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Abstract

Although normalization layers have long been viewed as

indispensable components of deep learning architectures,

the recent introduction of Dynamic Tanh (DyT) [67] has

demonstrated that alternatives are possible. The point-wise

function DyT constrains extreme values for stable conver-

gence and reaches normalization-level performance; this

work seeks further for function designs that can surpass

it. We first study how the intrinsic properties of point-

wise functions influence training and performance. Build-

ing on these findings, we conduct a large-scale search for a

more effective function design. Through this exploration,

we introduce Derf(x) = erf(ωx + s), where erf(x) is

the rescaled Gaussian cumulative distribution function, and

identify it as the most performant design. Derf outperforms

LayerNorm, RMSNorm, and DyT across a wide range of do-

mains, including visual recognition and generation, speech

representation, and DNA sequence modeling. Our analy-

sis also suggests that the performance gains of Derf largely

stem from its improved generalization rather than stronger

fitting capacity. Its simplicity and stronger performance

make Derf a practical choice for normalization-free Trans-

former architectures. Our code is available at this link.

1. Introduction
Normalization layers have become a critical component in
modern deep neural networks. Since the invention of Batch
Normalization [25], more and more variants have been de-
veloped to adapt normalization to various architectures and
model modalities [2, 43, 54, 56, 63]. By regulating the dis-
tribution of intermediate activations, normalization layers
have long demonstrated their strong capability in stabiliz-
ing training and accelerating model convergence [7, 44].

Due to the inherent formulation of normalization lay-
ers, they heavily rely on activation statistics during train-
ing. This introduces additional memory access and syn-
chronization overhead [11, 61, 63]. Moreover, some nor-
malization methods are highly sensitive to batch size, and
inappropriate batch settings can lead to unstable training
[29, 48, 56]. These issues motivate recent efforts to de-
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a) We search for different shapes of norm layer replacement.

LayerNorm: x→µ→
ω2+ε

DyT: tanh(ωx) Derf: erf(ωx+ s)

b) Formulation of LayerNorm (LN), DyT, and Derf (ours).

method ViT acc (↑) DiT FID (↓) DNA acc (↑)

LN 82.3% 45.91 86.9%
DyT 82.5% 45.66 86.9%
Derf 82.8% 43.94 87.3%

c) Performance across domains.

Figure 1. We introduce Dynamic erf (Derf), a point-wise func-
tion to replace normalization layers, which outperforms other
normalization-based and -free designs across domains. (a)
Evaluating all feasible normalization replacements, we identify
and introduce Derf as the strongest choice. (b) LayerNorm, DyT
[67], and Derf operate in fundamentally different dimensions. (c)
Across ImagenNet-1K classification and generation, and DNA
modeling, Derf consistently outperforms LayerNorm and DyT.

velop normalization-free methods. Among these attempts,
Dynamic Tanh [67], an S-shaped point-wise function, has
emerged as a simple yet effective drop-in replacement for
normalization layers. This work has established the foun-
dation for point-wise functions that match the performance
of normalization layers, yet functions that can surpass them
remain unexplored. In this work, we aim to discover point-
wise functions that outperform normalization layers to push
toward stronger Transformer architectures [16, 55].

We first systematically study how the intrinsic prop-
erties of point-wise functions affect the training dynam-
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ics and final performance. Specifically, we focus on four
fundamental and representative function properties: zero-

centeredness, boundedness, center sensitivity, and mono-

tonicity. Each property is independently examined through
controlled experiments on a diverse set of point-wise func-
tions to assess its impact on the training result. This analysis
isolates a subset of point-wise functions as effective normal-
ization replacements and yields a concrete design principle
for normalization-free Transformers.

Guided by these principles, we identify a set of promis-
ing functions that have the potential to surpass normaliza-
tion layers. Within this set, we empirically search for the
optimal designs, among which Dynamic erf (Derf) emerges
as a simple yet the most performant function (Fig. 1a). Derf
augments erf(x) with learnable parameters, where the error
function erf(x) is an S-shaped, rescaled cumulative distri-
bution of a standard Gaussian around zero.

We evaluate Derf spanning multiple modalities (vision,
language, speech, and DNA sequences); covering various
tasks (classification, generation, and sequence modeling),
under different training paradigms (supervised and self-
supervised). Across all these settings, Derf consistently
surpasses LayerNorm, and Dynamic Tanh (Fig. 1b and
Fig. 1c). To pinpoint the source of these gains, we mea-
sure the training loss in evaluation mode after optimization.
Derf exhibits higher training loss than normalization-based
models, indicating that its superior performance stems from
stronger generalization rather than enhanced fitting capac-
ity. Overall, our work demonstrates that well-designed
point-wise functions can outperform normalization layers.

