Appendix for
Investigating the Role of Weight Decay in Enhancing Nonconvex SGD
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A. Technical Lemmas

Lemma 3 Assume (w');>o be generated by SGDW, as 0 < o < 1, we have
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Lemma 4 Let (w');>o be generated by SignSGDW, it holds that

1—al 1 1—al
I < Wd < ——3Vd, |w'|o < 7,
-« l1-—a l1-«o
provided 0 <t <T.
Lemma 5 Let ', m € R? be arbitrary vectors such that |zt|| < -yVd, ||zt < ll_faT ~, and
xt = ax’ — ~Sign(m), 3)

and € :=m — V fs(x). If [V fs(x!), 2" <3|V fs(x!)|1 - |||, then we have
fs(@h) = fs(@h) < =4[l = (1 = a")d)|V fs(@h) 1 + 2Vdr €| +2Ldy".
Lemma 6 Let Assumption 1, 2, and 3 hold, and let (x*);>1 and (y*);>1 be the output of SignSGDW on these two neighbor

sets of n samples with the same initial points. Then:
1) In the general case, it holds that

3/4
?EJIE) \/EASigHSGDW IV f(Asignsapw (5); &) — V f (Asignsepw (57); §)[|2 = O (jz/ﬁ )

2)If5<1and'y:m,a:1—ﬁ, then we have

(W) =@(\}5)-

sup 4/ E Agsoow || V.f (Asignsapw (5); §) — V f (Asignsapw (S7); §)[|2 = O
cez Vn

B. Proof of Theorem 1
The Lipschitz property gives us

2
fs(w™) < fo(w') + (Vs(w'), w™! —w') + L?Hwtﬂ —w'[?
2
< fs(w') + (Vfg(ﬂ)t),wt"'1 —aw' + (a — Dw') + %Hth —aw' + (o — 1)th2

2
= Folw) + (Vfs(w), (o~ D' —7g") + =l|(a — D' — g |?

= Js(w") —2(g", Vs(w") — (1= a)(Vfs(w!), w') + - o]

(1—a)?L?

AR

+(1—apyL* g’ w') +
Taking the expectation of both sides over x?, we get

E[fs(w'™) | v'] < fs(w!) ~ IV A5~ (1 a)(1 ALV fs(w). w)
— 212 2,2
+ OO e B g g2 ]
< fsw!) ~ (1~ ZI L@+ (1 - a)(1 9L (V5w w)
—_———

(1)

“)

(1 — a)2L2 ”,wt”Z + L27202 )

2 2



L Using (a,b) < |a||||b]] < 21';1”;(1 + X 173‘“1)“2 for (1) in (4) as V fs(w') — a and w' — b, we get

L~ 1—a(l —~L?
E[fstw ™) [ 1] < fotw) — [y1 - 2y - 020 oty 2
5
[(1—a)2L2 N (1—a)3/2(1—7L2)}Hth2+ L27202 )
2 2 2
We use some shorthand notation for constants as follows
L V1I—a(l—~L? 1—a)?L?  (1—a)¥?(1 —~L?
O ) VT 0 (o (0B (1 a) L)
2 2 2 2
Taking full expectations on both sides of (5) results in
L2202
Efs(w'™™) <Efs(w') — CLE[V fs(w")||* + CoE[lw’||* + —
Summing the inequality from ¢ = 1 to 7" and using Lemma 3, we get
) 2T L2
o - =) ]ans )2 < fs(w') = min fs + C 7 + =
Noticing that ~y is very small and 1 — 72 < « < 1, it follows
v (1-a)¥? 1-aT
CL> =<, Oy~ ~T.
1 = 27 2 2 ) 1—a
and
c Y(1-a") F(1-a") Pl -o")Vi-a APTVI-a < /4
21-a2 = 2i-a  20-a) 2 =%
Based on these approximations, as +y is small, we can see that
2
YA-a") v
C,—-Cg—r—-—=2 2> =
TP —a)? T g

Therefore, we obtain the following bound for the rate

T ty]12 1\ s 2.2
21 EIVs(w)|| _ O(Efs(w ) —min fs I L*vo i HVUQ)-
T ~T 2

ILIFO<J<1: Usmg {(a,b) < orllall||b]| < M + M for (1) in (4) as V fs(w') — a and w' — b, and using
the fact that (—V fg(w?), w') < ||V fs(w?!)|| - ||w’|, we get

Ly

B[fstw' ™) | 1] < fotw) - [y1 - 2y - PO g 2

1—a)2L? §p(1—a)(l —~L? L2~42%52
+ |:( ) + T( )( Y ):|H,th2_|_ Y 7
2 2 2
We use some shorthand notation for constants as follows
Ly, or(1-a)(1-+L?)
B 7> B 2

(6)

(1—a)?L? n or(1—a)(1— ’yLQ).

