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Abstract

We present Functional Mean Flow (FMF) as a one-step
generative model defined in infinite-dimensional Hilbert
space. FMF extends the one-step Mean Flow framework
[15] to functional domains by providing a theoretical for-
mulation for Functional Flow Matching and a practical im-
plementation for efficient training and sampling. We also
introduce an x1-prediction variant that improves stability
over the original u-prediction form. The resulting frame-
work is a practical one-step Flow Matching method appli-
cable to a wide range of functional data generation tasks
such as time series, images, PDEs, and 3D geometry.

1. Introduction
Functional generative models (e.g., [4, 9, 27]) represent data
in the form of continuous functions [9], where the underly-
ing generative process is modeled as a probability distribu-
tion defined over function spaces [10]. Compared with stan-
dard generative models defined in discrete space, the main
advantage of a functional model lies in its ability to subsam-
ple coordinates while maintaining a continuous functional
representation, effectively decoupling memory and runtime
cost from data resolution. This property enables training
and sampling at arbitrary spatial or temporal resolutions.
For example, Infty-Diff [4] employs non-local integral op-
erators to map between Hilbert space, achieving up to an
4× subsampling rate without compromising quality.

As many other generative models, such as Diffusion
[20, 50, 51] or Flow Matching [34, 35, 48], the perfor-
mance of functional generative models is also limited by
the need for many sampling steps during inference. To ad-
dress this bottleneck, recent work explores one-step or few-
step methods that directly approximate the endpoint trans-
port. Among them, Mean Flow [16] provides a principled
approach by predicting the time-averaged velocity instead
of the instantaneous velocity used in standard Flow Match-
ing. This design captures the overall transport in a single
update, enabling efficient one-step sampling and achieving
60%–90% better FID than previous one-step models.

Extending one-step generation to Functional Flow
Matching is fundamentally challenging in two aspects: (1)
the infinite-dimensional Hilbert-space setting makes mod-
eling highly non-trivial, as finite-dimensional intuitions no
longer apply and the modeling confronts the inconsistency
between marginal and conditional flows, making it in-
feasible to generalize the finite-dimensional mean-velocity
formulation to infinite-dimensional functional spaces; (2)

Figure 1. Illustration of Functional Mean Flow. The figure shows
a 2D projection of the infinite-dimensional function space. Dur-
ing generation, the flow transports a Gaussian measure to the tar-
get function measure. The u-prediction FMF models the mean
velocity ūt→r(ft) between any two points ft and fr along the
flow trajectory, while the x1-prediction FMF estimates the ex-
pected position f̂1,t→r(ft) reached by continuing the mean ve-
locity ūt→r(ft) for the remaining distance 1 − t. Both u- and
x1-prediction FMFs support one-step generation, formulated re-
spectively as f1 = f0 + ū0→1(f0) and f1 = f̂1,0→1(f0).
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functional derivatives and operator-valued velocity fields
introduce numerical instability, complicating optimization
and adversely affecting convergence across different func-
tional generation tasks.

To address these challenges, we derive a new trans-
port formulation based on the Fréchet derivative of two-
parameter flows, which establishes the Mean Flow formula-
tion in infinite-dimensional spaces and resolves the theoreti-
cal inconsistency between conditional and marginal dynam-
ics. In addition, we reformulate the learning objective as an
equivalent conditional loss with a stop-gradient approxima-
tion and introduce an x1-prediction variant that predicts the
expected endpoint by extrapolating the mean velocity, in-
stead of predicting the mean velocity itself. These develop-
ments together constitute our proposed framework, Func-
tional Mean Flow (FMF), which enables stable and effi-
cient one-step functional generation across a wide range of
tasks in infinite-dimensional spaces.

We summarize our contributions as follows:
1. We derived the infinite-dimensional mean-velocity for-

mulation, establishing a mathematically sound frame-
work for one-step generation in Hilbert space.

2. We introduce, for the first time, the x1-prediction variant
of Mean Flow and show that it exhibits improved stabil-
ity over the original u-prediction formulation on certain
tasks, thereby broadening the applicability of the Mean
Flow framework.

3. We demonstrate the effectiveness of the proposed
method across a range of functional tasks, including time
series modeling, image generation, PDEs, and 3D shape
generation.

2. Functional Flow Matching
Functional Flow Matching (FFM) [27] extends classical
Flow Matching from finite-dimensional Euclidean spaces
to infinite-dimensional function spaces. Let (F , ⟨·, ·⟩F ) be
a separable Hilbert space of functions with the Borel σ-
algebra B(F), and let µ0 = N (m0, C0) be a reference
Gaussian measure on F with mean m0 ∈ F and covariance
operator C0 : F → F , FFM learns a time-dependent veloc-
ity field u : [0, 1] × F → F that transports µ0 to a target
distribution µ1 = ν through a continuous path of measures
(µt)t∈[0,1] satisfying the weak continuity equation∫ 1

0

∫
F

(
∂tψ(g, t)+⟨ut(g),∇gψ(g, t)⟩F

)
dµt(g)dt=0,

µt|t=0 = µ0, µt|t=1 = µ1,
(1)

for all appropriate test functions ψ : F × [0, 1]→ R.
Sampling f0 ∼ µ0, one obtains a generated function by

integrating

dft
dt

= u(t, ft), ft|t=0 = f0, (2)

whose terminal state satisfies f1 ∼ ν. For velocity field
ut, the associated flow ϕt : F → F are defined as maps
satisfying ft = ϕt(f0) for all f0 and ft in Equation 2. The
flow ϕt satisfies the functional differential equation

∂

∂t
ϕt = ut ◦ ϕt, ϕ0 = IdF , (3)

where IdF denotes the identity operator on F . The path of
measures (µt)t∈[0,1] can be generated by the pushforward
of the flow µt = (ϕt)♯µ0, thereby extending the contin-
uous transport formulation to infinite-dimensional Hilbert
spaces.