2. Background

Normalization layers. Normalization layers have become
pivotal components of modern neural networks. Among
the various normalization techniques, Batch Normalization
(BN) [25], Layer Normalization (LN) [2], and Root Mean
Square Normalization (RMSNorm) [63] are the three most
widely used in deep learning models.

y = ε → x↑ µ↓
ϑ2 + ϖ

+ ϱ (1)

All normalization methods adhere to a unified paradigm,
formalized in Eq. (1), where activations within each group
are centered and scaled by their mean µ and standard de-
viation ϑ (with ϖ for numerical stability) to maintain con-
sistent scale and stable gradient flow. The main distinction
among different normalization methods lies in how the ac-
tivations are grouped when computing µ and ϑ. For exam-
ple, LN computes the statistics along the channel dimen-
sion for each token independently. Given a token repre-
sentation x ↔ RC , the mean and variance are computed
as Eq. (2), where C denotes the number of hidden features
(channels). Due to its per-token normalization, LN is par-

ticularly well-suited for Transformer architectures, where
activations across tokens exhibit diverse statistics.

µ =
1

C

C∑

k=1

xk, ϑ2 =
1

C

C∑

k=1

(xk ↑ µ)2, (2)

Point-wise functions. The strong reliance of normalization
layers on activation statistics has motivated further explo-
ration of statistics-free methods [21, 22, 26, 67]. Among
these approaches, point-wise functions [67] have emerged
as simple yet effective alternatives to traditional normal-
ization methods. Unlike normalization, a point-wise func-
tion applies the same parametric mapping f(x; ς) to each
activation independently. The parameters ς are fixed or
learned, rather than being computed from batch-, token-,
or channel-level statistics. A recent study [67] introduces
the Dynamic Tanh (DyT) function (Eq. (3)), where ω is a
learnable parameter. This design is motivated by the obser-
vation that Layer Normalization often produces an S-shaped
input-output mapping in practice. The saturating nature of
the tanh function squashes extreme activations, thereby ful-
filling a role analogous to the re-centering and re-scaling
effects of normalization layers.

DyT(x) = ε → tanh(ωx) + ϱ (3)

While DyT has shown similar performance to normal-
ization layers across various Transformer-based models,
a comprehensive analysis of the design space for these
statistics-free operators remains missing. In this work, we
target the optimal form of the point-wise function as nor-
malization replacement. We identify the function proper-
ties crucial for convergence and performance, and we intro-
duce Derf, a point-wise function outperforming normaliza-
tion layers rather than merely matching their performance.

3. Functional Property Analysis
Training Transformers without normalization requires un-
derstanding the factors that make a point-wise function sta-
ble and effective as a replacement. In this section, we ex-
amine four essential properties: zero-centeredness, bound-

edness, center sensitivity, and monotonicity (see Fig. 2).
These properties collectively characterize the fundamental
shape of point-wise functions and their behavior on activa-
tions. By isolating the impact of each property, we explore
its influence on optimization and final performance.

To investigate these properties, we replace each normal-
ization layer with a point-wise function of the form:

y = ε · f(ωx) + ϱ, (4)

where f(·) denotes the chosen base function with learn-
able ω rescaling the input. ε and ϱ are affine parameters,
similar to those in normalization layers. We begin with
three base functions: tanh(x), erf(x), and arctan(x). In
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Figure 2. Key properties of point-wise function. The four properties: zero-centeredness, boundedness, center sensitivity, and monotonic-

ity collectively characterize functional behavior on activations and influence training dynamics. Blue curves represent functions that satisfy
each property, while red curves violate them.

subsequent experiments, we modify these functions with
controlled transformations to examine the impact of each
property. All experiments are conducted with ViT-Base
[16], and top-1 accuracy on ImageNet-1K [15] is reported.
In App. A, we provide more detailed training results.