Cy =
) 2 9 2

Taking full expectations on both sides of (4), we get

L2,Y202

Efs(w'™) <Efs(w') — CE[Vfs(w)|* + CE[w'|* + —



Summing the inequality from ¢ = 1 to 7" and using Lemma 3, we get

V(1 —aT)o®T  L*4%0%T
+ .
1l -« 2

(et P }ZHWS YI? < fs(w') — min fs + C

Noticing that 7y is very small and 1 — v = 7, it follows

or(1 — 1) or(1 — 1)
01%7—7“ Q)ZW ﬂ Cz~7T( a)§ﬂ7
2 2 2
and
Y(A=o) o (—a’) _ 6 _ oy
Co or = —.
(1—a)? 2(1 — ) 2(1 — ) 2
Therefore, we are led to
2(1 - ")
_ > (1 —
C1—C A=a)? = (L—=0dr)y

Hence, we get

St B[V s _ o(Bstwh) —minfs | (1°+1noy
T RO, 201—6r) /'

Combining the two cases above, we then complete the proof.

C. Proof of Theorem 2
With the Cauchy’s inequality, it holds that

Y EIV sl _ i, B |V fs(w)])

T T
T T
_VTEL BV S EIV s
< T Nia -
I As 1 — o < 5, from Theorem 1, it holds that 23;1 E|V fs(w?)||?> = O(VT), indicating the following result

I E|Vfs(wt 1
D=1 IIT s(w)|| :O(Tw)'

From Lemmas 2 and 1, we can see that
E|V/(w') - Vsl = 0(y/ =) =0(y/ ).
Based on the inequality above, we have

S E|VF(w') — Vis(w))]| T
SRR =o(y)

By the triangle inequality, we have

Y BNV 3 B[V s (w!)] n > EI VS (w') = Vis(w)]
T T T

~ om0




II. Forthe case 1 — o = %, from Theorem |, we can get

S BV fs(wh)]] _ o
T VI=0rTV/4)"

In this case, we also have

T wt) — wt 1/4
S BV A( T) v fs(w)| :O(\/f) ZO(TW).

Therefore, we can get the following generalization bound

Y BNV 3 B[V s(w)] N i1 EI VS (w') = Vis(w)]

T T T
1 T1/4
:0( v )
V1=6:TV4  /n

Combination of the two cases above then completes the proof.

D. Proof of Theorem 3

Let
g' = Vf(w"&,) e =m' - Vfs(w"),d§ =g" — Vfs(wh).

Through direct computations, we obtain

m' =0m'~! 4 (1 -0)g" =0(e""! + Vfs(w'™ "))+ (1 - 0)(8" + Vfs(w"))
=€ =m' —Vfs(w') =0 + 0(Vfs(w'™) — Vfs(w?)) + (1 - 0)d".

Noting the smoothness of the gradient, we have

Is']l = IV fs(w'™") = Vfs(w")]| < Lljw ™" —w'||
= Lljow™" —w' + (1 - )| < Ljow"™" —w'|| + Lf|(r = Dw" ™|

< IVdy+ (1 - a)L|w'™ || < 2LVdy.
This leads us to
€ =0+ 5"+ (1-0)6".
Using Mathematical Induction, we derive the following result
t t
e =0'e"+0> 0"+ (1-0)> 08" (7)
i=1 i=1

Taking norms on both sides gives

t t
lefll < 2LVdy 3" 67 + (1 - 9)H S 06|+ 01
i=1 i=1
Furthermore, by taking expectations on both sides, we have
2L/ d~0 o
E||et|| < 1fg+(1_9)EHZet i5i]| + 0t €°). ®)
i=1



Applying Cauchy’s inequality and considering the independence of (s*);<;<;, together with the fact that E|§|*> < o2, we
have

t o t 9 t -
EHZQt—zéz < EHZQt—iéi = |EY 022802 < .
i=1 i=1 i=1 1-62
Consequently, we obtain
20Vdv9  V1-6 2L\f 7
E|le| < + o+0€ < =—— +V1— 0o+ 0"||€
Il < 725 + g + Ol VI €]

Leveraging Lemma 5 with ' — ! and m — m! and Lemma 4, we derive
Fs(w'™h) = fs(w') < —y[1 = (1 = aT)o7] ||V fs (w') 1 + 2Vdry €' + 2L,

Summing the recursion from ¢t = 1 to T yields

fs(w') —min fg 4Ldry 2V/dv1 = o
T ZE”WS M= A d —ame,T TE— A= a0 =0) T [ = (1= aT)or]
2L~d N 2V/d||€°||

1-(1-a")ér]  [1—-(1—-a")ir](1-0)T

— 1 =1 i
Letl -0 = o7 andy = oo, we arrive at

— ZEHVfS M = (x/E(fs(wl) —min fg + 0+ ||st(w0)||)).