To make the training L(θ) = Et,g∼µt

[
∥ut(g) −

uθt (g)∥2F
]

tractable, where the reference marginal velocity
field ut cannot be computed analytically, FFM introduces
conditional velocity uft conditioned on the target function
f ∼ ν and corresponding conditional paths of measures
(µf

t )t∈[0,1] that interpolate between µ0 and a f -centered
measure µf

1 . Marginalizing these conditionals yields the
global measure path and velocity

µt(A) =

∫
F
µf
t (A)dν(f),

ut(g) =

∫
F
uft (g)

dµf
t

dµt
(g)dν(f),

(4)

for arbitrary A ∈ B(F) where dµf
t

dµt
is the Radon–Nikodym

derivative. In practice, the conditional paths µf
t

are typically chosen to be Gaussian measure µf
t =

N (mf
t , (σ

f
t )

2C0) with mf
t = tf , σf

t = 1 − (1 − σmin)t
and a small positive number σmin. The conditional velocity
and its associated flow admits a closed form

ϕft (f0) = σf
t f0 +mf

t = (1− (1− σmin)t)f0 + tf,

uft (g)=
σ̇f
t

σf
t

(g−mf
t )+ṁ

f
t =

1−σmin

1−(1−σmin)t
(tf−g)+f.

(5)
Although the theory requires σmin > 0, in practice setting
σmin = 0 causes no adverse effects [4].

The model is then trained via the conditional loss

Lc(θ) = Et,f∼ν,g∼µf
t

[
∥uft (g)− uθ(t, g)∥2F

]
, (6)

which can be proved equivalent to the marginal loss L(θ)
up to a constant. For completeness, the corresponding theo-
rems from [27] on Functional Flow Matching are provided
in the Appendix A.

3. Functional Mean Flow
Similar to conventional Flow Matching, Functional Flow
Matching also suffers from the drawback that inference re-
quires many integration steps. To address this limitation, we
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Figure 2. Representing data as functions enables the same model to synthesize images at arbitrary resolutions with different noise levels.
The model is trained only on randomly sampled 1/4 subsets of pixels from 256×256 CelebA-HQ images and performs one-step generation.
Left to right: 64×64, 128×128, 256×256, 512×512, and 1024×1024.

extend Mean Flow [16] to the infinite-dimensional function
space for one-step generation. In addition, We further pro-
pose an x1-prediction variant of Mean Flow, which predicts
the intersection between the extrapolated mean velocity line
and the terminal point at t = 1, different from the original
u-prediction formulation of Mean Flow. This x1-prediction
variant exhibits improved stability on certain task as shown
in section 4.

3.1. FMF with u-prediction
We first define a two-parameter flow as ϕt→r = ϕr ◦ ϕ−1

t ,
where the inverse map ϕ−1

t is guaranteed to exist by the
uniqueness of the ODE solution of Equation 2. Based on
ϕt→r, the mean velocity ūt→r : F → F is defined as

ūt→r =
1

r − t
(ϕt→r − IdF ). (7)

In Functional Mean Flow, our goal is to learn
the target velocity ūt→r through a loss LM (θ) =
Et,r,g∼µt

[
∥ūt→r(g)− ūθt→r(g)∥2F

]
. However, since the ref-

erence mean velocity ūt→r has no closed-form expression,
similar to Functional Flow Matching, we aim to reformu-
late the training objective in terms of a conditional field.
The reformulation for Functional Flow Matching relies on
the consistency between conditional and marginal velocity
fields (Theorem A.1). In our formulation, however, this
consistency breaks down, as ūt→r and ϕt→r do not admit a
consistent corresponding conditional field representation.

Statement 1 (Mismatch Between Flow and Marginals
of Conditional Flow). In general, the marginal flow

ϕ
(1)
t→r(g) =

∫
F ϕ

f
t→r(g)

dµf
t

dµt
(g)dν(f) obtained by taking

the expectation over the conditional two-parameter flows
ϕft→r = ϕfr ◦ (ϕ

f
t )

−1 is not equivalent to the two-parameter
flow ϕ

(2)
t→r = ϕr ◦ (ϕt)−1. Here, the superscripts (1) and (2)

denote two different ways of computing the marginal two-
parameter flow. (see Appendix B.1 for proof.)

