√
ᾱt)

(1− ᾱt)
√
ᾱt

ϵµ︸ ︷︷ ︸
(d)

+(c)

(43)

By reranging the terms, we can get:



µp(xt,x0, ϵµ) =

[√
ᾱt−1(1− α2

t )

(1− ᾱt)
√
ᾱt

+
αt (1− ᾱt−1)

1− ᾱt

]
xt + (d) + (c)

=

[
1− α2

t

(1− ᾱt)αt
+
αt (1− ᾱt−1)

1− ᾱt

]
xt + (d) + (c)

=
(1− α2

t ) + α2
t (1− ᾱt−1)

(1− ᾱt)αt
xt + (d) + (c)

=
1− α2

t + α2
t − ᾱt

(1− ᾱt)αt
xt + (d) + (c)

=
1

αt
xt + (d) + (c)

(44)

(c) + (d) =
(1− αt − α2

t ᾱt−1 + αtᾱt−1 −
√
ᾱt−1 +

√
ᾱt−1α

2
t )
√
ᾱt −

√
ᾱt−1(1− α2

t )(1−
√
ᾱt)

(1− ᾱt)
√
ᾱt

ϵµ

=
(
√
ᾱt −

√
ᾱtαt −

√
ᾱtα

2
t ᾱt−1 +

√
ᾱtαtᾱt−1 −

√
ᾱt
√
ᾱt−1 +

√
ᾱt
√
ᾱt−1α

2
t )−

√
ᾱt−1(1− α2

t )(1−
√
ᾱt)

(1− ᾱt)
√
ᾱt

ϵµ

=
(
√
ᾱt −

√
ᾱtαt −

√
ᾱtα

2
t ᾱt−1 +

√
ᾱtαtᾱt−1 −

√
ᾱt−1 +

√
ᾱt−1α

2
t )

(1− ᾱt)
√
ᾱt

ϵµ

=
(
√
ᾱt −

√
ᾱtα

2
t ᾱt−1 +

√
ᾱtαtᾱt−1 −

√
ᾱt−1)

(1− ᾱt)
√
ᾱt

ϵµ

=
(αt

√
ᾱt−1 −

√
ᾱtα

2
t ᾱt−1 +

√
ᾱtαtᾱt−1 −

√
ᾱt−1)

(1− ᾱt)
√
ᾱt

ϵµ

=
(1− αt)(

√
ᾱtαtᾱt−1 −

√
ᾱt−1)

(1− ᾱt)
√
ᾱt

ϵµ

=
(1− αt)(

√
ᾱtᾱt/αt −

√
ᾱt/αt)

(1− ᾱt)
√
ᾱt

ϵµ

=
(1− αt)(ᾱt − 1)

(1− ᾱt)αt
ϵµ

=
αt − 1

αt
ϵµ

(45)
Then we can get:

µp(xt,x0, ϵµ) =
1

αt
xt −

1− αt

αt
ϵµ (46)

Finally, we have

(Noise Process) p(xt−1|xt, ϵµ) = N
(

1

αt
xt −

1− αt

αt
ϵµ,

(
(1− α2

t )(1− ᾱt−1)

1− ᾱt

)
σ2I

)
(47)

(Noise Process) xt−1 =
1

αt
xt − ϵt, ϵt ∼ N

(
1− αt

αt
ϵµ,

(
(1− α2

t )(1− ᾱt−1)

1− ᾱt

)
σ2I

)
(48)

A.2. Probability Path

Proposition 2. For any general diffusion which defined in Prop.1, we have the path probability (the probability of starting
from x̂0 forward to ϵ̂µ and backward to x̂0)

p(x̂0 → ϵ̂µ → x̂0) = p(xT = ϵ̂µ|x0 = x̂0)p(x0 = x̂0|xT = ϵ̂µ) (49)



where

p(x0|xT = ϵ̂µ) = N

(
ϵ̂µ√
ᾱT

+

T∑
s=1

(e)s + (c)s√
ᾱs−1/ᾱt−1

,

T∑
s=1

β̃sᾱt

ᾱs
σ2I

)
(50)

and

(e)s = −
√
ᾱs−1(1− α2

s)

(1− ᾱs)
√
ᾱs

E[ϵ̄s] (51)

