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Abstract

Hyperbolic spaces provide a natural geometry for repre-
senting hierarchical and tree-structured data due to their
exponential volume growth. To leverage these benefits, neu-
ral networks require intrinsic and efficient components that
operate directly in hyperbolic space. In this work, we lift
two core components of neural networks, Multinomial Lo-
gistic Regression (MLR) and Fully Connected (FC) layers,
into hyperbolic space via Busemann functions, resulting in
Busemann MLR (BMLR) and Busemann FC (BFC) layers
with a unified mathematical interpretation. BMLR provides
compact parameters, a point-to-horosphere distance inter-
pretation, batch-efficient computation, and a Euclidean limit,
while BFC generalizes FC and activation layers with com-
parable complexity. Experiments on image classification,
genome sequence learning, node classification, and link
prediction demonstrate improvements in effectiveness and
efficiency over prior hyperbolic layers. The code is available
at https://github.com/GitZH-Chen/HBNN.

1. Introduction

Hyperbolic representations have recently delivered strong
performance across different applications because the ex-
ponential volume growth of negatively curved manifolds
enables low-distortion embeddings of tree-like and hierar-
chical structure [46]. These advantages have been validated
in computer vision [3, 4, 20, 24, 25, 31, 34, 42, 54, 56, 571,
graph learning [2, 8, 22, 53], multimodal learning [18, 48],
recommendation systems [60], astronomy [10], genome se-
quence learning [33], natural language processing [23, 27,
30, 46, 47, 59], and brain signal decoding [40]. These empir-
ical successes highlight the need for principled and efficient
hyperbolic neural network components that fully leverage
hyperbolic geometry.

Among canonical formulations, the Poincaré ball and
the Lorentz model are the most widely used, owing to their
closed-form Riemannian operators. To support hyperbolic
deep learning, several key building blocks in neural networks
have been generalized to Poincaré or Lorentz spaces, includ-
ing attention [ 11, 27, 58], batch normalization [3, 13, 15, 43],

linear feed-forward layers [11, 23, 51], activation [3, 23],
residual blocks [31, 32, 56], Multinomial Logistics Regres-
sion (MLR) [3, 45, 51], and graph convolution [2, 8, 16, 41].
Among these components, MLR classification and Fully
Connected (FC) layers play a fundamental role in final
decision-making and feature transformation.

Recently, hyperplanes and point-to-hyperplane distances
[38] have been adopted to construct hyperbolic MLR in
both Poincaré [23, 51] and Lorentz [3] models. Ganea
et al. [23, Sec. 3.1] introduced the first Poincaré MLR based
on Poincaré hyperplanes, but the formulation suffers from
over-parameterization and lacks batch efficiency. Shimizu
et al. [51, Sec. 3.1] alleviated these issues through a re-
parameterization strategy. Building on these ideas, Bdeir
et al. [3, Sec. 4.3] proposed a Lorentz MLR. However, its hy-
perplane is defined by the ambient Minkowski space, which
is model-specific and may distort Lorentzian geometry.

For hyperbolic FC layers, three main formulations exist.
Ganea et al. [23, Sec. 3.2] introduced Mobius matrix-vector
multiplication through the tangent space on the Poincaré ball.
Shimizu et al. [51, Sec. 3.2] further proposed the Poincaré
FC layer, defined intrinsically but restricted to the Poincaré
model. On the Lorentz model, Chen et al. [11, Sec. 2.2]
constructed a Lorentz FC layer by applying linear transfor-
mations in the ambient Minkowski space followed by pro-
jection onto the Lorentz model. Thus, Mobius and Lorentz
FC rely on flat-space (tangent or ambient) approximations
that could distort intrinsic geometry, whereas Poincaré FC is
intrinsic but model-specific.

On the other hand, the Busemann function and its level
sets, horospheres, have emerged as powerful intrinsic tools
for hyperbolic learning. They enjoy convenient metric prop-
erties [6, Ch. II.8] and admit closed-form expressions on
both the Poincaré and Lorentz models [5, Prop. 9]. These op-
erators have supported several hyperbolic algorithms, includ-
ing SVM [21], PCA [9], Sliced Wasserstein distances [5],
and prototype learning [26]. We also note that Nguyen et al.
[45, Cor. 4.3] proposed a Poincaré MLR based on the Buse-
mann function. However, its induced point-to-hyperplane
distance is pseudo, coincides with the true distance only in
Euclidean geometry, remains over-parameterized, and is not
batch efficient.

42029



These observations motivate intrinsic and batch-efficient
formulations for MLR and FC layers that can operate on both
the Poincaré ball and the Lorentz model. To address this
need, we propose Busemann Multinomial Logistics Regres-
sion (BMLR) and Busemann Fully Connected (BFC) layers,
two Busemann-based components for hyperbolic networks.
Our contributions are summarized as follows:

* We introduce BMLR, deriving intrinsic logits directly from
Busemann functions with a point-to-horosphere distance
interpretation. BMLR uses a compact per-class parame-
terization, eliminates manifold-valued parameters in prior
MLRs, remains batch-efficient, and recovers Euclidean
MLR as curvature tends to zero.