To address this issue, we first derive an equivalent re-
formulation of the mean velocity ūt→r, which relies on the
following theorem:

Theorem 3.1 (Initial-Time Derivative of Two-Parame-
ter Flow). Assume that the dataset measure ν satisfies∫
F ∥f∥

2
Fdν(f) < ∞, and the conditions of Functional

Flow Matching [27] hold. With the conditional flow and
conditional velocity chosen in Equation 5, the correspond-
ing two-parameter flow ϕt→r(g) is differentiable with re-
spect to t and Fréchet differentiable with respect to g and
satisfies, for any 0 < t < r < 1

∂

∂t
ϕt→r(g) = −Dϕt→r(g)[ut(g)], (8)

where Dϕt→r(g) : F → F is the Fréchet derivative of
ϕt→r at g. This theorem follows from Lemmas B.1,B.2 and
B.3 in Appendix B.2. (see Appendix B.3 for proof.)

With Theorem 3.1 and the definition of ūt→r in Equa-
tion 7, the mean velocity ūt→r can be expressed as

ūt→r(g)
1⃝
= (r−t) ∂

∂t
[

1

r−t
(ϕt→r−IdF )(g)]−

∂

∂t
ϕt→r(g)

2⃝
= (r−t) ∂

∂t
ūt→r(g)+Dϕt→r(g)[ut(g)]

3⃝
= (r−t)

( ∂
∂t
ūt→r(g)+Dūt→r(g)[ut(g)]

)
+ut(g),

(9)
where 1⃝ follows from the product rule, 2⃝ is obtained by
substituting Equation 8, and 3⃝ is obtained by substituting
Equation 7.

In the above expression of ūt→r, the right-hand side still
depends on ūt→r itself. Following [16, 52], we estimate this
term using the current prediction of the model with a stop
gradient operation and the velocity field ut can be written as
the marginal form of the conditional velocity uft , and thus
we define the conditional loss as

LM
c (θ) = Et,r,g∼µf

t ,f∼µ1

[
||(r − t)sg(

∂

∂t
ūt→r(g)

+Dūt→r(g)[u
f
t (g)]) + uft (g)− ūθt→r(g)||2F

]
,

(10)
where sg means the stop gradient operation and ūt→r(g)
in sg is approximated by ūθt→r(g). The following theorem
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(a) Functional Flow Matching. (b) Functional Mean flow.

Figure 3. From the x1-prediction of Functional Flow Matching
to the x1-prediction of Functional Mean Flow. In the left figure,
we illustrate the relationship between the u-prediction (predicting
ut(ft)) and the x1-prediction (predicting f̂1,t(ft)) in flow match-
ing, which satisfies f̂1,t(ft) = (1 − t)ut(ft) + ft. Based on this
relationship, we can analogously define the x1-prediction of func-
tional Mean Flow (predict f̂1,t→r(ft)), satisfying f̂1,t→r(ft) =
(1− t)ut→r(ft) + ft.

establishes that the conditional loss LM
c (θ) is equivalent to

the marginal loss LM (θ) up to a constant and can therefore
be used to train the Functional Mean Flow model.

Theorem 3.2 (Equivalence of Mean Flow Conditional and
Marginal Losses). Under the assumptions of Theorem 3.1,
we have LM

c (θ) = LM (θ) + C where C is independent of
the model parameters θ. (see Appendix B.4 for proof.)

3.2. FMF with x1-prediction
In addition to the common u-prediction, standard Flow
Matching also has an x1-prediction variant, as shown in
Figure 3(a). In Functional Flow Matching, the u-prediction
estimates the velocity ut(ft) at time t, while the x1-
prediction predicts the intersection f̂1,t(ft) between the ex-
trapolated ut(ft) and t = 1, satisfying f̂1,t(ft) = (1 −
t)ut(ft)+ ft. Similarly, in Functional Mean Flow (see Fig-
ure 3(b)), the u-prediction estimates the mean velocity be-
tween t and r, and we can define the x1-prediction as the
intersection of the extrapolated ūt→r with t = 1

f̂1,t→r=(1−t)ut→r+IdF =
1−t
r−t

ϕs→t−
1−r
r−t

IdF .

(11)
For the x1-prediction, the Functional Mean Flow loss is
L̃M (θ) = Et,r,g∼µt

[
∥f̂1,t→r(g) − f̂θ1,t→r(g)∥2F

]
. As with

the u-prediction, L̃M (θ) cannot be optimized directly, and
we optimize its corresponding conditional loss instead

L̃M
c (θ) = Et,r,g∼µf

t ,f∼µ1

[
|| r − t
1− r

sg((1− t) ∂
∂t
f̂1,t→r(g)

+Df̂1,t→r(g)[f̂
f
1,t(g)− g]) + f̂f1,t(g)− f̂θ1,t→r(g)||2F

]
,

(12)
where f̂f1,t(g) denotes the conditional value of f̂1,t(g) with
respect to f , analogous to how uft (g) serves as the con-
ditional counterpart of ut(g). f̂

f
1,t(g) can be computed as

follows (see Appendix B.5 for a detailed derivation):

f̂f1,t(g) =
σmin

1− (1− σmin)t
(g − tf) + f. (13)

Similar to the equivalent reformulation of ūt→r in Equa-
tion 9, the above x1-prediction conditional loss is derived
from the following equivalent reformulation of f̂1,t→r (see
Appendix B.5 for derivation in details):

f̂1,t→r(g) =
r − t
1− t

(
(1− t) ∂

∂t
f̂1,t→r(g)

+Df̂1,t→r(g)[f̂1,t(g)− g]
)
+ f̂1,t(g).