(c)s =
1− αs − α2

sᾱs−1 + αtᾱs−1 −
√
ᾱs−1 +

√
ᾱs−1α

2
s

1− ᾱs
ϵµ (52)

Proof. According to Eq.(43), we have

µp(xt,x0, ϵµ) =

√
ᾱt−1(1− α2

t )

1− ᾱt

xt − E[ϵ̄t]√
ᾱt

+
αt(1− ᾱt−1)

1− ᾱt
xt + (c)t, ϵ̄t ∼ N ((1−

√
ᾱt)ϵµ, (1− ᾱt)σ

2I)

=

√
ᾱt−1(1− α2

t )

(1− ᾱt)
√
ᾱt

xt +
αt(1− ᾱt−1)

1− ᾱt
xt −

√
ᾱt−1(1− α2

t )E[ϵ̄t]
(1− ᾱt)

√
ᾱt︸ ︷︷ ︸

(e)t

+(c)t

=
1

αt
xt + (e)t + (c)t,

(53)

Then we can write the backward process probability:

p(xt−1|xt,xT = ϵ̂µ) = N
(

1

αt
xt + (e)t + (c)t, β̃tσ

2I

)
(54)

For the convenience of subsequent analysis, we start from timestep T

p(xT−1|xT = ϵ̂µ) = N
(

1

αT
ϵ̂µ + (e)T + (c)T , β̃Tσ

2I

)
(55)

Then we can obtain the marginal distribution p(xT−2|xT = ϵ̂µ).

p(xT−2|xT = ϵ̂µ) =

∫
Rn

p(xT−2|xT−1)p(xT−1|xT = ϵ̂µ)dxT−1

=

∫
Rn

N
(
xT−1

αT−1
+ (e)T−1 + (c)T−1, β̃T−1σ

2I

)
N
(

1

αT
ϵ̂µ + (e)T + (c)T , β̃Tσ

2I

)
dxT−1

(56)

It’s hard to calculate p(xT−2|xT = ϵ̂µ) directly. However, we can ensure that p(xT−2|xT = ϵ̂µ) is a gaussian distribution.
Hence, we just need to calculate the paramter of gaussian distribution (mean and variance).

ExT−2∼p(xT−2|xT=ϵ̂µ)[xT−2|xT = ϵ̂µ]

= ExT−2∼p(xT−2|xT=ϵ̂µ)[ExT−1∼p(xT−1|xT=ϵ̂µ)[xT−2|xT−1]|xT = ϵ̂µ]

= ExT−2∼p(xT−2|xT=ϵ̂µ)

[
ExT−1∼p(xT−1|xT=ϵ̂µ)

[
xT−1

αT−1
+ (e)T−1 + (c)T−1|xT−1

]
|xT = ϵ̂µ

]
= ExT−2∼p(xT−2|xT=ϵ̂µ)

[
1

αT−1

(
1

αT
ϵ̂µ + (e)T + (c)T

)
+ (e)T−1 + (c)T−1

]
=

ϵ̂µ
αTαT−1

+
(e)T + (c)T

αT−1
+ (e)T−1 + (c)T−1

(57)



Due to the fact that V[Y ] = E[V[Y |X]] + V[E[Y |X]], hence, we can caculate the variance by:

VxT−2∼p(xT−2|xT=ϵ̂µ)[xT−2|xT = ϵ̂µ]

= ExT−1∼p(xT−1|xT=ϵ̂µ)

[
VxT−2∼p(xT−2|xT−1)[xT−2|xT−1]|xT = ϵ̂µ

]
+ VxT−1∼p(xT−1|xT=ϵ̂µ)

[
ExT−2∼p(xT−2|xT−1)[xT−2|xT−1]|xT = ϵ̂µ

]
= ExT−1∼p(xT−1|xT=ϵ̂µ)

[
β̃T−1σ

2I|xT = ϵ̂µ

]
+ VxT−1∼p(xT−1|xT=ϵ̂µ)

