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A. RayFlow
A.l. Flow Trajectory

Proposition 1. Given data x, pretrained mean €,, € R? and variance o € R, and target diffusion p(xr) = N (e, o*I),

we can describe the diffusion process with the following Markov chain.
Flow Trajectories. Define probability flow path.

Ye(l€) = Varao + (1 — Ve, + V1 — age (24)
Forward Process. Add noise to image data.
p(xe|@i—1,€,) = N (w1 + (1 — )€y, Bro’I)
Backward Process. Denoise from image data.
1 l-«a ~
p(xi—1|e, Eu) =N (awt - tfuaﬂt021> (25)
t
- 1—a?)(1—ay
B = (( el 1)) (26)
— &y
Proof. We split the proof process into two parts: Forward Process and Backward Process.
Forward Process
We set af + 32 = 1 and &y = HEZI a?, According to the forward process, we have:
=1+ (1 —ar)e, + Bres
=ap(p1mpo+ (1 —ap_1)e, + Bio1€-1) + (1 — oy )€y + Breg
=01 1L
+ogarg ol —an)e, + -+ ooy (1 —ap2)€, +ou(l —ar—1)e, + (1 — ar)e, 27
+oagoyg - ofBrer + oy azfa€r + o+ o Bio1€ + Breg
= Q11X + (1 — Qg1 - 041)(:'“
+ogoy_ - aofier +aapr o azfoes + o+ afio1€ + Bre
where 5 9 52 o
aroy_1 - aofrer ~ N(0, 0505y -y fio”T)
apoyq - azfaer ~ N(O, 0‘%‘?—1 T 0‘%55021) (28)
we set a? + 32 = 1, then we have:
i1 ofBreg ~ N(0,02a? ;- a3(1 —a?)o?T)
oy - azPa€y ~ N(0,02a2 | ---a3(1 — a3)o’I) (29)
based on the properties of Gaussian distributions:
GNN(I,L17O'%I)7bNN(I_,L27J§I), (30)
a+b~ N(py+ pa, (07 +03)1), 31
then 2 2 2 2y 2 2 2 2 2y 2
ajoy_y - az(l—af)o” +ajay_y - asz(l —a3)o
=ala? |---ado® —ad?a? | ---adet +atat - 04%02 —a2a? | ---ado? (32)

_ 2.2 2 2 2 2 2 2
=0y 30”7 — Qg _q Qo



o1 - ff1€1 + 0oy - - - a3 PBa€n

(33)
~ N0, (afai - of —ofaf_y -~ af)o’T).
Let’s expand it to ¢-dimension:
a1 afBi€r +apoy g azBaer -+ Preg = & (34)
€ ~N(0,(1-0jaf q-af)o’l),
we have
Ty = ooy a1+ (1 — oy - )€, + \/1 —alal |- -ale. (35)
Since, &y = afai_; -+ - i, then we can get:
plxi|@o, €,) = N (Varxo + (1 — Var)e,, (1 - @t)U2I) (36)
Finally, we get:
(Noise Process) plai|zi—1,€,) =N (atmt,l + (1 — ey, 5302I) 37
(Noise Injection)  p(w;|wo, €,) = N (Vaugwo + (1 — Ve, (1 — ay)o’I)
(Noise Process) Ty = 1 + €, € ~ N((1— )€y, BZo*1) 38)
(Noise Injection) Ty = Vo + €,€ ~N((1— Ve, (1 — dt)ozI)
where 0 < oy < land 0 < 5; < 1, 0 € Ryy.
Backward Process
During the backward process, we are focus on the reverse probability distribution p(x;—_1|x, €,,). Hence, we have:
p((L‘t,1 |$t7 GH) — p($t|$t*1) eu)p(wtfl |w07 ey,)
p(mt|w036u) (39)
N (uzi—1 4+ (1 — ap)eu, (1= ) I) N (Va_1wo + (1 — Vau_1)€eu, (1 — ay—1)o*I)
./\/(\/54,53:0 + (1 — \/dt)e#, (1 — O_[t)O'ZI)
Due to the fact that the multi-varite gaussian distribution has probability density function p(x) =
1 g — )T (g — k N
TEITTS] exp (—3(x — p)"S (@ — p)), where © € RF and & ~ N (p, X)
1 — 1 —(1- )2 11—\ a— —(1— /a,_ 2
p(e1]r, €4) o exp  — =1 (zy — @y (2 ag)€ey) n (T1—1 — Vou—17o . (1—ar—1)eu)
20 (1—a3) (1 —ay—1) (40)
_ (wt — \/O_étCCt — (1 — \/&t)eﬂ)T }
(1—ay)