(14)

It can be shown that the x1-prediction Functional Mean
Flow also admits the following equivalent form:

Theorem 3.3 (Equivalence of Mean Flow Conditional and
Marginal Losses for x1-prediction). Under the assumptions
of Theorem 3.1, we have L̃M

c (θ) = L̃M (θ) + C where C is
independent of the model parameters θ. (see subsection B.5
for proof.)

In our experiments in section 4, we found that, in gen-
eral, the u-prediction and x1-prediction yield comparable
results. However, in certain task, the u-prediction be-
comes highly unstable and fails to optimize, whereas the
x1-prediction demonstrates much better stability.

Remark. Although our x1-prediction Mean Flow also
predicts the endpoint, it differs from prior methods Consis-
tency Models (CM) [52] and Flow Map Matching (FMM)
[2]. CM and FMM predict the true future state fr from the
current function ft, whereas our method, inspired by x1-
prediction Flow Matching, predicts the intersection of the
velocity line with t=1. In addition, CM cannot fully utilize
gradient information, and FMM optimizes quantities inside
gradient operators, causing instability and high cost. Our
x1-prediction Mean Flow is theoretically equivalent to u-
prediction Mean Flow and avoids these drawbacks.

3.3. Algorithm
Similar to Functional Flow Matching, Functional Mean
Flow starts from functions sampled from a Gaussian mea-
sure, since white noise is undefined in infinite-dimensional
spaces [4, 58]. The model also requires a function-to-
function network, such as a Neural Operator (see section 4
for details on sampling from Gaussian measure and net-
work). Similar to [16, 52], the gradient terms in Equa-
tion 10 and Equation 12 can be computed through the JVP
operation within the optimization framework. Based on the
above, we obtain the training and sampling algorithms for
the u-prediction and x1-prediction variants of Functional
Mean Flow in Algorithm 1 and Algorithm 2. For clarity,
we include Python code examples in the Appendix D.
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Figure 4. Results on AFHQ, LSUN-Church, and FFHQ. The model is trained on a random 1/4 pixel subset of 256×256 images and
evaluated at 256×256 and 512×512 via one-step generation.

Algorithm 1 Functional Mean Flow: Training

Input: dataset D, initial model parameter θ, learning rate
η, Gaussian measure sampler N (0, C0), time sampler
T

1: repeat
2: Sample f ∼ D, f0 ∼ N (0, C0) and t, r ∼ T
3: g ← (1− (1− σmin)t)f0 + tf
4: if u-prediction then
5: uft ← 1−σmin

1−(1−σmin)t
(tf − g) + f

6: L(θ)← ∥(r − t)sg( ∂
∂t ū

θ
t→r(g)+

7: Dūθt→r(g)[u
f
t ])+u

f
t − ūθt→r(g)∥2F

8: else if x1-prediction then
9: f̂f1,t(g)← σmin

1−(1−σmin)t
(g − tf) + f

10: L(θ)← ∥ r−t
1−r sg

(
(1− t) ∂

∂t f̂
θ
1,t→r(g)+

11: Df̂θ1,t→r(g)[f̂
f
1,t(g)− g]

)
+ f̂f1,t(g)

12: −f̂θ1,t→r(g)∥2F
13: θ ← θ − η∇θL(θ)
14: until convergence

Algorithm 2 Functional Mean Flow: Inference

Input: trained model parameter θ, Gaussian measure sam-
pler N (0, C0)

1: Sample f0 ∼ N (0, C0)
2: if u-prediction then
3: f ← ūθt→r(f0) + f0
4: else if x1-prediction then
5: f ← f̂θ1,t→r(f0)

4. Experiment

To evaluate the generality and effectiveness of our ap-
proach, we conduct experiments on three distinct and rep-

resentative tasks: real-world functional generation (includ-
ing time-series data and Navier–Stokes solutions) [26, 27,
32, 45], function-based image generation [4, 29], and SDF-
based 3D shape generation [58]. For all tasks, we adopt the
neural architecture originally designed for multi-step gen-
eration, with only a minor modification that replaces the
single time variable t with a pair (t, r) to meet the require-
ments of the FMF formulation (see Appendix C); the mod-
els are then trained with Algorithm 1. The experimental
results demonstrate that our framework can be seamlessly
integrated into various functional generation paradigms, en-
abling effortless adaptation of existing neural architectures
for one-step generation. These include Neural Operators
[26, 27, 32, 45], hybrid sparse–dense Neural Operators
[4, 29], and point-based functional generation models [58].

4.1. Real-World Functional Generation
We now investigate the empirical performance of our FMF
model on several real-world functional datasets. For fair
comparison, we follow the same experimental setup as prior
works [27] and adopt the Fourier Neural Operator (FNO)
as the backbone to model ūθt→r(g) for u-prediction and
f̂θ1,t→r(g) for x1-prediction, which takes functions as both
inputs and outputs. The network size and structural pa-
rameters are kept identical to previous implementations,
and for initial Gaussian measure, a Gaussian processes
with a Matérn kernel is used for parametrization (see Ap-
pendix C.1 for details).