[
1

αT−1
xT−1 −

1− αT−1

αT−1
ϵµ|xT = ϵ̂µ

]
= β̃T−1σ

2I +

(
1

αT−1

)2

β̃Tσ
2I

=

(
β̃T−1 +

β̃T
α2
T−1

)
σ2I

(58)

where β̃t =
(

(1−α2
t )(1−ᾱt−1)
1−ᾱt

)
, After obtaining the paramter of p(xT−2|xT = ϵ̂µ), we can get

p(xT−2|xT = ϵ̂µ) = N

(
ϵ̂µ√

ᾱT /ᾱT−2

+
(e)T + (c)T

αT−1
+ (e)T−1 + (c)T−1,

(
β̃T−1 +

β̃T
α2
T−1

)
σ2I

)
(59)

It’s easy to get the general term p(xt−1|xT = ϵ̂µ) by mathematical induction.

p(xt−1|xT = ϵ̂µ) = N

(
ϵ̂µ√

ᾱT /ᾱt−1

+

T∑
s=t

(e)s + (c)s√
ᾱs−1/ᾱt−1

,

T∑
s=t

β̃sᾱt

ᾱs
σ2I

)
(60)

Finally, we can inference the probability density distribution at the timestep 0.

p(x0|xT = ϵ̂µ) = N

(
ϵ̂µ√
ᾱT

+

T∑
s=1

(e)s + (c)s√
ᾱs−1/ᾱt−1

,

T∑
s=1

β̃sα1

ᾱs
σ2I

)
(61)

A.3. Optimal Probability Path

Theorem 1. Let Sϵ̄ = {ϵ̄t}Tt=1 be the noise added in the forward process, ϵµ, σ be the parameters of the target distribution
N (ϵµ, σ

2I). For sample x̂0, we can obtain the optimal parameters that maximize the path probability.

argmax
Sϵ̄,ϵ̂µ,ϵµ,σ

p(x0 = x̂0|xT = ϵ̂µ)
T∏

t=1

p(ϵ̄t = E[ϵ̄t]) (62)

where the optimal parameters are defined by:

S∗
ϵ̄ = {(1−

√
ᾱt)ϵµ}Tt=1, σ

∗ → 0

ϵ̂∗µ =
√
ᾱT x̂0 + (1−

√
ᾱT )ϵµ, ϵ

∗
µ = Et[E[ϵ̄t]]

(63)

Proof. According to Eq.(45), we can rewrite the backward process probability distribution.

p(xt−1|xt,xT = ϵ̂∗µ) = N
(

1

αt
xt −

1− αT

αT
ϵ∗µ, β̃t(σ

∗)2I

)
(64)

For the convenience of subsequent analysis, we start from timestep T

p(xT−1|xT = ϵ̂∗µ) = N
(

1

αT
ϵ̂∗µ − 1− αT

αT
ϵ∗µ, β̃T (σ

∗)2I

)
(65)



Then we can obtain the marginal distribution p(xT−2|xT = ϵ̂∗µ).

p(xT−2|xT = ϵ̂∗µ) =

∫
Rn

p(xT−2|xT−1)p(xT−1|xT = ϵ̂∗µ)dxT−1

=

∫
Rn

N
(
xT−1

αT−1
− 1− αT−1

αT−1
ϵ∗µ, β̃T−1(σ

∗)a2I

)
N
(

1

αT
ϵ̂µ − 1− αT

αT
ϵ∗µ, β̃T (σ

∗)2I

)
dxT−1

(66)

Similar to Prop.2. It’s hard to calculate p(xT−2|xT = ϵ̂∗µ) directly. However, we can ensure that p(xT−2|xT = ϵ̂∗µ) is a
gaussian distribution. Hence, we just need to calculate the paramter of gaussian distribution (mean and variance).

ExT−2∼p(xT−2|xT=ϵ̂∗µ)
[xT−2|xT = ϵ̂∗µ]

= ExT−2∼p(xT−2|xT=ϵ̂∗µ)
[ExT−1∼p(xT−1|xT=ϵ̂∗µ)

[xT−2|xT−1]|xT = ϵ̂∗µ]

= ExT−2∼p(xT−2|xT=ϵ̂∗µ)

[
ExT−1∼p(xT−1|xT=ϵ̂∗µ)

[
xT−1

αT−1
− 1− αT−1

αT−1
ϵ∗µ|xT−1

]
|xT = ϵ̂∗µ

]
= ExT−2∼p(xT−2|xT=ϵ̂∗µ)