Since p(@;_1|x¢, €,) is wW.r.t. x,_1, we can convert this pdf to a simplified formulation (by rearanging terms which has no
realtionship with ;1 to C(x¢, o, €,,)):

(@oslr. ) o ex 1 x} +afw? |+ (1 —a)’el — 2oqmpmy 1 — 2(1 — ap)wie, + 204 (1 — o)y 1€,
P(T—1]T¢, €y p 902 1- a2
N @} 4 aaxg+ (1 — Va1)?e, — 2@ 1xori—1 — (2 — 2/ 1) 1€, + 2(/ @1 + Q1) T0€,
11—y

+C(@s, @0, €4)]}

— ox _L OéthtQ_l — 20441 + 20&,5(1 — at)act_leu n CC%_l — 2/ 1Xoxp_1 — (2 — 2‘/@75—1)3375—16#
P T 202 1- o 1— Gyt
+C(mt’x0>eu)]}
41)



Then we can rerange the remaining terms to construct a gaussian distribution formulation which associated with ;.

p(Ti—1|Tt, €)

1 2 1 —ay(1— N/TERY 1—/a;1)e,
XeXpy T5 5 ( % >w3_1—2<atmt o at)e’“r Q1o + at 1)6’)wt_1

1—a?  1—a, 1—a? 1—

(®)
+C(@, o, €4)]}

1 aof —aja+1-af\ ,
202 K (1—0a2)(1— @) ) x;_ —2(b)xs 1 + C’(sct,m()?eﬂ)] }

(a)

1 [w§1—2ga:t1+0(:vuwo7€u)“

(o-B)°

5+ C(x, 0, €4)

{
— exp {2; ((1 . a;)ad_t at_1)> 22— 2(b)xs 1 + Cl@s, o, €,)
E

(42)
We can expand the g1, (x4, o, €,,)
[J/p<$t,$0,€#)
_ (1 —af)(A —ar) (um — (1 — an)eu) (1 — 1) + (Va—1@o + (1 — Vai—1)en)(1 — of)
1—ay (1—a?)(1—ay_1)
_ (Oétﬂ?t — Oét(l — at)eu)(l — at—l) + (\/@t_lmo + (1 — Q1 EM)(l Oé%)
1— oy
_ (1 — 1)@ + Va1 (1 — o )xo + [0f —ap — afay—1 + ap@p—1 + (1 — af — \/a—1 + Ja_10})]€,
1—a,
_ (1 — 1)@ + a1 (1 — o)z + [1 — ap — a1 + w1 — /O—1 + J/au—103 )€,
1—a
_ (1 — 1)@ + /A—1(1 — af)xg n 1— oy —af@_1 +aqdy_1 — /A1 + \/@t—latze
1—ay 1—ay . (43)
@
a_1(1 — o? (1l —
VES—ad) e
1 — Qi 1 — O

o \/O_ét_l(l — OZ%) Ty — ]E[ét] O[t(l — O_[t—l) _ — _ 2
= & N + T a e+ (¢), & ~ N((1 —Var)e,, (1 — ap)oI)
Va—i(l—aof) o a(l—a1)  Vai(l—aof) el 4 (e

" 1la val il-a YT i-ayva Eled + ()

_ Va1l -aof) +at(1—dt71)wt Vai—i(l— o) (1 - Vay)

1-a  a: 1— N (1 — o) var € +(¢)
(d)

By reranging the terms, we can get:



ap (1 —a;1)

(1 —ay)vay 1—ay

1
| Py

] x: + (d) + (c)