Our functional datasets consist of two categories: (1)
Five 1D statistical datasets with diverse correlation struc-
tures, including a daily temperature dataset (AEMET) [11],
a gene expression time-series dataset (Genes) [40], an eco-
nomic population time-series dataset (Pop.) [3], a GDP-
per-capita dataset (GDP) [21], and a labor-force-size dataset
(Labor) [22]; and (2) a 2D fluid dynamics dataset consist-
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Table 1. Comparison of different functional generative method on
1D datasets. Statistical metrics (mean, variance, skewness, kurto-
sis, and autocorrelation) are reported across datasets. The best re-
sults for the 1-step and multi-step settings are highlighted in bold.

Dataset Mean ↓ Variance ↓ Skewness ↓ Kurtosis ↓ Autocorrelation ↓ NFEs
AEMET
FMF (u-pred) 5.3e-1 (1.5e-1) 2.0e+0 (1.3e+0) 7.4e-2 (3.2e-2) 1.4e-1 (5.7e-2) 5.2e-4 (9.1e-6) 1
FMF (x1-pred) 5.4e-1 (1.7e-1) 1.8e+0 (9.8e-1) 6.8e-2 (6.0e-2) 1.8e-1 (1.1e-1) 5.6e-4 (1.0e-5) 1
GANO 6.5e+1 (1.9e+2) 7.1e+1 (4.0e+1) 4.7e-1 (4.8e+0) 3.2e-1 (1.0e+0) 2.0e-3 (2.6e-3) 1
FFM-OT 8.4e-2 (9.9e-2) 1.7e+0 (1.1e+0) 7.7e-2 (6.6e-2) 3.3e-2 (3.7e-2) 3.0e-6 (4.0e-6) 668
FFM-VP 1.3e-1 (1.4e-1) 1.5e+0 (1.2e+0) 5.2e-2 (4.3e-2) 1.7e-2 (1.6e-2) 6.0e-6 (7.0e-6) 488
FDDPM 2.6e-1 (3.0e-1) 3.5e+0 (1.0e+0) 1.1e-1 (4.2e-2) 3.9e-2 (3.0e-2) 5.0e-6 (5.0e-6) 1000
DDO 2.4e-1 (2.6e-1) 6.6e+0 (5.1e+0) 2.1e-1 (4.1e-2) 3.8e-2 (3.1e-2) 6.7e-6 (1.3e-4) 2000
Genes
FMF (u-pred) 1.6e-3 (8.3e-4) 3.3e-4 (1.5e-4) 3.6e-2 (9.6e-3) 9.5e-2 (2.3e-2) 3.8e-3 (8.4e-4) 1
FMF (x1-pred) 2.1e-3 (5.8e-4) 2.0e-3 (3.1e-4) 4.6e-2 (1.1e-2) 2.1e-1 (3.6e-2) 5.9e-3 (9.7e-4) 1
GANO 4.6e-2 (3.0e-3) 7.3e-3 (3.6e-4) 1.7e+0 (1.3e+0) 3.1e-1 (8.4e-2) 2.0e-3 (1.2e-3) 1
FFM-OT 6.7e-4 (5.4e-4) 3.9e-3 (2.6e-4) 2.4e-1 (4.7e-2) 7.7e-2 (9.0e-3) 2.5e-4 (1.7e-4) 386
FFM-VP 4.2e-4 (4.8e-4) 7.3e-4 (3.5e-4) 1.9e-1 (6.1e-2) 4.3e-2 (1.2e-2) 1.3e-4 (1.0e-4) 290
FDDPM 4.4e-4 (4.4e-4) 1.3e-3 (4.6e-4) 2.5e-1 (1.9e-1) 5.9e-2 (1.2e-2) 1.9e-4 (1.2e-4) 1000
DDO 4.2e-3 (1.5e-3) 1.2e-2 (3.6e-4) 3.0e-1 (5.7e-2) 1.3e-1 (1.8e-2) 1.0e-3 (2.3e-4) 2000
Pop.
FMF (u-pred) 7.1e-4 (2.1e-4) 1.4e-3 (2.3e-4) 2.0e-1 (8.8e-2) 6.4e+0 (7.1e+0) 7.2e-3 (9.0e-4) 1
FMF (x1-pred) 1.7e-4 (1.2e-4) 1.6e-3 (1.9e-4) 3.7e-1 (1.1e-1) 1.5e+1 (1.7e+1) 1.1e-4 (3.9e-5) 1
GANO 4.7e-3 (2.4e-3) 1.6e-3 (1.5e-3) 1.0e+0 (9.2e-1) 2.3e+1 (3.7e+1) 1.6e-1 (2.8e-1) 1
FFM-OT 6.0e-4 (7.5e-4) 1.6e-4 (1.6e-4) 1.1e-1 (6.7e-2) 1.8e+0 (1.2e+0) 7.0e-4 (3.4e-4) 662
FFM-VP 5.4e-4 (7.6e-4) 3.0e-4 (2.9e-4) 1.7e-1 (4.4e-2) 2.1e+0 (9.2e-1) 8.9e-2 (9.1e-3) 494
FDDPM 6.6e-4 (6.1e-4) 1.2e-4 (1.2e-4) 9.4e-2 (6.5e-2) 2.5e+0 (2.2e+0) 3.0e-5 (9.2e-6) 1000
DDO 2.3e-3 (1.3e-3) 2.2e-1 (8.3e-3) 4.3e-1 (1.5e-2) 5.2e+0 (1.5e-1) 5.0e-1 (1.0e-2) 2000
GDP
FMF (u-pred) 1.2e-3 (6.8e-4) 2.9e-3 (5.1e-4) 2.9e-1 (8.4e-2) 2.4e+0 (9.7e-1) 1.0e-3 (2.5e-4) 1
FMF (x1-pred) 1.1e-3 (7.8e-4) 4.0e-3 (6.7e-4) 2.2e-1 (8.9e-2) 1.8e+0 (5.8e-1) 2.9e-4 (1.9e-5) 1
GANO 9.6e+2 (3.1e+3) 7.4e+2 (2.3e+3) 5.8e-1 (2.2e-1) 2.4e+0 (1.0e+0) 7.1e-2 (1.9e-1) 1
FFM-OT 2.8e-2 (2.8e-3) 5.3e-3 (1.2e-3) 6.6e-1 (2.9e-1) 9.2e+0 (1.6e+1) 6.1e-4 (4.6e-4) 536
FFM-VP 2.8e-2 (3.4e-3) 4.9e-3 (1.2e-3) 5.3e-1 (1.2e-1) 3.2e+0 (1.4e+0) 8.7e-2 (1.0e-2) 494
FDDPM 6.0e-4 (6.5e-4) 5.3e-4 (5.3e-4) 5.1e-2 (2.6e-2) 7.2e-1 (4.0e-1) 1.8e-4 (4.3e-5) 1000
DDO 1.3e-2 (2.6e-3) 1.5e-1 (9.9e-3) 3.6e-1 (1.6e-2) 1.9e+0 (1.0e-1) 3.8e-1 (8.5e-3) 2000
Labor
FMF (u-pred) 5.3e-6 (2.5e-6) 7.1e-8 (1.2e-8) 3.3e-1 (7.9e-2) 1.3e+1 (5.6e+0) 1.1e-2 (2.9e-3) 1
FMF (x1-pred) 5.1e-6 (2.4e-6) 1.2e-7 (2.0e-8) 2.7e-1 (5.9e-2) 7.9e+0 (4.3e+0) 2.1e-2 (4.3e-3) 1
GANO 4.7e-5 (3.8e-5) 2.4e-7 (1.6e-7) 6.6e-1 (2.2e-1) 5.7e+0 (3.0e+0) 3.3e-2 (1.1e-2) 1
FFM-OT 1.0e-2 (1.2e-4) 4.2e-7 (1.7e-7) 1.1e+0 (4.7e-1) 2.5e+1 (5.1e+1) 5.5e-2 (4.5e-3) 308
FFM-VP 9.6e-3 (6.1e-5) 3.5e-7 (7.8e-8) 1.1e+0 (1.2e-1) 7.0e+0 (9.5e-1) 2.6e-2 (4.0e-3) 320
FDDPM 6.4e-6 (4.1e-6) 6.1e-8 (6.2e-8) 2.5e-1 (1.6e-1) 7.5e+0 (7.1e+0) 1.1e-2 (5.2e-3) 1000
DDO 1.3e-5 (5.6e-6) 3.6e-6 (4.4e-7) 7.3e-1 (5.9e-2) 7.2e+0 (1.4e-1) 3.7e-1 (1.6e-2) 2000