[1— (1 - aT)or| T/

Recalling Lemma 4, we observe that the weight decay is approximately ﬁ when v =
tion will be confined to a Very small region around 0.
I.Aslff <a<1,al <1 yielding

1 . .
Tvarsa Otherwise, the optimiza-

(ﬂ(fs@ul) —min fs + 0+ ||st<w°>||)>_

T

1

= EIVSs(@)h =0 ke
t=1

II. As 1 — = a, o = 0, we have

T3/4

(ﬁ(mwl) — min fs + o0 + ||st<w°)||)>
[(1—07) + 6paT]T1/4

(ﬁ(mwl) — min fs + o0 + ||st<w°)||)>
(1—07)TY/4 '

T

1

7 2 EIVSs@)h =0
t=

=0

Note that w! = w" because m® = 0, we then proved the result.

E. Proof of Theorem 4

I. Using Lemmas | and 6, in the general case, we then get

> ENV S ()]s Zt B[V f(w') - st('wt)lh+ZtT:1EHst(wt)ll1
T

T T
o Lo VAE|[Vf (") = Vs | iy BV fs(w))l:
= T T

Vd | dTs/
- O(T1/4 T )



II. If § < 1, we have

Y BVl _ S BNV (') = Vis(w))]h n > i1 BV fs(w!)lx
T = T T

_ Xy VAE|Vf (') — Vs(w)]| | Si, B[V s(w')]x
- T

T
O ( —f(i 1/4 \/7>
Based on these two cases, we then pr()\/e the prOOf.

F. Proofs of Technical Lemmas

F.1. Proof of Lemma 2

I (1-a<min {72, % }) The general case is almost identical to the SGD results proved by [25]. We present the proof here

for completeness. We can assume, without loss of generality, that S = {&;,...,&,-1,&,} and S" = {&1, ..

. 75”—175%}' Let

I := {iy,...,ip} denote the set of indices selected during the implementation of SignSGDW, and (x');>1 and (y*);>1 be

the sequences generated by the two neighbor sets. By direct computation, we have

Escow |V f(y":€) = V(=" 6)|?
= Escow || V(") = Vf (@"39)|*|n € 1] Prob(n € I)

+ Escow || V/(y"5€) = V(@ 3¢)|12|n ¢ I|Prob(n ¢ 1).

T

Noticing that y© = =T as n ¢ I, we then derive the following bound

IESignSGDW”Vf(yT; §) — Vf(xT§f)‘|2
= Esignsgpw [va(yT;f) - Vf($T§§)H2’n € I} Prob(n € I)

T

< 4G*[>_ Prob(i, = n)] < 1GPT O(Z).

n n
t=1

II. (1 — o = ) Without loss of generality, we assume that S = {&1,...,&p-1,&,} and " = {1, ..

(")¢>0 and (y")¢>0 be the output of SGDW on these two neighbor sets.
1. With probability 1 — 1, we derive

2+ — g = flaat - ay' —2(V(h56,) - V6P

< (14 ma?a’ g2 + (1+ DIV (' 6) — V€I

Setting h = 1=2, we are led to
tH1 12 )2 v’ L? t a2 < (lpt — agt][2
|z y I < allz” —yll" + T lle" — 97 < l=" - 1"

2. With probability +, we get

2"t =y TH? = laz’ — oy’ —y(Vf(x';&) — VL E))I?
4’72G2
11—«
<alz' -y + 4G

<alz' -y +

. 7§n—17£;1}' Let



In summary, we then get

4yG?
Bl —y**|? < Elle’ - y'|” + =,
n
which then yields
4T G?
Ell” - y"|* < ——.
n
The Lipschitz property of the gradient then indicates
4T L2G?
SpE([V /(@3 €) - VI O < B~y < T
€=
Hence, we can get the bound as
4NTL2G?
sup B[V f(2";) = V(s I < ———.
te= n
F.2. Proof of Lemma 3
Similarly, we can get
Elw™|* = E|ow’ —yg'|?
= Elow'|* - 2ya(w', Eg) + v’Ellg"|®
=Elaw'|[* - 27aE(w’, V f(w")) + y’E|[V f(w)||* + %0

= Ellaw'[|* + 2yaE(|w'|| - IV (w")[}) + v*E[ V f (w'

1
< (L4 )a’Ellw'||* + (1 + h)y B[V f (w'

Setting h = , we get

I+ %02,

2
-
Ellw? < aBflw'|[* + B[V f(w")]|* ++%0*.

