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Abstract

Digital elevation models derived from Interferometric Syn-
thetic Aperture Radar (InSAR) data over glacial and snow-
covered regions often exhibit systematic elevation errors,
commonly termed Žpenetration bias.Ž We leverage exist-
ing physics-based models and propose an integrated cor-
rection framework that combines parametric physical mod-
eling with machine learning. We evaluate the approach
across three distinct training scenarios „ each de“ned by a
different set of acquisition parameters „ to assess overall
performance and the model•s ability to generalize. Our ex-
periments on Greenland•s ice sheet using TanDEM-X data
show that the proposed hybrid model corrections signi“-
cantly reduce the mean and standard deviation of DEM er-
rors compared to a purely physical modeling baseline. The
hybrid framework also achieves signi“cantly improved gen-
eralization than a pure ML approach when trained on data
with limited diversity in acquisition parameters.1

1. Introduction

Interferometric Synthetic Aperture Radar (InSAR) has en-
abled the generation of high-resolution Digital Elevation
Models (DEMs) over large areas, such as the global Coper-
nicus DEM derived from TanDEM-X [11]. These DEMs
are crucial for many applications, including cryospheric
studies, where they enable monitoring of glacier mass bal-
ance and ice sheet dynamics [1].

One of the main challenges in generating InSAR DEMs
is the penetration of the radar signal into dry snow and ice.
This causes the measured elevation to lie several meters be-
low the actual surface, leading to the so-called penetration
bias [10, 12, 26, 31]. For example, a recent study by Fan
et al. [12] compared DEMs derived from ICESat-2 (a laser
altimeter sensor) and TanDEM-X (an X-band radar sensor)

1The source code is available athttps : / / github . com /
IslamAlam/pydeepsar

Figure 1. Qualitative example from a representative region.Left:
Interferometric coherence (range: 0.3…1).Center: One-way pen-
etration depth (dpen , in meters) predicted by the MLP component
of our hybrid framework, which then feeds into the Exponential
pro“le. Right: Final penetration bias (pbias , in meters). This hy-
brid approach leverages InSAR features (e.g., coherence) to pre-
dict dpen , which is subsequently used to estimatepbias for correct-
ing DEM elevations over ice and snow.

data over Greenland and found that the elevation bias varies
signi“cantly with terrain elevation. In their analysis, for el-
evations above 2000 m the median difference (MED) be-
tween the DEMs is approximately -3.76 m (with an RMSE
of 4.51 m), whereas for elevations below 2000 m the MED
is around -2.32 m (with an RMSE of 7.00 m), yielding an
overall MED of -2.75 m and RMSE of 6.58 m. This pro-
nounced bias „ primarily due to X-band signal penetration
into the ice „ illustrates both the inherent challenge of pen-
etration bias and the in”uence of topography, thereby moti-
vating the need for advanced correction techniques.

There is potential to estimate the penetration bias di-
rectly from the InSAR data, because the signal penetration
depends on the snow and ice properties, which, in turn, in-
”uence the backscatter and coherence measured by the In-
SAR system. The key relationship is between the vertical
scattering pro“le, which describes how the backscattered
signals are distributed within the snow and ice, and the
interferometric coherence, which measures the correlation
between the InSAR acquisition pair. Typically, a shallow
vertical scattering pro“le leads to high coherence, whereas



deep penetration causes low coherence. This relationship
depends on the InSAR acquisition geometry that determines
the interferometric height sensitivity, which is described by
the Height of Ambiguity (HoA) parameter.

Physical models, such as the Uniform Volume (UV)
model (which assumes a uniform signal extinction in snow
and ice, i.e., an exponential vertical pro“le), are used
to estimate the penetration depth under idealized condi-
tions [9, 14, 29]. One key advantage of these physics-based
methods is that they do not require any additional training
or reference data, unlike data-driven approaches that de-
pend on high-quality reference data. However, these mod-
els can over- or underestimate the bias when real scatter-
ing scenarios deviate from their simpli“cations. In contrast,
purely data-driven approaches, such as machine learning
(ML) models, can capture local variations more accurately
and ”exibly but may lack the robustness and interpretability
of physics-based methods [1, 6].