3.1. Zero-centeredness
Zero-centeredness means that the function’s outputs are bal-
anced around zero, with positive and negative values of sim-
ilar magnitude and symmetry. Because normalization layers
inherently recenter activations to the origin for stable gradi-
ents, keeping this property could reduce internal covariate
shifts and promote smoother gradient flow during training.
Setup. Under the ViT setup, we manipulate the centering
of the functions. For each base function, we consider two
types of shifts: horizontal and vertical, defined in Eq. (5). In
this form, φhoriz and φvert respectively denote the magnitudes
of horizontal and vertical shifts. For both types of shifts,
we vary φ over {± 1

2 ,±1,±2} to examine how increasing
deviation from zero-centeredness affects the function’s be-
havior. All other training settings remain unchanged.

fhoriz(x) = f(x+ φhoriz), fvert(x) = f(x) + φvert, (5)

Results. As shown in Tab. 1, the results are consistent
across different base functions: for horizontal shifts, per-
formance remains largely comparable to the zero-centered
base function when |φhoriz| ↗ 0.5. However, as |φhoriz| in-
creases, performance gradually degrades, and training di-
verges when |φhoriz| ↘ 2. Similarly, vertical shifts consis-

tently lead to a decline in performance as |φvert| grows with
training failure once |φvert| ↘ 2. These results show that
zero-centeredness is a requirement for effective training.

3.2. Boundedness
Boundedness refers to the property of a function whose out-
put is constrained within a finite range. Formally, a function
f(·) is bounded if there exist constants a, b ↔ R such that
a ↗ f(x) ↗ b for all x in its domain. This ensures that acti-
vations remain finite and do not accumulate variance across
layers. Unbounded functions, in contrast, may induce sig-
nal explosion and gradient instability.
Setup. Under the same ViT setup, we study the role of
boundedness with two methods. Firstly, we select three in-
herently unbounded S-shaped functions (e.g., arcsinh(x))
and compare them with their clamped versions shown in
Eq. (6), where fu(x) denotes the unbounded function, and
φ is a chosen value specifying the clipping range.

y = clip(fu(x),↑φu,φu), (6)

Secondly, we gradually transition bounded functions (e.g.,
erf(x)) toward unbounded linear form:

y = (1↑ φ)fb(x) + φbx, φb ↔ (0, 1). (7)

where fb denotes a bounded point-wise function, and φ con-
trols how quickly the function becomes unbounded. We
vary φu over {0.5, 0.8, 1.0, 2.0, 3.0, 5.0} in the first method
and φb over {0.01, 0.1, 0.5} for the second. The original
unmodified function is also included as a baseline.

function shift type -2 -1 -0.5 -0.1 ω = 0 +0.1 +0.5 +1 +2

erf(x)
horizontal → 82.0% 82.5% 82.6% 82.6% 82.7% 82.5% 82.1% →

vertical → 81.8% 82.3% 82.4% 82.6% 82.5% 82.3% 81.6% →

tanh(x)
horizontal → 82.1% 82.5% 82.6% 82.5% 82.6% 82.4% 82.2% →

vertical → 81.5% 81.9% 82.4% 82.5% 82.3% 81.9% 81.4% →

arctan(x)
horizontal → 81.9% 82.3% 82.3% 82.3% 82.4% 82.2% 82.0% →

vertical → 81.4% 81.9% 82.2% 82.3% 82.3% 82.0% 81.2% →

Table 1. Results of zero-centeredness on ViT-Base. Horizontal shift corresponds to
modifying the input as f(ωx± ε), while vertical shift adds or subtracts a constant to
the output as f(ωx)± ε. “↔” indicates training failure.

ωu arcsinh(x) logsign(x) linear(x)

↑ 82.2% 82.2% →
0.5 82.3% 82.4% 82.1%
0.8 82.3% 82.4% 82.2%
1.0 82.4% 82.4% 82.2%
2.0 82.4% 82.4% 82.1%
3.0 82.4% 82.3% 82.1%

Table 2. Results of clamping for boundedness
on ViT-Base. “↗” denotes the original unmodi-
fied function. “↔” indicates training failure.
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Results. For the first method, among the three unbounded
functions in Tab. 2, only arcsinh(x) and logsign(x) con-
verge effectively, while linear(x) does not. For the con-
vergent functions, their clipped versions consistently out-
perform the unbounded baselines across all tested φ val-
ues. These results indicate that incorporating boundedness

can improve optimization and result in better performance.
For the second, as shown in Tab. 3, the results are consis-
tent with clipping the intrinsic unbounded functions: the
unbounded variant yields slightly lower accuracy than the
bounded baseline.

ωb erf(x) tanh(x) arctan(x) isru(x)

↑ 82.6% 82.5% 82.3% 82.2%
0.01 82.4% 82.4% 82.1% 82.2%
0.1 82.3% 82.3% 82.1% 82.1%
0.5 → → → →

Table 3. Results of removing boundedness on ViT-Base. Perfor-
mance drops with reduced boundedness. “↗” denotes the original
function without modification and “↔” donotes training failure.