[
1

αT−1

(
1

αT
ϵ̂∗µ − 1− αT

αT
ϵ∗µ

)
− 1− αT−1

αT−1
ϵ∗µ|xT−1

]
=

ϵ̂∗µ
αTαT−1

− 1− αTαT−1

αTαT−1
ϵ∗µ

=
ϵ̂∗µ√

ᾱT /ᾱT−2

−
1−

√
ᾱT /ᾱT−2√

ᾱT /ᾱT−2

ϵ∗µ

(67)

and for the variance, we have

VxT−2∼p(xT−2|xT=ϵ̂∗µ)
[xT−2|xT = ϵ̂∗µ]

= ExT−1∼p(xT−1|xT=ϵ̂∗µ)

[
VxT−2∼p(xT−2|xT−1)[xT−2|xT−1]|xT = ϵ̂∗µ

]
+ VxT−1∼p(xT−1|xT=ϵ̂∗µ)

[
ExT−2∼p(xT−2|xT−1)[xT−2|xT−1]|xT = ϵ̂∗µ

]
= ExT−1∼p(xT−1|xT=ϵ̂∗µ)

[
β̃T−1σ

2I|xT = ϵ̂∗µ

]
+ VxT−1∼p(xT−1|xT=ϵ̂∗µ)

[
1

αT−1
xT−1 −

1− αT−1

αT−1
ϵ∗µ|xT = ϵ̂∗µ

]
= β̃T−1(σ

∗)2I +

(
1

αT−1

)2

β̃T (σ
∗)2I

=

(
β̃T−1 +

β̃T
α2
T−1

)
(σ∗)2I

(68)

After obtaining the paramter of p(xT−2|xT = ϵ̂∗µ), we can get

p(xT−2|xT = ϵ̂µ) = N

(
ϵ̂µ√

ᾱT /ᾱT−2

−
1−

√
ᾱT /ᾱT−2√

ᾱT /ᾱT−2

ϵµ,

(
β̃T−1 +

β̃T
α2
T−1

)
σ2I

)
(69)

It’s easy to get the general term p(xt−1|xT = ϵ̂µ) by mathematical induction.

p(xt−1|xT = ϵ̂µ) = N

(
ϵ̂µ√

ᾱT /ᾱt−1

−
1−

√
ᾱT /ᾱt−1√

ᾱT /ᾱt−1

ϵµ,

T∑
s=t

β̃sᾱt

ᾱs
σ2I

)
(70)



Finally, we can inference the probability density distribution at the timestep 0.

p(x0|xT = ϵ̂∗µ) = N

(
ϵ̂∗µ√
ᾱT

− 1−
√
ᾱT√

ᾱT
ϵ∗µ,

T∑
s=t

β̃sᾱt

ᾱs
(σ∗)2I

)

= N

(√
ᾱT x̂0 + (1−

√
ᾱT )ϵ

∗
µ√

ᾱT
− 1−

√
ᾱT√

ᾱT
ϵ∗µ,

T∑
s=t

β̃sᾱt

ᾱs
(σ∗)2I

)

= N

(
x̂0,

T∑
s=t

β̃sᾱt

ᾱs
(σ∗)2I

)
= N (0, I)

(71)

Hence, we can induce
p(x0 = x̂0|xT = ϵ̂∗µ) = 1 ≥ p(x0 = x̂0|xT = ϵ̂µ) (72)

p(x0 = x̂0|xT = ϵ̂∗µ) is the optimal probability path, and S∗
ϵ̄ , ϵ̂

∗
µ, ϵ

∗
µ, σ

∗ are optimal parameters.

A.4. Optimal Denoiser

Let us assume that out training set consists of a finite number of samples {x(1)
0 , · · · ,x(K)

0 } and target mean set
{ϵ(1)µ , · · · , ϵ(K)

µ }. This implies p(x0) is representsed by a mixture of Dirac delta distributions:

p(x0) =
1

K

K∑
i=1

δ(x0 − x
(i)
0 ) (73)

Let us now consider the denoising loss. By expanding the expectations, we can rewrite the formula as an integral over the
noisy samples x

E
x

(i)
0 ∼p(x0)

[Ext∼p(xt|x0)[∥ϵθ(xt)− ϵ(i)µ ∥22]]

= E
x

(i)
0 ∼p(x0)