* We develop BFC layers by generalizing the FC and acti-
vation layers through the Busemann function, providing
intrinsic constructions on both the Poincaré and Lorentz
models. BFC preserves comparable complexity and pa-
rameter counts, and recovers Euclidean FC in the zero
curvature limit.

* We provide empirical validation across image classifica-
tion, genome sequence learning, node classification, and
link prediction. BMLR and BFC generally outperform ex-
isting hyperbolic layers. BMLR shows particularly large
gains as the number of classes increases, and the Lorentz
BMLR is the fastest among all hyperbolic MLRs.

2. Preliminaries

Hyperbolic geometry. An n-dimensional hyperbolic space
is a Riemannian manifold with constant negative sectional
curvature K < 0. There exist five models of hyperbolic
space [7, Sec. 7]. Among them, the Poincaré ball and Lorentz
models are the most widely used. The Poincaré ball model
[39, p. 62] is P = {z € R" : |jz||> < —1/K} with
Riemannian metric g, (u,v) = (A£)? (u,v), where A =
W. Here (-,-) and ||-|| denote the Euclidean inner
product and norm. The origin is the zero vector 0 € P%.
The Lorentz model [39, p. 62], also called the hyperboloid
model, is L% = {z € R**! : (z,z), = 1/K, z; > 0},
where (z,y), = —x¢y: + (25, ¥s) is the Lorentzian inner
product and ||z||, = \/(x,x), is the induced Lorentzian
norm. Following the convention of special relativity [49,
§3.1], we write = [x;,2]]" with temporal component
x: € R and spatial component s € R™. The canonical
originis 0 = [\/1/]K],0,...,0]" € L%. Throughout, we
write H% € {P%, L%} for a hyperbolic space.

Geodesic, geodesic ray, and asymptote. Geodesics are
length-minimizing curves. We consider unit speed geodesics.
A geodesic ray is a geodesic defined for t € [0, 00). Two
geodesic rays are asymptotic if the distance between corre-
sponding points remains bounded as ¢ tends to infinity [6, II.
Def. 8.1]. This notion generalizes Euclidean parallel lines
in two respects: (i) Euclidean parallels have constant separa-
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Figure 1. Ilustration: red curves are different horospheres of B".

tion, whereas asymptotic rays have bounded separation; (ii)
Euclidean parallels never intersect, and asymptotic rays do
not intersect as well [6, II. Prop. 8.2].

Busemann function. Let v be a geodesic ray and let
d(-, -) denote the geodesic distance. The Busemann function
[6, II. Def. 8.17] associated with ~ is defined as

Vo e M, B(x)= lim (d(x.A(0)~1). (1)

In hyperbolic spaces, this limit exists [0, II. Lem. 8.18]. In
Euclidean space, the Busemann function associated with
the geodesic v(t) = tv that starts at O with unit direction
veSt={veR"||v|]|=1}is

ViEERn, Bv(x) :—<x,v>, (2)
which coincides, up to a sign, with the inner product. Hence,
the Busemann function provides an intrinsic generalization
of the inner product to manifolds. Up to an additive con-
stant, it is equivalent among asymptotic geodesic rays [0,
II. Cor. 8.20], independent of the starting point. Conse-
quently, we write BY(x) for the ray that emanates from the
origin e € H% with unit velocity v € S"~1 C T, H%. For
v € S" !and x € H%, closed forms of the Poincaré and
Lorentz Busemann functions [5, Prop. 9] are

1 Hv— \/—KmH2
P% . BY = 1 3
K () e 0g< 1 KH33||2 ) 3

L% : BY(z) = \/% log (\/—K (x¢ — (ms,v))) .4

Horosphere. The level sets of a Busemann function are
called horospheres, the hyperbolic counterpart of Euclidean
hyperplanes. In Euclidean space, for a unit direction v, the
hyperplanes H? = {x € R" | (z,v) = 7} with 7 € R are
parallel. Analogously, for fixed v, the horospheres HY =
{x € H}% | B’(z) = 7} are equidistant (see Thm. 3.3).
Fig. 1 illustrates such horospheres, and Tab. | summarizes
the correspondence of the above concepts between Euclidean
and hyperbolic geometries.

Riemannian & gyrovector operators. The hyperbolic
space H'% provides closed-form expressions for standard

42030



Table 1. Generalization: Euclidean vs. hyperbolic.

Euclidean Hyperbolic
Straight line Geodesic
Parallel lines Asymptotic geodesic rays
Inner product (v, ) Busemann function —B" ()
Hyperplane Horosphere

Parallel hyperplanes with v € S"~!  Horospheres with v € S"~1 N T, H}

Riemannian operators. It also supports a gyrovector struc-
ture that extends vector space operations to hyperbolic ge-
ometry. On the Poincaré ball PP}, this structure corresponds
to the Mobius gyrovector space [55, Ch. 6.14], denoted as
{P%, ®m, Om }- As shown by Chen et al. [15, Props. 24 and
25], the Lorentz model also admits a closed-form gyrovector
space, denoted as {L}, @1, ©r}. Please refer to Sec. B.4
for detailed expressions.