Limitation of growth rate. From Tab. 2 and Tab. 3, we
observe that there is an upper limit on their acceptable
growth rate. Large growth rates often lead to training fail-
ure. To determine this limit, we evaluate a family of in-
herently unbounded functions with varying growth rates,
as illustrated in Fig. 3. Among them, logquad(x) exhibits
the fastest growth that still allows training convergence (see
Tab. 4). Functions with faster growth, such as linear(x) and
power23(x), tend to cause optimization divergence in the
early stages of training. This failure occurs because rapidly
growing functions fail to suppress variance effectively, lead-
ing to large gradient norms at the start of optimization.

logsign(x) arcsinh(x) logquad(x) power23(x) linear(x)

82.2% 82.2% 82.1% → →

Table 4. Results of unbounded functions with different growth
rates on ViT-Base. Point-wise functions have a growth rate upper
bound, with logquad(x) being the fastest function that still con-
verges. “↔” indicates training failure.

3.3. Center Sensitivity
We use center sensitivity to characterize how quickly a
point-wise function becomes responsive to input variations
around zero. Without center sensitivity, a function is lo-
cally flat around the origin, returning zero or near-zero over
a finite interval. The region around zero is particularly im-
portant, as most activations tend to concentrate near the ori-
gin during training. Consequently, the responsiveness of
a function in this area directly influences how effectively
small signals can propagate through the network.

Figure 3. Visualization of several unbounded point-wise func-
tions with different growth rates on the positive half-axis.
arcsinh(x) refers to its standard analytical form. The remaining
functions are defined as linear(x) = x, power23(x) = sign(x) ·
x

2
3 , logsign(x) = sign(x) ln(|x|+ 1), smoothsign(x) = x

1+|x| ,
and logquad(x) = sign(x) ln(x2+1). Among them, logquad(x)
shows the fastest growth that still ensures stable convergence.

Setup. Since center sensitivity is difficult to isolate inde-
pendently, we approximate it using a controllable near-zero
inactive region. Under the same ViT setup, we modify
each base function to incorporate a symmetric flat region
around the origin with a sensitivity scale φ > 0 to con-
trol the extent of this region. Specifically, for inputs in the
range x ↔ [↑φ,φ], we enforce f(x) = 0 and smoothly
shift the positive and negative parts outward for |x| > φ
to ensure continuity at the boundaries. A smaller φ results
in a narrower flat region and higher sensitivity near zero,
while a larger φ leads to lower sensitivity. We vary φ over
{0.1, 0.5, 1.0, 2.0, 3.0} across three base functions.
Results. As shown in Tab. 5, the best performance is
achieved at φ = 0. As φ increases, the performance consis-
tently degrades. This trend is not very clear when φ ↗ 0.5,
but once φ exceeds 1.0, the degradation becomes much
more obvious. Finally, when φ ↘ 3.0, the training process
diverges at an early stage.

function ω = 0 0.1 0.5 1.0 2.0 3.0

erf(x) 82.6% 82.5% 82.5% 82.1% 81.3% →
tanh(x) 82.5% 82.5% 82.4% 82.1% 81.1% →
arctan(x) 82.3% 82.3% 82.1% 81.8% 80.9% →

Table 5. Results of center sensitivity (ε) on ViT-Base. “↔” indi-
cates training failure. The best performance is achieved when no
flat region is given, showing the importance of center sensitivity.

3.4. Monotonicity
Monotonicity ensures a function’s output consistently in-
creases (or decreases) as the input increases, preserving the
relative order of inputs throughout the transformation. Non-
monotonic functions may disrupt the relative ordering of
activations. Furthermore, since a non-monotonic function
necessarily has regions where its derivative changes sign, it
may also produce flipped gradient signals during training.
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Setup. Each base function selected can serve as the mono-
tonically increasing case, while its negated counterpart is
defined as fneg(x) = ↑f(x), representing the monotoni-
cally decreasing variant. As non-monotonic comparisons,
we include hump-shaped functions and oscillatory func-
tions (see Fig. 5) to examine how violations of monotonic-

ity influence the training performance. To control poten-
tial confounding factors, we rescale each function so that
its output range matches that of the monotonic functions.
After rescaling, all functions are aligned in terms of zero-

centeredness, boundedness, and center sensitivity.

-0.5

1.0

0.5

0.0

-1.0
8-4 0 4-8

Figure 5. Visualization of point-wise functions with different
monotonicity behaviors. erf(x) and sin(x) refer to their stan-
dard form. The remaining functions are defined as negerf(x) =
↗erf(x), dampx(x) = 2x

1+x2 , dampexp(x) = 2.72x · e→|x|.