[∫
Rn

N (
√
ᾱtx

(i)
0 + (1−

√
ᾱt)ϵ

(i)
µ , (1− ᾱt)I)∥ϵθ(xt)− ϵ(i)µ ∥22 dxt

]
=

1

K

K∑
i=1

∫
Rn

N (
√
ᾱtx

(i)
0 + (1−

√
ᾱt)ϵ

(i)
µ , (1− ᾱt)I)∥ϵθ(xt)− ϵ(i)µ ∥22 dxt

=

∫
Rn

1

K

K∑
i=1

N (
√
ᾱtx

(i)
0 + (1−

√
ᾱt)ϵ

(i)
µ , (1− ᾱt)I)∥ϵθ(xt)− ϵ(i)µ ∥22︸ ︷︷ ︸

L(ϵθ)

dxt

(74)

We can minimize L(ϵθ) independently for each xt:

ϵ∗θ = argmin
ϵθ

L(ϵθ) (75)

This is a convex optimization problem; its solution is uniquely identified by setting the gradient w.r.t. ϵθ to zero:

∇ϵθL(ϵθ)

= ∇ϵθ

[
1

K

K∑
i=1

N (
√
ᾱtx

(i)
0 + (1−

√
ᾱt)ϵ

(i)
µ , (1− ᾱt)I)∥ϵθ(xt)− ϵ(i)µ ∥22

]

=

[
1

K

K∑
i=1

N (
√
ᾱtx

(i)
0 + (1−

√
ᾱt)ϵ

(i)
µ , (1− ᾱt)I)

]
∇ϵθ∥ϵθ(xt)− ϵ(i)µ ∥22

=

[
1

K

K∑
i=1

N (
√
ᾱtx

(i)
0 + (1−

√
ᾱt)ϵ

(i)
µ , (1− ᾱt)I)

]
(2ϵθ(xt)− 2ϵ(i)µ )

=

[
1

K

K∑
i=1

N (
√
ᾱtx

(i)
0 + (1−

√
ᾱt)ϵ

(i)
µ , (1− ᾱt)I)

]
ϵθ(xt)−

[
1

K

K∑
i=1

N (
√
ᾱtx

(i)
0 + (1−

√
ᾱt)ϵ

(i)
µ , (1− ᾱt)I)

]
ϵ(i)µ

(76)



Then we can solve the optimal denoiser by letting ∇ϵθL(ϵθ) = 0

ϵ∗θ(xt) =
1
K

∑K
i=1 N (

√
ᾱtx

(i)
0 + (1−

√
ᾱt)ϵ

(i)
µ , (1− ᾱt)I)ϵ

(i)
µ

1
K

∑K
i=1 N (

√
ᾱtx

(i)
0 + (1−

√
ᾱt)ϵ

(i)
µ , (1− ᾱt)I)

(77)

B. Timestep Importance Sampling
B.1. Stein Identity

The KSD is thus given by the norm of β in Hd:

Lemma 1. For any bounded and smooth function f(x), we have Ep[sq(x)f(x) +∇xf(x)] = 0, where sq(x) = ∇x ln q(x)
is the score function of distribution q.

Proof. Expanding the expectation: ∫
sq(x)f(x)p(x)dx+

∫
∇xf(x)p(x)dx = 0 (78)

Let’s focus on the first term using integration by parts:∫
sq(x)f(x)p(x)dx =

∫
∇x ln q(x)f(x)p(x)dx (79)

Let u = f(x) and dv = ∇x ln q(x)p(x)dx. Then du = ∇xf(x)dx and v =
∫
∇x ln q(x)p(x)dx.

Applying integration by parts:∫
sq(x)f(x)p(x)dx =

[
f(x)

∫
∇x ln q(x)p(x)dx

]∞
−∞

−
∫

∇xf(x)

(∫
∇x ln q(x)p(x)dx

)
dx (80)

Let A =
∫
∇x ln q(x)p(x)dx. Substituting back into Eq.(78):∫

sq(x)f(x)p(x)dx+

∫
∇xf(x)p(x)dx = [f(x)A]

∞
−∞ −

∫
∇xf(x)(p(x)−A)dx (81)

Now, let’s examine the two terms on the right-hand side:
1. [f(x)A]

∞
−∞: This term vanishes because f(x) is bounded and q(x) approaches zero at infinity, implying A also

approaches zero at infinity.
2.
∫
∇xf(x)(p(x)−A)dx: This term equals zero if and only if p(x) = A for all x.