ing of numerical solutions to the Navier–Stokes equations
on a 2D torus [31]. We compare our method against sev-
eral function-based generative models, including the multi-
step approaches FDDPM [26], DDO [32], and FFM [27] in
both its OT and VP variants, as well as the one-step func-
tional generation method GANO [45]. The quantitative and
qualitative results are summarized in Table 1 and Table 2.
For the 1D datasets, following [27], we compute a set of
statistical functionals: mean, variance, skewness, kurtosis,
and autocorrelation for the generated functions, and evalu-
ate the MSE between them and the corresponding ground-
truth statistics from the dataset. For the 2D dataset, we
evaluate the MSE between the generated and ground-truth
Navier–Stokes solutions in terms of both density and spec-
tral representations [27, 32, 45].

Across both 1D and 2D settings, our method achieves
the best performance among one-step functional generation
methods, while performing comparably to the best multi-
step baselines such as FFM. Detailed descriptions of the
training procedures, inference configurations, and evalua-
tion metrics can be found in Appendix C.1.

4.2. Image Generation Based on Functional
Infty-Diff [4, 29] observed that purely Neural Opera-
tor–based functional generation methods struggle to scale
to large datasets. To overcome this limitation, Infty-Diff
introduced a hybrid sparse–dense Neural Operator that ef-

Table 2. MSEs between the density and spectra of the real and
generated samples on the Navier–Stokes dataset. The best results
for the 1-step and multi-step settings are highlighted in bold.

Density ↓ Spectrum ↓
FMF (u-pred) 9.7e-5 1.2e3
FMF (x1-pred) 8.0e-5 5.6e2
GANO 2.5e-3 3.2e4
FFM-OT 3.7e-5 9.3e1
DDPM 9.9e-5 5.0e2
DDO 2.9e-2 1.6e5

Figure 5. In Functional Mean Flow, both the input and output
are modeled as continuous functions, enabling training and image
generation to be defined over arbitrary pixel coordinates instead of
being restricted to a discrete grid.

ficiently learns from higher-resolution functional data (e.g.,
256×256 images). The model first employs a sparse Neural
Operator to flexibly represent functions sampled at random
points, followed by a dense U-Net/UNO backbone that re-
fines features on a dense grid obtained through k-nearest-
neighbor (KNN) sampling. We follow the network design
of [4] and adopt the same model capacity, with only min-
imal modifications to convert the original multi-step diffu-
sion formulation into a single-step FMF generation frame-
work, and for the initial Gaussian measure, we employ
white noise with a mollifier kernel, consistent with their im-
plementation (see Appendix C.2 for details).