Results. As shown in Tab. 6, both increasing and de-
creasing monotonic functions train stably and achieve high
accuracy. In contrast, non-monotonic functions, whether
hump-shaped or oscillatory, consistently perform worse
than monotonic functions and lead to a clear drop in final ac-
curacy. These results highlight monotonicity as a key prop-
erty for point-wise functions to ensure effective learning.

function f(x) fneg(x)

erf(x) 82.6% 82.5%
tanh(x) 82.5% 82.5%
arctan(x) 82.3% 82.2%

(a) Monotonic functions

function f(x)

sin(x) 81.6%
dampx(x) 80.7%
dampexp(x) 81.2%

(b) Non-monotonic functions
Table 6. Results of monotonicity on ViT-Base. Top-1 accuracy on
ImageNet-1K for both monotonic and non-monotonic functions.

4. Function Search
From the previous section, we observe that functions that
are near zero-centered, bounded, center-sensitive (respon-
sive to input variations around zero), and monotonic tend to
yield better optimization performance. Building upon these
insights, we start to construct our function set from widely
used scalar functions and cumulative distribution functions
(CDFs), including polynomial, rational, exponential, loga-
rithmic, and trigonometric forms. We then generate vari-
ants via simple transformations such as scaling, mirroring,
rotation, and clipping. Functions that satisfy our four func-
tion properties after these transformations are retained as
the candidate subset used in the search. For example, we
transform the unbounded function arcsinh(x) by clipping
it to the range [↑1, 1], limiting it to a finite range and con-
forming to all four principles. In App. B, we provide fur-
ther details about how we obtain these candidate functions.
Within this set, we evaluate their performance, and Derf
emerges as the most effective function.
Setup. We conduct an empirical search on two representa-
tive vision architectures: Vision Transformer [16] and Dif-
fusion Transformer [41]. Models are trained on ImageNet-
1K [15] under their default training settings. For ViT,
model performance is measured using top-1 accuracy on the
ImageNet-1K validation set. For DiT, we follow the stan-
dard ImageNet reference batch evaluation and report the
Fréchet Inception Distance (FID) as the metric.
Formulation. We quantitatively evaluate a set of functions
under the constraint of our function properties, as illustrated
in Fig. 4. Each function is instantiated in a unified form in
Eq. (8), where f(·) denotes a candidate point-wise function,
with learnable parameter s and ω recentering and rescaling
the input. The parameters ε and ϱ follow the same role as
in standard normalization layers. We introduce a learnable
shift parameter s, as it improves the final performance to
varying degrees across different functions. Detailed abla-
tion results on the effect of s are provided in Sec. 7.1.

y = ε → f(ωx+ s) + ϱ, (8)

Figure 4. Visualization of candidate point-wise functions on the positive half-axis. All are self-symmetric with respect to the origin.
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function
top-1 acc ↓ FID ↔

ViT-Base DiT-B/4 DiT-L/4

LayerNorm 82.3% 64.93 45.91

erf(x) 82.8% 63.23 43.94
tanh(x) 82.6% 63.71 45.48
satursin(x) 82.6% 63.90 44.83
arcsinhclip(x) 82.5% 64.72 45.48
arctan(x) 82.4% 67.07 46.62
smoothsign(x) 82.4% 68.84 47.29
exproot(x) 82.4% 65.20 46.91
logsignclip(x) 82.4% 65.59 46.34
relsign(x) 82.3% 68.42 48.33
isru(x) 82.3% 65.72 45.93
linearclip(x) 82.3% 66.08 45.49
expsign(x) 82.2% 64.85 45.82
logquadclip(x) 82.2% 65.92 47.12
power23clip(x) 82.1% 66.11 46.47
saturlog(x) 81.8% 68.23 47.44
cubsign(x) 81.4% 70.22 49.16

Table 7. Top-1 accuracy on ViT and FID DiT. Different func-
tions show noticeable differences in performance. Among all the
point-wise functions and LayerNorm, erf(x) shows the best per-
formance in both top-1 accuracy and FID. Visualization and ana-
lytical form of each function is included in App. B.

Quantitative evaluation. As shown in Tab. 7, even though
these S-shaped functions appear highly similar in form,
their empirical training results show noticeable differences
in final performance. Among all the point-wise functions,
erf(x) with the introduced transformations stands out as the
best-performing function, consistently surpassing all other
candidates and the baseline normalization layers.