3. Busemann multinomial logistic regression

We begin by reformulating the Euclidean Multinomial Lo-
gistics Regression (MLR), then lift it to hyperbolic space
via the Busemann function, introducing Busemann MLR
(BMLR). We also present a point-to-hyperplane interpreta-
tion. Finally, we compare BMLR with existing hyperbolic
MLRs, highlighting our advantages in geometric fidelity,
parameterization, and computational efficiency.

3.1. Formulation

The Euclidean MLR softmax(Ax + b) computes the multi-
nomial probability for each class k € {1,...,C} given an
input z € R™. It admits the inner product form:

exp({ak, x) + bg)
> exp((a, @) +b)

where a;, € R™ and b, € R are the weight and bias for
the class k. We write p(y = k | ) o exp (ug(z)) with
ug(xz) = {(ar,x) + br. Decomposing the weight vector
into a magnitude o, = |lak|| > 0 and a unit direction
v = m € S"1, each logit is

Vk, ply =k |x) =

(&)

ug(z) = ag (vg, =) + by (6)

As shown in Tab. 1, the Busemann function naturally
generalizes the Euclidean inner product. Analogously to
Eq. (6), we define the hyperbolic logits via the Busemann
function, yielding BMLR:

" i exp(ug(z)) : @)
ply =k|z) S5 exp(uy(@))
up(x) = —o B (x) + by, ®)

with aj, > 0, v € S”7 !, and b, € R as parameters.
The following results show that, as K — 07, both the
Poincaré and Lorentz BMLRSs reduce to the Euclidean MLR.

Theorem 3.1 (Limits of BMLRs). As K — 07, the hyper-
bolic Busemann functions converge to the Euclidean inner
product:

K—0~

(Poincaré) B'(x) ——— —2(v,x), 9)
(Lorentz) B"(x) K=o, (v, xs) . (10)

The hyperbolic BULRs converge to the Euclidean MLR:

(Poincaré) uy(x) =" 20, (vg, ) + by, (1)
(Lorentz) ug(x) 222 ay (g, xs) + b, (12)
Proof. The proof is provided in Sec. F.1. O

Remark 3.2 (Intuition). On the Poincaré ball, letting K —
0~ recovers Euclidean geometry [52, App. A.4.2]. For the
Lorentz model, as K — 07, the temporal coordinate di-
verges while the spatial component approaches R™, mak-
ing L% converge to a Euclidean space. Consistently, the
Poincaré and Lorentz Busemann functions and the associ-
ated BMLR logits reduce to their Euclidean counterparts,
providing a natural generalization of Euclidean MLR.

3.2. Geometric interpretation

As shown by Lebanon and Lafferty [38, Sec. 5], the Eu-
clidean MLR can be reformulated by point-to-hyperplane
distances:

ug(z) = sign ({ak, ) + by) ||lax||d (z, Hap p,,),  (13)

with a;, € R™ and by, € R. Here, Hy, 3, = {x € R" :
(ag,x) + by, = 0} denotes the margin hyperplane, and the
point-to-hyperplane distance is d (x, Hy, b, ) = W
We next show that our BMLR also admits such an interpre-
tation through point-to-horosphere distances.

We first introduce these distances in Hadamard spaces,
metric spaces with favorable properties (see Def. B.8), where
Euclidean and hyperbolic geometries arise as special cases.

Theorem 3.3 (Hadamard horosphere distance). Let (X, d)
be a Hadamard space, and BY : X — R be the Busemann
function associated with a geodesic ray v : [0,00) — X.
For any 11,7 € R, define the horospheres by

Hl ={rcX|B(z)=m},i1=1,2. (14)
The distance between these horospheres is constant:

d (H,

T1?

H}) =d (H]

JH)) = -7l (15
In particular, the point-to-horosphere distance is

d(z,H))=|B"(z) — 7|, Vz € X. (16)
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Table 2. Comparison of C-class MLR. In Dist,

means the point-to-hyperplane distance is the real distance, obtained by infyc d(z, y),

where H is a hyperplane and d is the geodesic distance; Pseudo denotes a surrogate that coincides with the real distance only in Euclidean
geometry. Compact params indicate whether each logit avoids an additional manifold-valued parameter. Batch efficiency indicates whether
the MLR can avoid inefficient per-class loops in implementation (see App. C). In #Params, we highlight the heaviest in red. In FLOPs, we

mark the slowest in red and the fastest in

. . Compact Batch
Method Logit ux(z), Yk € {1,...,C} Space  Dist #Params params FLOPs efficiency
Euclidean MLR (ak, ) + by, with a, € R™, b, € R R™ C(n+1) C(2n)
llaxl 1 2V —K (—pr Om 7, ar)
Poincaré MLR L sinh ’ R .
[23. Eq. (25)] VoK (14 K [|-pr @1 2)) x| Pk C(2n) X C(19n +29) x
with py, € P, ar, € T, P
2
o, sinh™ (a - 8),
Poincaré MLR K K
[51, Eq. (6)] o = NV K (zv) cosh (20— Kby), Py Cln+2) C(4n + 52)
T 8= (K —1) sinh (2v=Kby),
with a, > 0, vy, € Sn_],bk eR
B (—pr ®m z)
Pseud[(:?tgz;nzn;]MLR —d(z,p) =P &m @] P?  Pseudo  C(2n) X C(19n + 34) X
-, Lot 4. with py, € P}, vy, € S
a
sign(a) g sinh ™! (\/ —Kf) s
L tz MLR \/7 A
[c;r(g\qz(lz)] a = cosh (V=Kby) (zk, x5) — sinh (vV—=Kby), L7 Cln+1) C(dn + 52)
” 8= \/Hcoeh( k zk” — (sinh(v—=Kbg) ||z&])2,
w1th 2k ER™ b €R
— o B () + by, P P2 : C(6n + 12)
LELAIES with ag, > 0,05 € S™ 1, b € R LY C(n+2)