_ (1—a?)+a?(1 —a-1)

T 4 (d) £ (0 (@4)

1— 2 2 _ =
_ oy + o atiL‘t—f—(d)—‘r(C)

(1 — O_éf) (67

:$m+w+@

(¢)+ (d) = (1= — a1 + @1 — Vau—1 + Va—10)) Ve — Va—i(1 - of)(1 \/67t)6
(1— )V B
:(\/O_Tt*\/Eat*\/a&az@t_1+\/57t04to7t_1—@m+@@a?)im(liat)(li¢>)

(1= an)va -
_ (Var — Varar — araia—1 + ayaw@s—1 — J/—1 + /- 1Oét)
(1 — at)\/at
_ (Var — Varaias_1 + agody_1 — \/atfl)e
(1 —ay)vag "
(un/@—1 — /A F a1 + /Aoy — /A1)
= eu
(1 — at)\/at
_ (1 — ) (Va1 — \/dtfl)e
(1 — ay)v/ar a
_ (1 — Oét)(\/O_ltO_ét/Oét — \/dt/at)e
(1 — ay)v/ay "
_ Q- —1)
(1 — @t)at
Qp — 1
= — €
(673 "
(45)
Then we can get:
1 1—«
Hp (@1, @0, €4) = e — — "€, (46)
Finally, we have
1 1-— 1-— 1-—
(Noise Process) p(xi—i|xe, €4) =N (wt — at € (( o?)( — Ot 1)> 021) 47)
a7 Ot 1—ay
1 1-— 1-— 1-—
(Noise Process) Ty 1 = — Ty — €, € N./\/< at €, (( ai)( — - 1)) 02I> (48)
Qi (6% 1- Qi
O

A.2. Probability Path

Proposition 2. For any general diffusion which defined in Prop. 1, we have the path probability (the probability of starting
from & forward to €, and backward to &)

p(ii?o — é# — :i?o) = p((BT = éﬂliL‘() = Ci?o)p(wo = :%0|:cT = éﬂ) (49)



where

(50)

580% 21
Z\/as 1/04t 1 Z Qs )
and

o), = VOl —ad) .

2_ —
1 — s — 2051 + g1 — /Gs_1 + /Os_102
1—a,

(c)s =

€, (52)

Proof. According to Eq.(43), we have

I‘p(wt,$07€u> = @tiljléz at) Tt \_/OE%[EA + at(i :Zi_l)wt + ( )t, € NN((l - \/7)€w (1 - @t)021)

_ V(1 - a?)m n a(l—ar1) VOl - af)E[e]

1—a)va 1-a ! A—anva T (53)
(e)e
i+ (O + (O
=—x e c
ot t t
Then we can write the backward process probability:
. 1 5 9
p(i_1|zy, e = €,) =N P +(e)t + (¢, Bro™T (54)
t
For the convenience of subsequent analysis, we start from timestep 7’
. L Zp
pxr_i|lzr = €,) =N Eeﬂ + (e)r + (o), Bro°I (53)
Then we can obtain the marginal distribution p(z7_s|xr = €,).
persler &) = [ plerlerplariler = &)der-
" (56)

= /nN (xT_l +(e)r—1 + (¢)7—1, BT102I) N (alTé“ +(e)r + (C)T75T02I> der_ 1

ar—1

It’s hard to calculate p(x7_2|xT = €,) directly. However, we can ensure that p(xr_z|xr = €,,) is a gaussian distribution.
Hence, we just need to calculate the paramter of gaussian distribution (mean and variance).