5. Dynamic erf (Derf)
From the search, we identify erf(x) as the most performant
point-wise function. The error function erf(·) is closely
related to the CDF of a standard Gaussian distribution.
Specifically, erf(x) can be defined by Eq. (9). In our setup,
erf(x) is in the form augmented with learnable parameters,
which we introduce as Derf, Dynamic erf. Given an input
tensor x, a Derf layer is defined in Eq. (10), where both
the shift s and the scale ω are learnable scalars. ε and ϱ
are learnable per-channel vectors. To integrate Derf into a
transformer-based architecture, we replace each normaliza-
tion layer with a corresponding Derf layer. In particular,
the pre-attention, the pre-FFN, and the final normalization
layers are all substituted in a one-to-one manner, ensuring
consistent incorporation of Derf across the entire model.

erf(x) =
2↓
↼

∫ x

0
e→t2dt (9)

Derf(x) = ε → erf(ωx+ s) + ϱ (10)

Parameter initialization. We initialize ε to an all-one vec-
tor and ϱ to an all-zero vector following the same strategy as
in standard normalization layers. For the additional scalar
parameters introduced by Derf, the scaling parameter ω is
initialized to 0.5, while the shift parameter s is initialized to
0. Unless otherwise specified, these initialization settings
are adopted throughout all experiments.

6. Experiments
We evaluate the effectiveness of Derf across various
transformer-based and a few other modern architectures.
For each model, we replace the normalization layers with
DyT and Derf, following the standard training and evalua-
tion protocols, as detailed in App. C. Across all tested archi-
tectures, Derf consistently achieves stronger performance
over the baseline normalization methods and DyT. Besides
each model’s default normalization, we also report results
with other common normalization methods in App. D.
Vision Transformers. We train ViT-Base and ViT-Large
models [16] on ImageNet-1K [15] using LayerNorm (LN),
DyT, and Derf for comparison. Tab. 8 reports the top-1
classification accuracy. Compared to LN and DyT, Derf
achieves clearly higher top-1 accuracy.

model LN DyT Derf !LN !DyT

ViT-B 82.3% 82.5% 82.8% ↓ 0.5% ↓ 0.3%
ViT-L 83.1% 83.6% 83.8% ↓ 0.7% ↓ 0.2%

Table 8. Top-1 accuracy on ImageNet-1K. Derf achieves higher
top-1 accuracy than both LN and DyT on different model sizes.

Diffusion Transformers. We train three Diffusion Trans-
former (DiT) [41] models on ImageNet-1K [15]. Consistent
with the original DiT setup, the affine parameters in the nor-
malization layers are retained for class conditioning across
LN, DyT, and Derf. After training, we evaluate the FID
scores using the standard ImageNet “reference batch” to
measure image generation quality. In Tab. 9, Derf achieves
a clear improvement in FID compared to both LN and DyT.

model LN DyT Derf !LN !DyT

DiT-B/4 64.93 63.94 63.23 ↔ 1.70 ↔ 0.71
DiT-L/4 45.91 45.66 43.94 ↔ 1.97 ↔ 1.72
DiT-XL/2 19.94 20.83 18.92 ↔ 1.02 ↔ 1.91

Table 9. Image generation quality (FID) on ImageNet. Lower
FID indicates better image generation quality. Derf achieves lower
FID scores than both LN and DyT across all DiT model sizes.

Speech models. We train two wav2vec 2.0 Transformer
models [4] on the LibriSpeech dataset [40] for speech rep-
resentation learning. We report the final validation loss in
Tab. 10. Compared to LayerNorm and DyT, Derf yields
lower validation loss on different model sizes.
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model LN DyT Derf !LN !DyT

wav2vec 2.0 Base 1.95 1.95 1.93 ↔ 0.02 ↔ 0.02
wav2vec 2.0 Large 1.92 1.91 1.90 ↔ 0.02 ↔ 0.01

Table 10. Speech pretraining validation loss on LibriSpeech.
Derf achieves lower validation loss than both LN and DyT across
two wav2vec 2.0 models.

DNA models. For the long-range DNA sequence modeling
task, we pretrain the HyenaDNA model [38] and the Ca-
duceus model [45] using the human reference genome from
[18]. Model evaluation is conducted on the GenomicBench-
marks dataset [19]. We report the averaged accuracy over
all subtasks. As shown in Tab. 11, Derf surpasses both nor-
malization layers and DyT in performance, demonstrating
its robustness in genomic sequence modeling.

model Norm DyT Derf !Norm !DyT

Hyena 85.2% 85.2% 85.7% ↓ 0.5% ↓ 0.5%
Caduceus 86.9% 86.9% 87.3% ↓ 0.4% ↓ 0.4%

Table 11. DNA classification accuracy on GenomicBench-
marks, averaged over each dataset. Each model is evaluated with
its native normalization (LN for Heyna, RMSNorm for Caduceus);
Derf consistently outperforms both normalization layers and DyT.