Thus, we are led to

t
EH,wt—i-lHQ < OltH’w1H2+ZOét_
j=1

t
1 , ,
<a'flw'|® + T—a 072 > o' TE|Vf(w)|? +
j=1

ast < T'. Summation from ¢t = 1 to T leads to

1 .
— BV ++%0%)

T T

1
Y Ejw'F < Y Bl < mllwlll2 ZEHW OII* +
t=1 t=1

Noting that w! = 0, we then proved the result.
F.3. Proof of Lemma 4

With the scheme of the algorithm, we have
t
'] < allw'|| +vVd < AVA(Yad) < W\f(
j=0

Forany ¢ € {1,2,...,n}, it follows that

t
lwi | < allwf]| +5 <Y o) Z

j=0 j=0

(1 -a

I+ 7%

™).,

V2T(1 -

1

—

(0%

o



F.4. Proof of Lemma 5

The proof of this lemma is inspired by the work of [34]. With the smoothness of V fg, we have

fs(@h) — fs(zh)
< (Vfs(a), @t — ') + o lat — af|?
< —y(Vf(x'),Sign(m)) + (o — 1)(V fs(z'), ") + L||ySign(m)|* + L||(a — D)1 |?
< —y(Vfs(ah), Sign(m)) + Ldy* + L(a — 1)?||z"||* + (1 — )3V fs(x") 1 - |27
= —y(Vfs(z'),Sign[V fs(x")]) + v(Vfs(x'), Sign(m) — Sign[V fs(x")])

+ Ldy* + L(a — 1?2 + (1 — a)8[|V fs ()] - |21
= ||V fs(xh)|1 + v(Vfs(x), Sign(m) — Sign[V fs(z")])

+ Ldy* + L(a — 1?2 |* + (1 — a)8[|V fs ()| - |2 oo-

With direct computation,

d
(Vfs(a"),Sign[V fs(@")] — Sign(m)) = Y [V fs(@")]; - [Sign([V fs(x)];) — Sign([m],)].

=1

L If Sign([V fs(x)];) = Sign([m}:). [V fs(2")]; - [Sign([V fs(2")];) — Sign([m];)] = 0.
IL Otherwise, [V fs(x)]; - [m]; < 0 gives us

il = [[Vfs(@")]i — [mli] = [V fs(2")]i].

And we can get
[V fs(x")]; - [Sign([V fs(x")];) — Sign([m]:)] < 2/[Vfs(x")]:| < 2lel. ©)
Therefore, for any i € [d], inequality (9) holds. Based on this, we have

d
(Vfs(@'), Sign[V fs(x")] - Sign(m)) < 22 lei| < 2Vd]e],

which further yields

fs(@h) — fs(x) < —y|Vf(x)|1 + 2Vdvle]| + Ldvy?
+ Lo — 1?2 |” + (1 = a)8 ||V fs(zh)][1 - 2T oo-

Recall that ||z || < '1%/57 2|0 < Lo’ we then get

l-«

fs(@h) = fs(@h) < =V fs(@l) |l + 2Vl +2Ldy? + (1 — aT)ov [V () s
— 1= (1= "))V F(2) 1 + 2V el +2Ldr>.

F.5. Proof of Lemma 6

Without loss of generality, we assume that S = {&1,...,&,-1,&.} and S" = {&1,...,&n-1,&,}. Let I := {i1,...,ir}
be the set of indices selected during the implementation of SignSGDW, and (x');>1 and (y');>1 be generated by the two
neighbor sets. The scheme of the algorithm gives us

[zt — 4" = [lax’ — ay' — (Sign(m') — Sign(m"))]|
< allz’ — y'||”> + 7|/Sign(m") — Sign(m')||
< allzt —yt|| + 27Vd.



Hence, we are led to

t 29Vd(1 - a”)
) H < W.

sup |z
t>1

It then follows

Esignsaow |V f(y";€) — Vf (2”397
= Esignscpw [va(yT;f) - Vf(ﬂfT;f)Hz'” € I} Prob(n € I)
+ Esgnsoow IV (y": ) = VS @"59)|1%|n ¢ 1| Prob(n ¢ 1).
Noticing that y© = T as n ¢ I, we then get
]ESignSGDWHVf(yT; f) - Vf(wT§ f)”z
= Esignscpw [||Vf(yT; §) — Vf(fﬂT%f)”Q’” € I] Prob(n € I)

4L2 Zd 1— Y2
< L2E||zT — 37 |*Prob(n € I) < —— (1—a’)

d—a) Prob(n € I) (10)
412y 2dl— 4L2 2d1-at)? T
of ZProb rdi—a’) - —.
(1-a) (1-a)? n
L In the general case (0 = 1), 1 —a < T, it holds 1 = T yielding
4L242d(1 — aT)? T _ O(4L2’}/2dT3) _ O(T3/2)
(1-a)? n n n /
ILIf§ < 1and a =1 — 77, we have
4L24%d(1—aT)?2 T < 4L%~%*d T B O<4L272dT5/2) B O(T)
(1-a)? n=- (1-a)2 n n - \n/’