Echszp(ichzlezéu)["BT—Q‘wT = éu]
= E$T—2~p(mT—2‘wT:éu)[EmT—lwp(mT—llmT:éM) [:BT—2|$T—1]|$T = éu]

w - A
L 4 (e)pq + (C)T1|mT1} zp = 64

= ]EmT—2Np(mT—2‘wT:ép) |:]EWT—1NP(WT—1ET—éH) |:OCT—1 57)

=Eor ymp(@r_olzr=e,) [ ! (1@ +(e)r + (C)T> +(e)r—1+ (C)T—l]

ar—1 \Qr
€ e)r + (¢

— 14 + ( )T ( )T + (e)T—l + (C)T—l
aror—q ar—1




Due to the fact that V[Y] = E[V[Y|X]] + V[E[Y|X]], hence, we can caculate the variance by:

Var smp@r_sler=¢,) Er—2|Tr = €]
=Eor mprilor=¢,) [Vor ompler_sler )| @r—2lTr—1]lTT = €]
+ Var_smp@r_iler=é,) [Ber_smp@r_sler_) [Er—2|Tr_1]ler = €,]
=Eor_iop@r_iler=e,) [BT—1C’2I"'ET = éu}

1 1—ar .
Ty 1 — ———€,4|TT = €, (38)
ar—1 ar—q

2
. 1 .
= Br_10°I + Bro’l
ar—1

= <BT—1 + §T> o’I
ar_y

where Bt = (%{7&“1)) After obtaining the paramter of p(xr_2|@xr = €,), we can get

+ VmT—lNP(mT—l‘mTzéM) [

1—ay

PN € (e)r + (I 5 Br \
p(xr_olxr =€,) =N <m + p— + (e)r—1 + (¢)7—-1, <5T1 + a%_1> o I) (59)

It’s easy to get the general term p(x;_1 |z = €,) by mathematical induction.

~ (e)

) . :N éH N Bsat 21- (60)
plxi—1|xr = €,) (W Zm Z )

Finally, we can inference the probability density distribution at the timestep 0.

(61)

e =6 = (J §:¢@1AM1§:&é%>

A.3. Optimal Probability Path

Theorem 1. Let S; = {€,}]_, be the noise added in the forward process, €., 0 be the parameters of the target distribution
N (e, o?1). For sample o, we can obtain the optimal parameters that maximize the path probability.

=

argmax p(xo = Tolzr = €,) | | p(€, = E[&]) (62)

Se,€,.€,,0 =1
where the optimal parameters are defined by:

S:={1-Vae}iy, 0" =0

* _ (63)
= Varze+ (1 - Var)e,, €, = EJ[E[&]]
Proof. According to Eq.(45), we can rewrite the backward process probability distribution.
ke 1 1-— aT *
p(Ti—1|Te, T = 6#) =N (atwt - or 5:&( ) > (64)

For the convenience of subsequent analysis, we start from timestep T’

1 1
paraler = &) =N (L&~ - (o)1 ) 5

ar



Then we can obtain the marginal distribution p(xr_s|xT = €},).

*

p(xr—2|Tr =€) = / p(@r—2|Tr—1)p(TT_1|TT = €))dTT 1
RTL

_ 1-— _ ~ 1 1-— ~
:/ J\/’(mT L ar 1€Z7BT—1(U*)CL2I)N(éM— WEZ,ﬂT(U*)2I> der_4

ar—q ar—q ar ar

(66)

Similar to Prop.2. It’s hard to calculate p(xr_s2|xr = é;) directly. However, we can ensure that p(xr_o|xr = é;) is a
gaussian distribution. Hence, we just need to calculate the paramter of gaussian distribution (mean and variance).

EET—2~P(ET—2|ET:é;)[mT*2|wT = é;]
=Eor snp(@rsler=es) Bar i mp@r i |er=er) [@r—2|@r1]|lor = €]

xr—1 l—oap ,

Ak
= EmT_QNp(mT_ﬂmT:g;) {EmT_lwp(mT_”mT_g;) L[T_l p— e#|$T1} |l = eu]
1 1 1-— aT 1-— arT_q
o A% * — *
= EET72N;U(IT72|CET=EZ) |: — €, E# — 76u|$T,1 (67)
ar—i1 \ar ar ar—1
€, l—arar—1 ,

= _— 6

arar_y arar—y M

é:l _17\/5&1“/0_[7’_26*
\/O_[T/O_LT_Q \/ &T/aT—Q .

and for the variance, we have

V$T—2"‘p(wT—2|wT=é:;)[mT_2|mT = éz]
= ]EET—l’VP(mT—l‘mT:éZI) [VET—QNP(ET—2|ET—1)[wT*2|wT*1]|wT = é;]