Language models. We pretrain a GPT-2 (124M) model on
the OpenWebText dataset and report the validation loss in
Tab. 12. For DyT and Derf, we additionally finetune the
initialization of the learnable parameter ω. We observe that
Derf achieves comparable performance to LN, while clearly
outperforming DyT.

model LN DyT Derf !LN !DyT

GPT-2 2.94 2.97 2.94 0.00 ↔ 0.03

Table 12. GPT2 validation loss on OpenWebText. Derf matches
LN’s performance while achieving lower validation loss than DyT.

6.1. Stronger Generalization or Better Fitting?
Given Derf’s superior performance, we aim to determine
whether the gains arise from improved fitting capacity or
stronger generalization. To this end, we compare the train-
ing loss of models respectively trained with normalization
layers, DyT, and Derf. Since lower training loss indi-
cates stronger fitting ability, this comparison helps us assess
whether Derf improves training or enhances generalization.
Setup. We compute training losses across diverse architec-
tures and scales. To measure fitting capacity fairly, we do
not use the loss during optimization, which is confounded
by stochastic regularization (e.g., stochastic depth [24]) and
train-time augmentations. Instead, after training, we switch
to evaluation mode, disable stochastic depth, adopt the test-
time preprocessing pipeline, and compute the loss on the

training set. This yields a fair estimate of each model’s fit-
ting capacity. In App. E, we provide the detailed procedure
for computing the evaluation-mode training loss.
Results. Across all architectures and scales, both Derf and
DyT result in higher training loss than normalization-based
models, with Derf generally yielding slightly lower training
loss than DyT, as shown in Tab. 13. This consistent pattern
indicates that neither Derf nor DyT improves fitting capac-
ity over normalization layers.

model Norm Derf DyT

ViT-B 0.2623 0.2681 0.2714
ViT-L 0.2034 0.2066 0.2083
DiT-B 0.1531 0.1533 0.1535
DiT-L 0.1501 0.1510 0.1518
DiT-XL 0.1432 0.1436 0.1440
wav2vec 2.0 B 1.8509 1.8821 1.8946
wav2vec 2.0 L 1.8241 1.8563 1.8641
Hyena 1.1297 1.1526 1.1631
Caduceus 0.8917 0.9129 0.9203
GPT-2 2.9478 2.9702 2.9822

Table 13. Evaluation-mode training loss of normalization lay-
ers (Norm), Derf, and DyT after optimization. Bolded indi-
cates the lowest loss, and underlined means the second-lowest
loss. Across all model architectures, the training loss follows
the relation: Norm < Derf < DyT. Both DyT and Derf exhibit
higher training loss than normalization layers, while Derf achieves
slightly lower loss than DyT.

Discussion. Despite the reduced fitting capacity, Derf
achieves better performance across domains. We assume
that these gains arise from both better generalization than
normalization layers and stronger fitting capacity than DyT.

Firstly, point-wise functions promote stronger gener-
alization. Although Derf yields higher training loss, it
achieves superior downstream performance, indicating that
its benefits stem not from improved fitting but from en-
hanced generalization. This difference likely originates
from the contrasting operational principles between normal-
ization layers and point-wise functions. Normalization lay-
ers adapt their transformation based on training statistics,
allowing them to dynamically fit activation distributions
throughout training. In contrast, point-wise functions are
controlled by only a small set of learnable scalar parameters
(e.g., ω for DyT and ω, s for Derf) that do not adapt to ac-
tivation statistics after training. They apply the same trans-
formation regardless of activation distribution. This limited
adaptability constrains overfitting and effectively serves as
an implicit regularizer, leading to improved generalization.

Secondly, Derf exhibits stronger fitting power than DyT.
It achieves lower training loss while retaining the implicit
regularization of point-wise functions, combining higher
fitting capacity with strong generalization to outperform
both DyT and normalization-based models.
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7. Analysis
7.1. Effect of s

Removing s. We investigate the effect of the learnable
scalar parameter s by removing it from the point-wise func-
tion. As shown in Tab. 14, introducing this learnable shift
consistently improves the overall training performance, and
the degree of improvement varies across different functions.
The stronger results of erf(x) over tanh(x) indicate that
Derf surpasses DyT not only because of the shift s.

top-1 acc ↓ FID ↔

function without s with s without s with s

erf(x) 82.6% 82.8% 63.39 63.23
tanh(x) 82.5% 82.6% 63.94 63.71
satursin(x) 82.4% 82.6% 65.28 63.90
isru(x) 82.2% 82.3% 66.14 65.72
arctan(x) 82.3% 82.4% 67.41 67.07
arcsinhclip(x) 82.4% 82.5% 65.19 64.72

Table 14. Ablation study of s. Top-1 accuracy on ViT-Base and
FID score on DiT-B/4, comparing models with and without s.