Since A is a constant, we have:
∇xp(x) = ∇xA = 0 (82)

This implies:
∇xp(x)

p(x)
= ∇x ln q(x) (83)

Which is true if and only if p(x) = q(x), as ∇x ln p(x) =
∇xp(x)
p(x) .

Therefore, when p(x) = q(x), both terms on the right-hand side are zero, proving the theorem.

B.2. Stein Discrepancy

Let’s develop the concept of Stein Discrepancy as a measure of distance between probability distributions.

B.2.1 Basic Definition

Consider two smooth distributions p(x) and q(x) on Rd. The Stein score function for distribution q is defined as:

sq(x) = ∇x ln q(x) (84)

A fundamental property (proved in Sec.B.1) states that:

Ep[sq(x)f(x) +∇xf(x)] = 0 (85)

holds if and only if p(x) = q(x), where f is a smooth function.



B.2.2 Stein Discrepancy Measure

Based on this property, we can define a discrepancy measure between distributions:

S(p, q) = max
f∈F

(Ep[sq(x)f(x) +∇xf(x)])2 (86)

where F is the set of smooth functions. This measure is positive when p ̸= q, but is generally difficult to compute directly.

B.2.3 RKHS Framework

To make the discrepancy measure computationally tractable, we can utilize Reproducing Kernel Hilbert Space (RKHS)
theory. Let’s recall key RKHS concepts:

For a positive definite kernel k(x,y), Mercer’s theorem gives its spectral decomposition:

k(x,y) =
∑
j

λjej(x)ej(y)
T (87)

where ej are orthogonal basis functions and λj are eigenvalues. The RKHS H generated by kernel k(·, ·) : X ×X → R has
two key properties: k(x, ·) ∈ H for any x ∈ X Reproducing property: f(x) = ⟨f, k(x, ·)⟩H for any f ∈ H We extend this
to Hd = H× · · · × H (d times) for vector-valued functions with inner product:

⟨f ,g⟩Hd =

d∑
i=1

⟨fi, gi⟩H (88)

B.2.4 Kernelized Stein Discrepancy (KSD)

The Stein operator Ap for distribution p is defined as:

Apf(x) = sp(x) · f(x) +∇x · f(x) = 1

p(x)
∇x · [p(x)f(x)] (89)

This operator satisfies: ∫
x∈X

∇x · (f(x)p(x))dx = 0 (90)

A key relationship for KSD is:

Ep[Aqf(x)] = Ep[Aqf(x)−Apf(x)] = Ep[(sq(x)− sp(x))f(x)
T ] (91)

This formulation provides a computationally tractable way to measure discrepancy between distributions using kernel
methods.

B.3. Optimal sampling Distribution

Proposition 3. The optimal sampling distribution for Eq.(5) with minimal variance is:

q∗(t|x0, ϵµ) ∝ ξt(x0, ϵµ)p(t), (92)

where ξt(x0, ϵµ) = ∥ϵθ(
√
ᾱtx̂0 + (1−

√
ᾱt)ϵµ)− ϵµ∥22. which means for any probability distribution p, we have

Vt∼q∗(t),(x0,ϵµ)[ξt(x0, ϵµ)] ≤ Vt∼p(t),(x0,ϵµ)[ξt(x0, ϵµ)]

Proof. We aim to minimize the variance:
Vt∼q(t),(x0,ϵµ) [ξt(x0, ϵµ)]

This can be expressed as: ∫
ξt(x0, ϵµ)p(t)

2

q(t)
dt



subject to
∫
q(t) dt = 1. The Lagrangian is:∫

ξt(x0, ϵµ)p(t)
2

q(t)
dt+ λ

(∫
q(t) dt− 1

)
Taking the derivative with respect to q(t) and setting it to zero gives:

−ξt(x0, ϵµ)p(t)
2

q(t)2
+ λ = 0

Solving for q(t), we get:

q∗(t) =

√
ξt(x0, ϵµ)p(t)2

λ

This implies:

q∗(t) ∝ ξt(x0, ϵµ)p(t)

Using the Cauchy-Schwarz inequality, we show:

σ2
q∗ ≤ σ2

p

Thus, the distribution q∗(t|x0, ϵµ) minimizes the variance for the given problem, proving the proposition.
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