+ VET—INP(ET—I‘wT:é;) I:]EET—ZNP(CCT—leT—l)[wT_2|$T_1]|$T = é;]

_ 2 2 _ ok
- ]E:ET_lr\«p(zT_l\mT:é;j) |:BT710- Ile = eui|

1 l—ar1 , - (68)
+VzT71~p(wT71\wT:é;) |:aT1$T—1 - ﬁEH rr = 6/1«
2
= Broa(0")T + ( > Br(o™ T
ar—1

ap_4

- 3 .
= <5T1 + 2T (0*)2I
After obtaining the paramter of p(z7—2|xT = €;;), we can get

& l-varjars, (5 Or ) e (69)
Var/ar_o Var/ar_o . - O‘%F—1

p(iL’nglilfT = éﬂ) = N (

It’s easy to get the general term p(x;_1 |21 = €,,) by mathematical induction.

. € 1—/ar/a—, d Bsau
lmr =€) =N Cn_ P | 70
Pl = &) <\/04T/04t1 Var /iy o = Qs 7 ) 7o



Finally, we can inference the probability density distribution at the timestep 0.

P($0$T—€Z)—N<\/E;7T aaT e Zﬁsat )
=J\/<\/@:&O+(1—M)G’ Var & Zﬂ;?t

Hence, we can induce
p(xo = Zolzr =€) =1 > p(T0 = To|TT = €,1)

p(To = Zo|zT = €},) is the optimal probability path, and S¢ o* are optimal parameters.

€ y,? /,1,7

A.4. Optimal Denoiser

Let us assume that out training set consists of a finite number of samples {:c ()
{69), Sy /L } This implies p(xo) is representsed by a mixture of Dirac delta dlstrlbutlons

(o) KZ(SmO—;cl)

21) (71)

(72)

(()K)} and target mean set

(73)

Let us now consider the denoising loss. By expanding the expectations, we can rewrite the formula as an integral over the

noisy samples «

/n ZNWm(“ + (1= Vael), (1 - an) Do) — €|

L(es)
We can minimize L(€g) independently for each x;:

€, = argmin L(eg)
€

—Vae, (L —a)D)|es(z:) — € |3 da,

@3 de,

(74)

(75)

This is a convex optimization problem,; its solution is uniquely identified by setting the gradient w.r.t. €y to zero:

Veeﬁ(eg)

K
= Ve, Z (Vad + (1 = Va)ed, (1 —a)I >|ee<mt>—e£z‘>||§]

N () + (1= Vaeld, (1 = @) | Veyleo(ws) — ef) 3
L =1 i
- :
= | = SNV + (1= Vaed, (- a)D)| (2eg(a) - 2¢())
ok : | x
= ?Z (Vazy + (1 —VaeD, (1 —a)I)| eg(x;) - [KZ

(Vs + (1 - va)e, (1 - atm] el?

(76)



Then we can solve the optimal denoiser by letting V¢, L(eg) = 0

£ S V(e + (1 - Vane! . (1 —a) e
YNV + (1 - Varel, (1 - an)l)

B. Timestep Importance Sampling

B.1. Stein Identity

The KSD is thus given by the norm of 3 in H%:

ep(xy) = 7

Lemma 1. For any bounded and smooth function f(x), we have Ep[sq(x) f(x) + Vo f(x)] = 0, where sq(z) = VzIng(x)
is the score function of distribution q.

Proof. Expanding the expectation:

[si@ @+ [ Vospd=o as)
Let’s focus on the first term using integration by parts:
[ s @ = [ V.o f@pords 79)

Letu = f(z) and dv = V, Ing(z)p(x)dz. Then du = V, f(z)dz and v = [V, Ing(z)p(z)dz.
Applying integration by parts:

/sq(x)f(a:)p(x)dx: {f(x)/vz lnq(x)p(x)dx]_ —/fo(x) (/ Ve lnq(:v)p(x)dx) dx (80)
Let A = [V, Ing(z)p(z)dz. Substituting back into Eq.(78):

/Sq(x)f(x)p(ff)dw +/me(ff)P(w)dx = [f(@)A]Z, - /fo(w)(p(ff) — A)dzx (81

Now, let’s examine the two terms on the right-hand side:

1. [f(x)A]™_: This term vanishes because f(z) is bounded and ¢(z) approaches zero at infinity, implying A also
approaches zero at infinity.