Although function-based image generation typically ex-
hibits slightly lower perceptual fidelity compared to con-
ventional pixel-based diffusion models, it provides signif-
icantly greater flexibility. As pointed out in Infty-Diff,
functional-based models can be trained using only a ran-
dom subset (e.g., one-quarter of the pixels) from a 256-
resolution dataset, and can still generate images at arbitrary
resolutions (e.g., 128, 256, or 512). Because the model op-
erates directly in the functional space, its input and output
can be defined on any pixel coordinates rather than being
constrained to a fixed grid (see Figure 5).

Following Infty-Diff, we train our model on three un-
conditional image generation datasets, CelebA-HQ [24],
FFHQ [25], and LSUN-Church [57], as well as one condi-
tional generation dataset, AFHQ [6]. Qualitative results are
shown in Figure 2 and Figure 4, with additional results pro-
vided in Appendix E.2. During training, the model observes
only 25% of the pixels from 256×256 images, while at infer-
ence it generate images at 64, 128, 256, 512, and even 1024
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Table 3. Evaluation of FIDCLIP [28] against previous infinite-
dimensional approaches trained on coordinate subsets. For com-
pleteness, since several prior works report Inception FID, we ad-
ditionally provide the Inception FID of our method, indicated with
an asterisk (*). The best results for the 1-step and multi-step set-
tings are highlighted in bold.

Method Step CelebAHQ-64 CelebAHQ-128 CelebAHQ-256 FFHQ-256 Church-256

D2F [9] 1 40.4∗ – – – –
GEM [8] 1 14.65 23.73 – 35.62 87.57
GASP [10] 1 9.29 27.31 – 24.37 37.46
FMF (Ours) 1 3.48 (14.73*) 7.18 (30.35*) 9.17 (33.32*) 11.37 (37.67*) 26.57(35.63*)
∞-Diff [4] 100 4.57 3.02 – 3.87 10.36
DPF [64] 1000 13.21∗ – – – –

Table 4. Comparison of results across different resolutions. All
results are trained on 256×256 images, using only 1

4
of the pixels

as input. Numbers are FIDCLIP [28]. The generation resolution is
increased up to the maximum resolution of the dataset.

Dataset 64 128 256 512 1024

Unconditional Generation

CelebA-HQ 3.48 5.86 9.17 9.70 10.96
FFHQ 4.42 7.70 11.37 12.34 –
LSUN-Church 12.07 17.89 26.51 – –

Conditional Generation

AFHQ 3.10 6.19 9.24 11.55 –

resolutions. We report quantitative comparisons with other
function-based methods in Table 3, where following Infty-
Diff we primarily evaluate using the FIDCLIP [28] metric to
assess function-based generative methods. For complete-
ness, we also report conventional FID scores [19] for ref-
erence. Since our function-based generation framework is
inherently resolution-agnostic, we evaluate models trained
on 256-resolution datasets at 64, 128, 256, 512, and 1024
resolutions, and report the corresponding FIDCLIP results in
Table 4. Our model achieves state-of-the-art performance
among one-step function-based methods and produces re-
sults comparable to the multi-step function-based genera-
tion of Infty-Diff. Additional details on the training setup,
inference procedure, and the internal structure of Infty-Diff
are provided in Appendix C.2.

4.3. 3D Shape Generation

To further validate the applicability of our method to
function-based generation tasks, we extend it to SDF-based
3D shape generation, where shape generation is achieved
by directly generating its SDF. We adopt the framework
of Functional Diffusion [58], where both the input func-
tion and output function are represented by randomly sam-
pled points and their corresponding function values: the
input function fc is represented by a set of context points
{xic}ni=1 with context values {vic}ni=1, where vic = fc(x

i
c),

and the output function fq is represented by query points

(a) Variance of u-prediction (b) Variance of x1-prediction

(c) Loss of u-prediction (d) Loss of x1-prediction

Figure 6. Training behavior of u- vs. x1-prediction FMF under
varying learning rates. The u-prediction model exhibits spatial-
variance collapse and unstable losses, whereas the x1-prediction
model maintains stable variance and smooth optimization.

{xjq}mj=1 and their predicted query values {vjq}mj=1, where
vjq = fq(x

j
q). Following the Perceiver [23] framework,

Functional Diffusion performs cascaded cross- and self-
attention between the context embedding and the learnable
functional vector X . It then applies cross-attention with
the query points {xjq}mj=1 to generate the corresponding
query values {vjq}mj=1, yielding the output function repre-
sented as ({xjq}mj=1, {vjq}mj=1). We follow this network de-
sign and adopt the same model capacity for a fair compari-
son, and consistent with Functional Diffusion, we construct
the initial Gaussian measure using linear interpolation over
a coarse grid (see Appendix C.3 for details).