Building upon our initial hybrid framework [22], we
present an expanded analysis that synergistically combines
physical models with ML approaches. While our previ-
ous work focused solely on the Exponential pro“le, here
we systematically evaluate two parametric physical models
(Exponential and Weibull pro“les) to comprehensively un-
derstand their capabilities and limitations in modeling ver-
tical scattering pro“les. We train a Multi-Layer Perceptron
(MLP) to predict the parameters of these physical models
from the data, as illustrated in Figure1. To rigorously assess
generalization capabilities, we introduce three distinct HoA
scenarios: (1) training with all available HoA scenes, (2) an
Interpolation scenariowhere we exclude mid-range HoA
values to test interpolation capabilities, and (3) anExtrap-
olation scenariowhere we exclude higher HoA values to
evaluate extrapolation performance. This systematic evalu-
ation provides crucial insights into model robustness and
generalization capabilities across variable acquisition ge-
ometries as expected for large scale InSAR applications.

2. Related Work

2.1. Physical Modeling Approaches

Accurate electromagnetic modeling of the vertical scatter-
ing pro“le in snow and ice is a critical prerequisite for cor-
recting the penetration bias in InSAR-derived DEMs. The
interaction of microwaves with natural snow cover is com-
plex because the snow comprises heterogeneous mixtures
of ice grains and air that also depend on environmental con-
ditions such as temperature and metamorphism processes.
Early studies provide insights into the dielectric properties
and scattering mechanisms in natural snow [25].

The Uniform Volume (UV) is introduced as a simpli“ed
model for the scattering medium [29]. It treats the snow
and ice volume as an in“nitely deep, homogeneous medium

with a constant signal extinction coef“cient, leading to an
exponential vertical scattering pro“le. Under these assump-
tions, the penetration bias can be estimated directly from
the InSAR data using the UV model [9, 28]. Another more
”exible solution is based on the Weibull pro“le [14] captur-
ing changes in signal extinction due to increasing grain size
and density with depth [25]. It is able to compensate for
the underestimation of the UV model, but it is also prone to
overestimating the surface location [14].

2.2. Data-Driven Approaches

Purely data-driven methods bypass explicit physical model-
ing by learning the mapping between observable SAR fea-
tures (e.g., interferometric coherence and backscatter inten-
sity) and the target variable (e.g., the penetration bias, snow-
facies) directly from training data.

A key study proposes a pixel-based regression approach
for estimating X-band InSAR elevation bias over Greenland
[1]. Their method achieves a coef“cient of determination
(R2) of 0.68 and an RMSE of 0.68 m. While computation-
ally ef“cient, this approach is limited by its linearity and
lack of explicit physical constraints.

Other recent work explores deep learning-based meth-
ods, for example, using a deep unsupervised learning ap-
proach for the classi“cation of snow facies [5, 6]. In this
case, the snow facies are segmented and used for the pene-
tration bias estimation.

Although these methods can capture complex empiri-
cal relationships, they generally require extensive, high-
quality training datasets „ often derived from sources such
as CryoSat-2 or ICESat-2 „ that are very limited. Fur-
thermore, purely data-driven approaches often struggle to
generalize to conditions outside the training domain. The
absence of explicit physical constraints also limits their in-
terpretability.

2.3. Hybrid Approaches

Hybrid inversion methods combine model-based and data-
driven approaches to leverage their advantages [21]. This
fusion, called hybrid modeling, combines physical model
interpretability and rigor with ML•s ”exibility and adaptive-
ness. Physics-informed ML embeds physical constraints
into learning algorithms, ensuring models “t data and ad-
here to physical laws [18]. This approach has proven ef-
fective in complex applications like ”uid dynamics and cli-
mate modeling [16, 19, 30]. It holds a potential for inverting
geo- and biophysical parameters from SAR data, overcom-
ing limitations of purely physical or data-driven methods.

Recent work on the parameterization of the vertical scat-
tering pro“le for forest height estimation has demonstrated
that hybrid approaches can signi“cantly improve the esti-
mation of geophysical parameters [23]. However, despite
its potential, speci“c work on physics-informed machine



learning for InSAR parameter retrieval is lacking in current
literature. Our work builds on these ideas by embedding
the Exponential and Weibull pro“les into a hybrid architec-
ture. We compare the performance of these hybrid models
with pure ML models for different HoA training scenarios,
showing that incorporating physical constraints leads to im-
proved accuracy, stability, and robustness „ mainly when
high-quality training data are limited.