2. [V f(z)(p(z) — A)dz: This term equals zero if and only if p(x) = A for all .

Since A is a constant, we have:

V.p(x) =V, A=0 (82)
This implies:
Vap(z)
=V.Ing(z (83)
p(z) )
Which is true if and only if p(x) = q(x), as V,, Inp(z) = Y222,
Therefore, when p(z) = g(x), both terms on the right-hand side are zero, proving the theorem. O

B.2. Stein Discrepancy

Let’s develop the concept of Stein Discrepancy as a measure of distance between probability distributions.

B.2.1 Basic Definition
Consider two smooth distributions p(x) and ¢(x) on R<. The Stein score function for distribution q is defined as:
S¢(x) = Vi Ing(x) (84)
A fundamental property (proved in Sec.B.1) states that:
Eplsq(x)f(x) + Vxf(x)] = 0 (85)

holds if and only if p(x) = ¢(x), where f is a smooth function.



B.2.2 Stein Discrepancy Measure

Based on this property, we can define a discrepancy measure between distributions:
S(p,q) = max(Ep[s, (x)f (x) + Vx/(x)])* (86)
where F is the set of smooth functions. This measure is positive when p # g, but is generally difficult to compute directly.

B.2.3 RKHS Framework

To make the discrepancy measure computationally tractable, we can utilize Reproducing Kernel Hilbert Space (RKHS)
theory. Let’s recall key RKHS concepts:
For a positive definite kernel k(x,y), Mercer’s theorem gives its spectral decomposition:

k(x,y) = Z Ajej(x)e;(y)” (87)

where e; are orthogonal basis functions and \; are eigenvalues. The RKHS 7{ generated by kernel k(-,-) : X x X — R has
two key properties: k(x,-) € H for any x € X Reproducing property: f(x) = (f, k(x,-)) for any f € H We extend this
to H% = H x --- x H (d times) for vector-valued functions with inner product:

d
(£, ) = Z<fi7gi>?-t (88)
i=1
B.2.4 Kernelized Stein Discrepancy (KSD)
The Stein operator Ap for distribution p is defined as:
1
Apf(x) = sp(x) - f(x) + Vx - f(x) = mVX [p(x)f(x)] (89)
This operator satisfies:
/ V- (F(x)p(x))dx = 0 (90)
xXEX
A key relationship for KSD is:
Ep[Af(x)] = Ey[Af(x) — Apf(x)] = Ep[(s4(x) — SP(X))f<X)T] oD

This formulation provides a computationally tractable way to measure discrepancy between distributions using kernel
methods.

B.3. Optimal sampling Distribution
Proposition 3. The optimal sampling distribution for Eq.(5) with minimal variance is:
q* (t|w07 e,u,) X gt (w()? ep.)p(t)> (92)

where &(xo, €,) = ||€a(v/@r@o + (1 — \/@r)€,) — €,]|3. which means for any probability distribution p, we have

Vimgs (). (z0.e,) 166 (205 €)] < Vinpt),(o,e,) 62 (T0s €,4)]

Proof. We aim to minimize the variance:
Vicq(),@o.e,) [6e(T0, €4)]

This can be expressed as:

& (o, €,)p(t)?
/ q(t) a



subject to [ ¢(t) dt = 1. The Lagrangian is:

/5t wo’e" dt—i—)\(/q(t)dt—l)

Taking the derivative with respect to ¢(t) and setting it to zero gives:

G0 ® |

q(t)?

Solving for ¢(t), we get:

This implies:

q"(t) o< & (o, €4)p(t)

Using the Cauchy-Schwarz inequality, we show:

Thus, the distribution ¢* (t|xo, €,,) minimizes the variance for the given problem, proving the proposition.
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