In our experiments, however, we found that this frame-
work is not well-suited for u-prediction FMF: training be-
comes unstable even at small learning rates, with severe col-
lapse. To illustrate this behavior, we perform a 2D experi-
ment on MNIST [30], converted into signed distance fields
(SDFs) and trained under the Functional Diffusion frame-
work using FMF. We monitor the batch-averaged spatial
variance 1

m

∑m
j=1

(
vjq − 1

m

∑m
j=1 v

j
q)

2 of the network out-
put: an SDF should satisfy |∇f | = 1 and therefore main-
tain nontrivial spatial variation. Once the variance vanishes
and remains near zero for an extended period (collapse),
the model degenerates into a constant field and cannot re-
cover. The experimental results are shown in Figure 6, and
see Appendix E.1 for details and evidence that a collapsed
u-prediction model cannot generate meaningful outputs.

We further train our x1-prediction FMF on the 3D
ShapeNet-CoreV2 [5] dataset, following the same prepro-
cessing method as [58], where each mesh is converted to a
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voxelized SDF and then sampled into point–value pairs. As
reported in [58], function-based 3D shape generation mod-
els can solve the challenging task of reconstructing an en-
tire SDF field from as few as 64 surface points {Cl}64l=1. As
demonstrated in Table 5 and Figure 7, our one-step formula-
tion achieves this task with comparable accuracy, highlight-
ing the robustness and effectiveness of the proposed x1-
prediction FMF. Details on the dataset processing, task and
metrics description, model architecture, and training and in-
ference procedures are provided in Appendix C.3.

Table 5. Quantitative comparison of reconstruction quality. The
model is trained on the ShapeNet dataset, where the conditional
input consists of 64 points sampled from the target surface. The
model is required to reconstruct the surface based on these 64
points. Step denotes the number of inference steps.

Method Step Chamfer ↓ F-Score ↑ Boundary ↓
Ours 1 0.060 0.584 0.011
3DS2VS 18 0.144 0.608 0.016
FD 64 0.101 0.707 0.012

(↓ lower is better; ↑ higher is better.)

5. Related Work
Functional Generation. Functional generation extends
generative modeling to infinite-dimensional settings, draw-
ing theoretical support from stochastic equations on Hilbert
space [7]. It enables both training and sampling at ar-
bitrary resolutions, making large-scale generation more
computationally feasible. For instance, Infty-Brush [29]
demonstrates controllable image generation at resolutions
up to 4096 × 4096 pixels. Recent studies have inves-
tigated discrete-time diffusion models on Hilbert space
[1, 14, 26, 32, 41, 58, 64], while concurrent works have
explored their continuous-time counterparts [13, 18, 42].
Distinct from functional diffusion models, Functional Flow
Matching [27] avoids injecting random noise during gen-
eration, enabling the production of high-quality samples
with fewer NFE (Number of Function Evaluations). Be-
yond diffusion and flow-based approaches, researchers have
also proposed functional GANs [39, 45] and functional
energy-based models [33], further enriching the landscape
of infinite-dimensional generative modeling. A recent con-
current work [61] extends Rectified Flow to function spaces
and achieves strong results in one-step functional genera-
tion.

Few-step Diffusion/Flow Models. Reducing the sam-
pling steps is vital to improve the efficiency of diffu-
sion/flow models. Distillation techniques play a key role in
enabling few-step generation. Several studies have explored
distilling diffusion models [15, 37, 38, 46, 47, 56, 63] and

GT GTCondition Condition

Figure 7. Results of 3D shape generation. This is a highly chal-
lenging task [58], where the generative model is ONLY condi-
tioned on 64 randomly sampled points from the target surface and
required to reconstruct the entire geometry. We apply the x1-
prediction FMF within the Functional Diffusion framework, re-
ducing the original 64-step generation process to a single step.
The GT column shows the ground-truth surfaces, while the Con-
dition column visualizes the 64 conditioning points provided to
the model.

flow models [35]. In parallel, consistency models [52] were
introduced as independently trainable one-step generators
that do not rely on distillation. Subsequent works have fo-
cused on enhancing their training stability and sample qual-
ity [17, 36, 49]. Inspired by consistency models, recent re-
search has incorporated self-consistency principles into re-
lated frameworks, such as enforcing consistency in the ve-
locity field of Flow Matching [55], Shortcut Model [12],
and stochastic interpolation across time steps [62]. While
standard consistency models rely on a single time variable,
Flow Map Matching [2] learns displacement maps parame-
terized by two time variables. Mean Flow [16] further ex-
tend this idea by learning the average velocity over time
via the time derivative of the Mean Flow identity, achiev-
ing state-of-the-art one-step generation performance on Im-
ageNet.

6. Conclusion
We proposed Functional Mean Flow as a unified one-step
flow matching framework in infinite-dimensional Hilbert
space. We introduced an x1-prediction variant of Mean
Flow, which exhibits improved training stability and robust-
ness over the original u-prediction formulation. Experi-
ments on image-function synthesis, 3D signed distance field
modeling, solving PDEs, and time-series prediction demon-
strate the versatility and effectiveness of our method. Future
work will explore broader functional modalities and further
investigate the advantages of the x1-prediction formulation
beyond the current domains.
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