3. Methodology

3.1. Problem Formulation

Let hInSAR be the InSAR-derived elevation andhref the ref-
erence •trueŽ elevation at a given location. We de“ne the
penetration bias as

pbias = hInSAR Š href, (1)

which must be estimated and removed to improve DEM ac-
curacy in glaciated regions.

3.2. Physical Models (Exponential, Weibull)

The estimation of penetration bias is grounded in physical
models that link the InSAR observation space to the vertical
scattering pro“le in snow and ice „ governed by geophys-
ical parameters such as density, structure, and grain size.

In single-polarization InSAR, the primary observable
is the complex coherence,�� , which represents the cross-
correlation between two acquisitions,s1 ands2 and is de-
“ned as [7, 8, 27]:

�� (� z ) =
� s1 s�

2�
�

� s1 s�
1� � s2 s�

2�
, (2)

where� z is the vertical wavenumber,�·� denotes an ensem-
ble (or spatial) average, and� indicates the complex con-
jugate. The observed coherence is factorized into several
decorrelation terms, and can be expressed as [3, 4, 17, 32]:

�� (� z ) = � T mp � Rg � Sys �� Vol (� z ), (3)

where� T mp accounts for temporal decorrelation,� Rg rep-
resents range spectral decorrelation,� Sys captures system-
related decorrelation, and�� Vol (� z ) corresponds to the
volume decorrelation due to subsurface scattering. For
TanDEM-X single-baseline InSAR, temporal decorrelation
does not occur (� T mp = 1 ) and the other decorrelation fac-
tors are known [15, 20, 24].

To estimate the penetration biaspbias, we focus on the
volume decorrelation�� Vol (� z ), which is directly linked to
the vertical scattering pro“lef (z) describing how backscat-
tered power varies with depthz. For a semi-in“nite volume

(z � 0), the volume decorrelation is given by [28]:

�� Vol (� z ) = ej � z z0

� 0

Š�
f (z) exp

�
j � z z

�
dz

� 0

Š�
f (z) dz

, (4)

wherez0 is the true surface height. The phase of�� Vol (� z ),

denoted as� Vol = arg
�

�� Vol (� z )
�

, corresponds to the in-
terferometric phase center, located in the subsurface. The
penetration biaspbias is then calculated as

pbias =
� Vol

� z
, (5)

assumingz0 = 0 for simplicity. In practice, a known offset
may be incorporated ifz0 differs from a reference DEM.

The detailed de“nitions of the vertical wavenumber� z

and the HoA „ which quanti“es the interferometric phase-
to-height sensitivity „ are provided in the Supplementary
Material (see Section7, Eqs.S1andS2). Brie”y, these pa-
rameters relate the observed phase to height and are used to
compute the elevation from the phase center.

The physical models assume a speci“c form for the ver-
tical scattering pro“lef (z). The UV model leads to anEx-
ponential pro“le, which is described as [29]:

f exp (z) = � 0
v exp

� 2z
dpen

�
, (6)

wheredpen is the one-way penetration depth and� 0
v is a

nominal scattering coef“cient. Figure2 shows how the re-
sulting penetration bias varies with differentdpen values.

Under uniform-volume assumptions, one can derive a
closed-form solution for�� Vol (� z ), making it possible to es-
timate the penetration biaspbias independently ofdpen . In
this case, the volume decorrelation phase is given by [9]:

� Vol = tan Š 1
� 	

1
|� Vol |2 Š 1

�
. (7)

We leverage this solution for computingpbias in our direct
physical-modelestimation and use Eq. (4) with Eq. (6) in
the hybrid approach.

In contrast, theWeibull pro“le is given by [14]:

f wb (z) = � w kw (� w z) kw Š 1 exp
�

Š(� w z) kw

�
, (8)

where� w (scale) andkw (shape) allow for a more ”exible
representation of scattering behavior. Figure2 shows how
differentkw values affect the penetration bias. However, es-
timating its two parameters,� w andkw , can be challenging.
To ensure physically plausible solutions, we constrain� w

to [0.01, 0.6] andkw to [0.8, 1.5]. These parameter ranges
provide vertical scattering pro“les and associated penetra-
tion depths matching empirical data [13, 14].
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Figure 2. Penetration bias simulations for two scattering pro“les,
assuming a semi-in“nite volume.(a) Exponential Pro“le with
varying penetration depthdpen . (b) Weibull Pro“le for different
shape parameterskw and “xed scale� w = 0 .05. In both, the
curves illustrate the penetration bias variation as a function of ver-
tical wavenumber� z .