Proof. A Hadamard space does not need to be a manifold. It
extends manifolds with nonpositive curvature to the broader
setting of metric spaces. A brief review of metric geometry
and the complete proof are given in Secs. B.2 and F2. [J

Corollary 3.4 (Point-to-horosphere distance). In a hyper-
bolic space "}, € {P}, L} } with nonpositive curvature
K <0, the point-to-horosphere distance is

d(z, HY) = |B(2) — 7], (17)

where HY = {x | B¥(x) = 7} denotes the horosphere with
respect to the direction v € S" 1.

A Euclidean hyperplane H, ; can be parameterized as
Hyop={z€R" :a(v,z) +b=0}withv € S" 1, a >
0, and b € R. Similarly, we parameterize a hyperbolic
horosphere as

Hyop={z €My | —aB"(z) +b=0}, (18)

withv € S*™1, @ > 0, and b € R. With this parameteriza-
tion, we extend Eq. (13) to hyperbolic spaces:

ug () = signy ap d (2, Huy o, by) (19)

where sign, = sign(—apBY(z)+by), and {v, €
S"~Y ay > 0,b, € R} are parameters for class k. By
Cor. 3.4, the point-to-horosphere distance is

|—-aB?(z) + b|.

d(CU Hvab) o

(20)

By Eq. (20), Eq. (19) equals the exact BMLR logit in Eq. (8).

Remark 3.5 (Generality). Since BY(z) = — (v, z) in Eu-
clidean geometry, Egs. (18) to (20) naturally generalize to
their Euclidean counterparts. We also acknowledge Fan
et al. [21, Eq. (2) and Prop. 3.1], who used horospheres
and point-to-horosphere distances to construct a hyperbolic
SVM. However, they considered only the unit Poincaré ball
with the specific curvature K = —1, which is a special case
of our Egs. (18) and (20).

3.3. Comparison

Based on the point-to-hyperplane reformulation in Eq. (13),
recent work extended MLR to the Poincaré [23, 45, 51] and
Lorentz [3] models. Ganea et al. [23, Sec. 3.1] introduced
the first Poincaré MLR by replacing the Euclidean point-to-
hyperplane distance with its hyperbolic counterpart, where
the hyperplane is defined by geodesics and the resulting dis-
tance is the real point-to-hyperplane distance, obtained as
an infimum over the hyperplane. However, the formulation
is not batch efficient (see App. C). It also requires per-class
parameters ay, € T, P% and pi, € P, which leads to over-
parameterization. Shimizu et al. [51, Sec. 3.1] alleviated
such issues via re-parameterization. Bdeir et al. [3, Sec. 4.3]
further developed a Lorentz MLR, but its hyperplanes are
defined by the ambient Minkowski space, which is tailored
to the Lorentz model and does not fully respect the intrinsic
hyperbolic geometry. Moreover, Nguyen et al. [45, Cor. 4.3]
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proposed a Poincaré MLR based on the Busemann function.
We refer to it as Pseudo-Busemann MLR, as the induced
point-to-hyperplane distance is pseudo, coinciding with the
real point-to-hyperplane distance only in Euclidean geom-
etry. It also suffers from over-parameterization and is not
batch efficient.

As summarized in Tab. 2!, BMLR unifies advantages that
prior hyperbolic MLRs offer only partially. In particular,
BMLR respects the real point-to-horosphere distance, uses
compact parameters without an additional manifold-valued
point, attains the lowest FLOPs on L7 and a competitive
cost on P%-, and supports batch-efficient computation. On
L%, its FLOPs are even close to those of the Euclidean
MLR.

4. Busemann fully connected layer

We first revisit the Euclidean Fully Connected (FC) layer
from a geometric perspective, then propose the hyperbolic
Busemann FC (BFC) layer with its manifestations in the
Poincaré and Lorentz models.

4.1. Formulation

Euclidean FC layers. An FC affine transformation F :
R" 5 2 — y = Az + b € R can be expressed element-
wise as yp = (ap,x) + by with a, € R™ and b, € R.
As shown by Shimizu et al. [51, Sec. 3.2] and Chen et al.
[14, Sec. 3.1], the LHS y;, can be interpreted as the signed
distance from y to the hyperplane passing through the origin
and orthogonal to the k-th axis of the output space. Hence,
the FC layer can be expressed as

d(y,Hep0) = (ak, ) + by, VI<k <m, (21)
where d(y, He, o) = sign({ex,y))d (y, He, 0) is the
signed point-to-hyperplane distance, and H,, o = {y €
R™ | {er,y) = 0} is a hyperplane with e, € R™ as the
vector whose k-th element is 1 and all others are 0.