Scalar vs. vector s. We further examine whether using a
per-channel vector parameter instead of a scalar s leads to
any performance improvement. As shown in Tab. 15, across
all three point-wise functions, the choice between a scalar
and a per-channel vector shows no significant impact on the
final performance. Therefore, we adopt the scalar form of s
for efficiency and simplicity during training.

function vector scalar

erf(x) 82.8% 82.8%
arctan(x) 82.5% 82.4%
arcsinhclip(x) 82.5% 82.5%

Table 15. Top-1 accuracy of
scalar vs. vector s on ViT-Base.

function base large

tanh(x) 82.6% 83.6%
tanh(εx) 82.7% 83.7%
erf(x) 82.8% 83.8%

Table 16. Top-1 accuracy of
tanh(ωx) on ViT.

7.2. Approximating Derf
Given the superior performance of erf(x) over tanh(x),
we approximate erf(x) by scaling tanh(x) and examine
whether this modification can lead to performance improve-
ment. We introduce a fixed coefficient ↽ and use tanh(↽x),
where ↽ is obtained by minimizing the following objective:

min
ω

∫ +↑

→↑

∣∣ tanh(↽x)↑ erf(x)
∣∣ dx. (11)

The optimal value is found to be ↽ ≃ 1.205. In Tab. 16,
tanh(↽x) achieves a comparable or slightly improved per-
formance over the original tanh(x), while still perform-
ing worse than erf(x). This indicates that simply scal-
ing tanh(x) is insufficient to match the behavior or perfor-
mance of erf(x).

8. Related Work

Normalization layers. Since the introduction of Batch
Normalization (BN) [25], various normalization methods
have been proposed to better stabilize training. To address
BN’s limitations with small batches, several alternatives
[43, 47, 48, 56, 59] have been explored. In parallel, Lay-
erNorm [2, 39, 57, 58] and RMSNorm [63] were designed
for RNN [23] and Transformer architectures [55]. Task-
specific variants [47, 54, 56] further adapt normalization to
applications such as object detection and style transfer.

Mechanisms of normalization. A series of studies has
investigated how normalization layers contribute to model
convergence. From an optimization perspective, normaliza-
tion stabilizes gradient flow [6, 13, 35], reduces sensitivity
to initialization [14, 46, 65], and implicitly tunes learning
rates [1, 51]. It has also been shown to smooth the loss
landscape [7, 27, 44] and reduce sharpness [12, 36, 37], pro-
moting more stable optimization dynamics. Understanding
these underlying functionalities provides valuable guidance
for designing normalization-free training methods.

Normalization-free methods. Building on this under-
standing of normalization, recent work explores how to
achieve stable convergence without normalization. One
line of work operates at the parameter and optimization
level, using tailored initialization schemes [3, 14, 65], self-
normalizing activations [28], weight normalization [8, 43],
or adaptive gradient clipping [9] to maintain stable gradi-
ent propagation. Another line of work modifies the ar-
chitecture through structural simplifications [21], Softmax-
only formulations [26], and bounded convolutional opera-
tors [31, 32]. More recently, point-wise functions such as
Dynamic Tanh [67] have been proposed, with theoretical
analyses revealing their similarity to normalization opera-
tions [49]. Unlike previous methods that aim to match the
performance of normalization layers, Derf consistently de-
livers stronger performance across diverse models.

9. Conclusion
In this work, we demonstrate that well-designed point-wise
functions do not merely match the performance of nor-
malization layers, but can surpass them. By revisiting the
design space of point-wise functions, we identify zero-
centeredness, boundedness, center sensitivity, and mono-
tonicity as four key properties that enable strong perfor-
mance in Transformer-based models. Among the functions
satisfying these properties, Derf stands out as the most ef-
fective design: it outperforms normalization-based methods
and another notable point-wise function, DyT, across a wide
range of modalities and tasks. Its simplicity and strong em-
pirical performance make Derf a compelling replacement
for normalization layers in many Transformer architectures.
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