These models can be integrated into Eq.4 to compute the
volume decorrelation�� Vol (� z ) and subsequently estimate
the penetration biaspbias.

3.3. Hybrid AI…Physical Model

Our proposed hybrid framework (illustrated in Figure3)
synergistically combines physical modeling with machine
learning to estimatepbias (Eq.1). Rather than relying solely
on a “xed vertical scattering pro“lef (z) derived from ide-
alized assumptions, we allow the model to learn the param-
eters that de“nef (z) from data. In practice, we train a MLP
to predict the scattering pro“le parameters (e.g.,�dpen for
the Exponential pro“le or( �� w , �kw ) for the Weibull pro“le)
from input features such as volumetric decorrelation, inci-
dence angle, vertical wavenumber, interferometric phase,
and backscatter. Given the low spatial variability in these
homogeneous glaciated regions „ and since even simple
linear regression can estimate penetration bias with mod-
erate accuracy „ a straightforward MLP suf“ces, remov-
ing the need for more complex deep learning architectures
[1]. This approach enables us to derive a unique solution
that satis“es the physical constraints while adapting to real-
world variability. The predicted parameters are then used
in the volume decorrelation (Eq. (4)) to compute the esti-
mated penetration bias�pbias. We train the hybrid model by
minimizing the mean-squared-error (MSE) loss:

L MSE =
1
N

N


n =1

�
�pbias ,n Š pref ,n

� 2
, (9)

wherepref ,n denotes the reference bias for thenth sample
and �pbias ,n represents the estimated penetration bias com-
puted as in Eq.5.

4. Experiments

4.1. Dataset

4.1.1. TanDEM-X InSAR Data

This study utilizes single-baseline InSAR imagery from the
TanDEM-X mission to generate InSAR DEMs over Green-
land. A total of18 TanDEM-X CoSSC acquisitions are se-
lected, covering a transect from the ice sheet summit to the
East Coast, ensuring temporal and spatial alignment with
NASA IceBridge data. Figure4 provides an overview of the
TanDEM-X scene footprints (in blue) and the correspond-
ing NASA IceBridge ATM ”ight tracks (in red), acquired
between January and May 2017 during the winter season.

Post-processing steps include the derivation of InSAR
elevation, coherence, backscatter, incidence angle, and ver-
tical wavenumber. A mosaic overview of these acquisitions
is shown in Figure5.

4.1.2. NASA IceBridge ATM LiDAR Data

For training and validation of the penetration bias correc-
tion model, we use the high-resolution surface elevation
data from NASA•s IceBridge Airborne Topographic Map-
per (ATM) [2]. The ATM LiDAR dataset provides precise
elevation measurements with a vertical uncertainty of less
than 1 m over ”at ice surfaces. To ensure consistency with
the InSAR-derived DEMs, the original 1 m-resolution ATM
dataset is resampled to the same grid as the InSAR products.

Leveraging these reference measurements, we also ex-
amine how the observed penetration bias varies with sur-
face elevation. As shown in Figure6, higher elevations ex-
hibit greater bias, as expected [1, 12], due to more dry snow
with less melt-refreeze features in the subsurface allowing
deeper X-band signal penetration.

4.2. HoA-Based Training Scenarios

To investigate how each method (hybrid or pure ML) gener-
alizes to different HoA conditions, we de“ne three training
scenarios that include or exclude speci“c HoA ranges. We
remove the scenes whose HoA values fall in the speci“ed
range (see Figure5(d) for an overview of the HoA distribu-
tion). TheAll scenario uses every scene,Interpolationex-
cludes HoA in [50, 60] m, andExtrapolationexcludes HoA
above 70 m.

We split the remaining data into training (60%) and test-
ing (40%) sets, ensuring a broad distribution of ice sheet
conditions. This approach reveals how well each model
handles cases requiring interpolation (HoA gaps within the
trained range) or extrapolation (HoA values beyond the
trained range). In subsequent sections, we compare each
scenario•s performance to assess model robustness and gen-
eralization. For a more detailed view of the speci“c scenes
included or excluded in each scenario, see Figure13 in the
Supplementary Material.