Lifting to hyperbolic space. To extend Eq. (21) into
hyperbolic space, the RHS can be readily replaced by Eq. (8),
as it generalizes the term (ay,x) + by. For the LHS, a
natural idea is to use the signed point-to-horosphere distance.
However, as detailed in App. D, this may fail to admit a
solution for y. We therefore follow the point-to-hyperplane
distance in [23, Thm. 5] for the Poincaré model and the one
in [3, Eq. (44)] for the Lorentz model. Given x € H,, the
hyperbolic BFC layer F : H} > x — y € H} is given by
solving y via the following m equations:

d(y, Heye) = up(x), V1 <k <m, (22)

where uy(z) = —apBY (x) + by with {ag, > 0,0 €
S"~1 b, € R} as parameters. Here, d (y, H,, .) is the

IRelative to [45, Def. 4.2, Cor. 4.3, and App. B.1.2], the Pseudo-
Busemann MLR written here includes an additional sign —; this is inten-
tional and matches their official implementation.

hyperbolic signed distance from y to the hyperplane passing
through the origin e € H’%. Next, we show that the above
implicit definition has an explicit solution for the output y.

Theorem 4.1. Given an input x € P, the Poincaré BFC
layer F : P} — P is given by

w sinh (\/—Kuk(x))]m
y = B w = 9
14 4/1— K ||w] v-K -
where uy(x) = —apBY(x) + by with {a, > 0,v; €

St by, € R} as parameters for {k = 1,...,m}.

Proof. The proof, together with H,, . and d (y, He, ), is
provided in Sec. F.3, which is inspired by Shimizu et al. [51,
App. D.3]. O

Theorem 4.2. Given an input x € L%, the Lorentz BFC
layer F : L — L is given by

2
=[] et el
Ys \/iT sinh (vV—Ku(z))
where u(z) = (u1(x),...,um(z)) with up(z) =
—ayBYs(x) + by. Here, {a > 0,v, € S 1 b, € R}
are parameters for {k = 1,...,m}.

Proof. The proof, along with the hyperplane and point-to-
hyperplane distance, is provided in Sec. F.4. O

Analogously to Thm. 3.1, our BFC layers converge to
their Euclidean counterparts as K — 07

Theorem 4.3 (Limits of BFC layers). As K — 07, the
hyperbolic BFC layer H% > x — y € H reduces to a
Euclidean FC layer:

- 1
(Poincaré) vy ~=" ay, (vg, ) + 30 (23)
(Lorentz) (ys)k E20 o, (Vg, Ts) + by (24)
Proof. The proof is provided in Sec. F.5. O

4.2. Generalization

When incorporating an activation function ¢ : R — R, we
can jointly express the Euclidean FC and activation layers,
which yields Eq. (21) with ug(z) = ¢ ({ag, ) + bx). Ac-
cordingly, we extend the hyperbolic BFC by inserting the
activation into Eq. (22):

d(y, Hepe) = ¢ (u(x)), V1 < k < m. (25)

This is reflected in Thms. 4.2 and 4.3 by replacing every
ug(z) with ¢ (—a B (x) + by,). Moreover, inspired by
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Table 3. Comparison of hyperbolic FC layers. For simplicity, BFC layers do not involve the gyroaddition and assume ¢ is the identity map,

which is in line with the Mobius and Lorentz FC layers.

Method F:Hig >z —=yeHE Space  Methodology Parameters #Params FLOPs
Mébius 1 (W] _ " . mxn 2nm + 2n
(23, Eq. 27] ey tanh( E tanh™ (\/ —-K ||x||> |Wx|| Pk Tangent W eR mn +om + 24
w sinh (\/7 ug (@ ) L
Poincaré FC y= » Wk = = E Poincaré ap >0, v, € S"T
2 —K n k s Uk 5
[51, Eq. ()] 14+4/1- K |w]] P geometry b €R,fork=1,...,m m(n +2) Anm + 7lm + 4
with uy () in Tab. 2
7 o 2 . é
. [ oo -1/K), S
Lorentz FC YWz, v) Wo(m) 4 Le Ambient v ER™L be R m(n+1)+m 2nm + 8m
, d(x) +b K : : > s ’
[11, Eq. (3)] Y(Wa,v) = Ao (’UT.’L’ + ) W) + 0l Minkowski b eR,N>0 Hot+ 1D +2 +on 410
with ¢ and o as the activation and sigmoid
_ w _ sinh (V-Ku(z)) )
- 2 V—K ’
1+4/1-K|w]| P ar >0, v, € S*L, 6nm + 29m + 4
BFC 5 Busemann m(n+2)
/ k €R, =1ooog m )
1 sinh (\/—KU ) _ L +ly I Ly br € R, fork =1 m 2nm + 30m + 2
T VoK o
with ug(2) = ¢(—a B"* (x) + bk)
the Poincaré Mobius transformation [23, Sec. 3.2], a BEC Poincaré Lorentz
transformation could be further followed by a gyroaddition 701 701 M
@ HYE D — Fx) &y b€ HP withb € H? as a gyro > i > Fooad
bias. For example, the Lorentz BFC layer is generalized as £ ool £ ol
1 2 i I
—— + ||ys] a — MR &
K2Ty= L K eLbelf 501 — PMIR 2 50 /‘(W‘v'\‘ — MIR
sinh (V=Ku(x PBMLR-P ‘ — LMLR
V=K ( ( )) —— BMLR-P MV’J‘ BMLR-L
40+ v y y y 40 y y y y
0 20 40 60 80 100 0 20 40 60 80 100

¢ (—ax B (x) 4+ bg) with parameters
Lb, e R} and b € L7

where wu(z) =
{Oék > 0,v; € Nk

4.3. Comparison

Tab. 3 compares BFC with prior hyperbolic FC layers. BFC
faithfully respects hyperbolic geometry, whereas the Mobius
and Lorentz FC layers apply Euclidean transformations in
the tangent or ambient Minkowski space, which can distort
intrinsic geometry. BFC also offers flexibility across mod-
els, while Poincaré FC and Lorentz FC are tailored to their
respective models. In addition, BFC uses a comparable pa-
rameterization and maintains O(nm) FLOPs. On L, its
FLOPs are O(2mn), matching the fastest layers.

5. Experiments

We first compare BMLRs with prior hyperbolic MLRs on
three architectures: ResNet-18 (image classification), CNN
(genome sequences), and HGCN (node classification). We
then compare BFC with prior hyperbolic FC layers on link
prediction. All experiments use both the Poincaré and
Lorentz models.

5.1. Image classification

Setup. Following Bdeir et al. [3, Sec. 5.1] and Guo et al.
[28, Sec. 4], we use a hybrid architecture with a ResNet-18
[29] backbone and an MLR head. We compare Euclidean

Epoch Epoch

Figure 2. Validation accuracy curves on ImageNet-1k.

MLR with hyperbolic variants in both models. In Poincaré,
we evaluate Poincaré MLR (PMLR) re-parameterized by
Shimizu et al. [51], Pseudo Busemann MLR (PBMLR-P)
[45], and our BMLR-P. In Lorentz, we evaluate Lorentz
MLR (LMLR) [3] and our BMLR-L. For hyperbolic MLRs,
we map the ResNet-18 features to the target hyperbolic
space before classification. We evaluate on CIFAR-10 [36],
CIFAR-100 [36], Tiny-ImageNet [37], and ImageNet-1k
[17]. On the first three datasets, we conduct five-fold experi-
ments. More details appear in Sec. E.1.

Results. Tab. 4 reports top-1 validation accuracy, fit time
per epoch, and classifier-head parameters. Fig. 2 presents
the ImageNet-1k accuracy curves. Overall, BMLR-P and
BMLR-L consistently outperform prior hyperbolic MLRs
with comparable parameters. Within each hyperbolic model,
the accuracy margin over prior hyperbolic MLRs increases
with the number of classes, from CIFAR-10 to CIFAR-100
and Tiny-ImageNet, with the largest gains on ImageNet-1k.
This demonstrates the advantage of BMLR as task complex-
ity increases. Besides, PBMLR-P uses approximately double
the head parameters and is markedly slower due to complex
batch-inefficient computation (see App. C), whereas BMLR-
L achieves the fastest fit time among all hyperbolic MLRs.
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Table 4. Top-1 image classification accuracy (%) of MLR methods on the ResNet-18 backbone. Best results within each hyperbolic model
, slowest MLR in red. #Params denotes the number of parameters

are in bold. Fit time (s/epoch) highlights: fastest hyperbolic MLR in

in the MLR head, with the largest marked in red.

‘ CIFAR-10 CIFAR-100 Tiny-ImageNet ImageNet-1k
Space Method (Num. classes: 10) (Num. classes: 100) (Num. classes: 200) (Num. classes: 1000)
‘ ‘ Acc Fit Time #Params ‘ Acc Fit Time #Params ‘ Acc Fit Time #Params ‘ Acc  Fit Time #Params
R™ ‘ MLR ‘ 95.14 £0.12 10.66 5.13K ‘ 77.72 £0.15 10.60 51.30K ‘ 65.19+£0.12 69.17 102.60K ‘ 71.87 2263.12 513K
PMLR 95.04 £0.13 11.94 5.14K | 77.19 £0.50 12.11 51.40K | 64.93+0.38 71.90 102.80K | 71.77  2300.11 514K
P PBMLR-P | 95.23 +0.08 21.92 10.24K | 77.78 £0.15  76.84 102.40K | 6543 +0.27 336.58 204.80K | 71.46 3907.12 1024K
BMLR-P | 95.32 +0.14 12.01 5.14K | 78.10 = 0.35 12.13 51.40K  66.16 + 0.19 71.98 102.80K | 73.36  2300.77 514K
LMLR 94.98 £0.12 11.55 5.13K | 78.03 £0.21 11.72 51.30K ‘ 65.63 £0.10 69.27 102.60K | 72.46  2277.17 513K
L% | BMLR-L | 95.250.02 514K | 78.07 +0.26 51.40K  65.99 +0.14 102.80K | 73.24 514K

Table 5. Genomic MCC of MLR methods under the CNN backbone. Best results within each hyperbolic model are in bold.

| Num. | Py | L%

Benchmark Task Damset | jasses | PMLR  PBMLRP  BMLR | LMLR  BMLRL
LTR Copia 2 | 7534%1.02 7437+148 76.73+1.08 | 73.01 £1.07 75.86+1.52
Retrotransposons LINEs 2 | 8554+0.6]1 8592+0.65 86.05+1.08 | 83.14+0.80 86.72+0.58
SINEs 2 | 9530+085 9534%158 95.99+0.74 | 96.70 +0.87 96.29 +0.59
TEB CMC-EnSpm | 2 | 83.39£0.56 83.62+1.00 84.03+0.71 | 81.78+1.05 84.15+1.00
DNA transposons hAT-Ac 2 89.38£0.90 89.86+0.54 89.62+0.74 | 88.94+0.69 90.70 + 0.51
processed 2 | 72454149 71.99£204 73.09+1.66 | 73.71+1.76 7332+ 1.65
Pseudogenes unprocessed 2 | 7537£227 71.99%147 7571+1.89 | 7454198 76.15+1.61
tata 2 | 80.95+147 7932+244 8029+1.63 | 8090+ 1.15 81.76 + 1.16
Core Promoter Detection notata 2 | 70.02+052 70.60+0.75 70.48+0.35 | 71.26+0.56 70.43 +0.39
all 2 | 67.64£0.77 68.02+0.63 68.50+0.61 | 67.63+0.56 68.36 + 1.07
tata 2 | 8030159 8027271 82.83+1.69 | 8327195 8255+1.54
GUE Promoter Detection notata 2 | 9263+036 93.05+0.32 9275+0.51 | 91.74+ 057 92.60 + 0.49
all 2 | 9053+050 90.79+0.77 90.20+0.65 | 89.34+0.40 89.82+0.45
Covid Variant Classification Covid | 9 |74.09+025 70.84+0.80 73.40£0.30 | 64.07 051 72.45%0.21
. o Virus 20 | 6724£2.10 59.17£332 77.12£1.23 | 7134205 77.21+1.04
Species Classification Fungi 25 | 15.06+£1.32 1875+1.77 30.01+0.76 | 15.07+1.88 30.14 + 2.48

Table 6. Fit time (s/epoch) on genome sequence learning. The
fastest times are in and the slowest ones are in red.

‘ P ‘ IL”
K
Dataset | pMLR  PBMLR-P BMLR | LMLR BMLR-L
LTR Copia 3.96 5.11 4.06 3.92
LINEs 5.80 6.90 5.73 5.50
SINEs 1.36 1.80 1.39 1.38
CMC-EnSpm | 3.11 4.38 3.04 2.89
hAT-Ac 4.37 5.37 4.38 4.13
processed 5.02 5.94 4.89 4.68
unprocessed 3.30 3.90 3.29 3.05
CPD-tata 0.72 1.35 0.70 0.67
CPD-notata 6.13 12.40 6.00 5.73
CPD-all 6.85 14.35 6.59 6.35
PD-tata 0.98 1.20 0.97 1.04
PD-notata 8.33 10.53 8.29 8.11
PD-all 9.40 12.07 9.19 9.06
Covid | 2896 4552 2797 | 27.58
Virus 25.28 29.57 25.67 25.12
Fungi 6.41 8.96 6.41

5.2. Genome sequence learning

Setup. Recently, Khan et al. [33] demonstrated the effective-
ness of hyperbolic embedding in genome sequence learning.
Following their settings, we adopt a CNN backbone, which
consists of three convolutional blocks and an MLR head.
Similar to Sec. 5.1, we compare our BMLR against previ-
ous hyperbolic MLR heads by replacing the final Euclidean
MLR with a hyperbolic MLR. We validate on two bench-
marks: Transposable Element Benchmark (TEB) [33] and
Genome Understanding Evaluation (GUE) [62], covering a
total of 16 datasets. More details are provided in Sec. E.2.

Results. Tab. 5 summarizes 5-fold average Matthews Cor-
relation Coefficient (MCC) across TEB and GUE. Compared
with other hyperbolic MLRs, our BMLR-P and BMLR-L
achieve higher MCC in most tasks. Similar to Sec. 5.1,
the gains are more pronounced on complex datasets with
more classes, e.g., Virus (20 classes) and Fungi (25 classes),
demonstrating the effectiveness of our approach. Tab. 6 re-
ports fit time per epoch, where PBMLR-P is consistently the
slowest due to batch inefficiency, and BMLR-L is the fastest.
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Table 7. Comparison of hyperbolic FC layers on link prediction. Best results within each hyperbolic model are in bold.

Disease Airport PubMed Cora
Space Method Methodology 5=0 5=1 5=35 5=11
Mobius Tangent 76.35+1.83 9331041 94.93+0.06 90.80+0.56
Py Poincaré FC  Poincaré geometry | 79.45+1.01 9431+0.16 94.24+0.25 88.21+0.72
BFC-P Busemann 80.45+0.93 94.88+0.39 94.85+0.07 91.94 0.32
LTFC Tangent 71.32+536 92.68+0.35 94.85+0.17 89.37+0.64
L Lorentz FC ~ Ambient Minkowski | 72.78 £2.04 9299 +0.33 9420+0.10 92.06 £ 0.62
BFC-L Busemann 78.36 £0.51 9537 +£0.17 94.90 £0.04 92.28 + (.12

Table 8. Node classification F1 scores of hyperbolic MLRs on the
HGCN backbone, where § denotes the graph hyperbolicity (lower
is more hyperbolic). The best results within each hyperbolic model
are highlighted in bold.

Disease Airport PubMed Cora
Space Method 5=0 5=1 §=35 §=11
HGCN 86.87+2.58 8534+1.16 7629+0.98 76.56+0.81

HGCN-PMLR | 8898196 8478148 7602%1.09 77.47%1.15
P% | HGCN-PBMLR-P | 89.05+0.78 85.040.97 7589078 77.90 + 1.00
HGCN-BMLR-P | 92.45+0.96 86.02+0.53 77.36+0.73 7848+ 1.52

HGCN 87.83+£0.77 8494+140 7649+0.88 77.37+1.72
Ly HGCN-LMLR 89.72+1.51 8261101 7544+1.17 69.91+3.61
HGCN-BMLR-L | 90.80 +1.15 85.27£1.17 77.30+0.41 77.65 +2.10

5.3. Node classification

Setup. Following Nguyen et al. [45], we adopt the HGCN
[8] backbone to evaluate our BMLR on graph datasets, in-
cluding Disease [1], Airport [61], PubMed [44], and Cora
[50]. The HGCN backbone consists of a hyperbolic Graph
Convolutional Network (GCN) and an MLR as the final
classification layer. Both the GCN and the MLR are built
on the hyperbolic space. The vanilla HGCN uses a tangent
MLR, which maps features into the tangent space via Log,
and applies a Euclidean MLR. We replace this with different
hyperbolic MLRs. More details are provided in Sec. E.3.

Results. Tab. 8 reports average F1 scores. Our BMLRs
consistently outperform prior hyperbolic MLRs within each
hyperbolic model. As graphs become less hyperbolic, that is,
for larger 9, existing hyperbolic heads could underperform
the vanilla tangent-based MLR, for example, PBMLR-P on
PubMed, and LMLR on Airport, PubMed, and Cora. Es-
pecially on Cora, which has the largest 6, LMLR lags the
tangent baseline by a large margin (69.91 vs. 77.37). In con-
trast, BMLR remains the top performer across all § values,
indicating that Busemann-based decoding robustly strength-
ens HGCN over a broader range of graph hyperbolicity.

5.4. Link prediction

Setup. We compare our BFC layers with prior hyperbolic
FC layers, including the M&bius layer [23] that operates via
the tangent space, the Lorentz FC layer [11] that operates
through the ambient Minkowski space, and the Poincaré
FC layer [51]. Mimicking the Mobius layer, we further
implement a Lorentz tangent FC layer, Logg (M Logg(x)),

referred to as LTFC. Following Chami et al. [8], we evaluate
on four graph datasets for the link prediction task: Disease
[1], Airport [61], PubMed [44], and Cora [50]. Following
the HNN implementation [8, 23], all methods share the same
backbone with two FC layers. For a fair comparison, all
hyperbolic FC layers are followed by a gyroaddition biasing.
For BFC, we set ¢ = tanh on Airport and Cora, which
yields better performance, while we use the identity map on
the other two datasets. More details are provided in Sec. E.4.

Results. Tab. 7 reports 5-fold test AUC. Our BFC layers
generally outperform prior hyperbolic FC layers. The gains
are most pronounced on Disease, which is the most hyper-
bolic (§ = 0), where Busemann-based decoding is markedly
more effective than tangent or ambient methods, indicat-
ing a better capture of intrinsic hyperbolic geometry. This
observation aligns with geometric intuition, since tangent
space or ambient space approximations inherently strug-
gle to represent curved manifolds in highly non-Euclidean
cases. Sec. E.4.2 summarizes fit time and parameter counts.
LTFC is the slowest due to costly logarithmic and exponen-
tial maps, and LFC uses the largest number of parameters
among Lorentz variants. In contrast, our BFC layers achieve
training time and model size comparable to those of existing
layers.

6. Conclusion

We introduce BMLR and BFC as intrinsic components for
hyperbolic neural networks on the Poincaré and Lorentz mod-
els, both built from the Busemann function. BMLR provides
compact parameters, a point-to-horosphere interpretation,
batch-efficient computation, and a limit that recovers Eu-
clidean MLR. BFC extends FC and activation layers with
practical O(nm) complexity. Experiments across image
classification, genome sequence learning, node classification,
and link prediction validate the effectiveness and efficiency
of our approaches. BMLR shows increasingly strong per-
formance as the number of classes increases, and replacing
existing hyperbolic FC layers with BFC yields additional
gains. These results indicate that Busemann geometry of-
fers unified and effective mathematical tools for building
hyperbolic neural networks.
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