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Figure 1. Visual representation of our pipeline. The eigenfunc-
tions of the LBO for volume meshes (left) are used to compute a
volumetric functional map (middle). Basis alignment is exploited
for several tasks: volumetric correspondences, piece-wise linear
maps, and volumetric segmentation transfer (right).

Abstract

Computing volumetric correspondences between 3D shapes
is a prominent tool for medical and industrial applications.
In this work, we pave the way for spectral volume mapping,
extending for the first time the surface-based functional
maps framework. We show that the eigenfunctions of the
volumetric Laplace operator define a functional space that
is suitable for high-quality signal transfer. We also experi-
ment with various techniques that edit this functional space,
porting them to volume domains. We validate our method
on novel volumetric datasets and on tetrahedralizations of
well established surface datasets, also showcasing practi-
cal applications involving both discrete and continuous sig-
nal mapping, for segmentation transfer, mesh connectivity
transfer and solid texturing. Finally, we show that the volu-
metric spectrum greatly improves the accuracy for classical
shape matching tasks among surfaces, consistently outper-
forming surface-only spectral methods.

1. Introduction
The computation of volumetric correspondences plays a
central role for many applications. Volume mappings en-
able non-invasive medical diagnosis, by warping the digital
copy of a human organ into its canonical position without
extracting it from the patient’s body [1]. They are also im-
portant for meshing [83], statistical shape analysis [41] and
Industry 4.0, where physical simulations computed on pre-
dictive digital twins must be aligned with other digital views
for optimized decision making and failure avoidance [87].

Maps between 3D objects are often represented either
by exploiting one-to-one per vertex correspondences be-
tween two simplicial meshes with same connectivity, defin-
ing a so called piece-wise map (Sec. 2.1), or putting into
correspondence two sets of basis functions to express the
same signal in two alternative domains, as done by spec-
tral approaches for surface meshes [80]. Both piece-wise
and spectral approaches have been extensively studied in
the surface setting and can nowadays be considered rather
mature, as proved by numerous academic and commercial
tools that incorporate them. Conversely, the equivalent task
of computing volumetric correspondences largely remains
a scientific open problem [83, §8.2]. It is worth noticing
that the LDDMM framework has been successfully applied
to match dense volumetric data (e.g., MRI/CRT scans), al-
though diffeomorphic maps are limited to domains with
grid-like structures and hardly generalize to more flexible
representations like tetrahedral meshes[13, 14, 84, 103].

In recent years many attempts have been made to ex-
tend piece-wise linear approaches to volumes. This task has
proved to be extremely challenging and no fully robust and
efficient methods have been devised yet (Sec. 2.1). To our
knowledge no attempt has been made to extend functional
mapping to volumes yet (Sec. 2.2). We propose it for the
first time and show that, conversely from the piece-wise lin-
ear setting, functional mapping naturally scales to volumes,
providing a theoretically sound and practically useful plat-
form for the computation of voulmetric correspondences.

Using the spectrum of the volumetric Laplacian, we de-
fine a functional space that is completely agnostic of the
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underlying discrete mesh, and we use it to create corre-
spondences between solid meshes with different density and
connectivity. We also show that many recent developments
used to improve the functional maps framework [63, 74]
can be exploited on volumes too, allowing to find an opti-
mal balance between map quality and performance.

We validate our volumetric pipeline (Fig. 1) on a variety
of datasets, including tetrahedralizations of prominent ref-
erence benchmarks widely used for shape correspondence
tasks. Besides assessing the accuracy and performances of
our tool on the ground truth (Sec. 5), we showcase various
practical applications, including connectivity transfer of a
given volume mesh to a target domain (Fig. 7), segmen-
tation transfer from a statistical medical shape to acquired
organs (Fig. 8) and solid texturing (Fig. 5).

All in all, this article opens for the first time to the com-
putation of volumetric correspondences with spectral ap-
proaches. To this end, we believe our contributions will
foster new research in this direction, positioning volume
spectral mapping as a flexible and practical alternative to
existing piece-wise linear approaches. To facilitate this en-
deavor, we release our reference code at anonymous.

2. Related Works
We list the main approaches to compute piece-wise maps
and functional maps highlighting, for both classes of meth-
ods, existing attempts (or lack thereof) to scale to volumes.

2.1. Piece-wise Maps
Piece-wise maps define correspondences between two
meshes by starting from explicit per vertex correspondences
and extending the map inside mesh elements by means of
barycentric interpolation. This operation is uniquely de-
fined for simplices in any dimension [39], therefore it works
for both surface (triangle) and volume (tetrahedral) meshes.

A variety of algorithms can robustly generate piece-
wise surface maps to elementary domains such as trian-
gles [30], convex polygons [32, 60, 100, 109], star-shaped
polygons [59] and spheres [35, 85]. Maps between general
shapes are then obtained via composition, using these ele-
mentary shapes as intermediate domains [4, 34, 42, 45, 48,
52, 58, 86, 95–98, 101, 110].

Lifting this idea to volumes is possible in principle but
extremely challenging in practice. Even constructing an in-
jective map to a convex polyhedron has proved to be sur-
prisingly difficult [15, 56, 77]. Surface methods such as
the Tutte embedding are known to fail on general volume
meshes [5, 16]. To date, the only robust volume embedding
algorithms are [10, 38, 76, 77], but all of them are unsuitable
for real applications, due the massive use of exact numerical
constructions and exponential mesh refinement [70].

A less robust but more practical alternative consists in
initializing a non injective map directly with a fast ap-

proximation algorithm, and then relocate the vertices to fix
flipped or vanishing elements. This problem, often referred
to as mesh untangling [43, 83], is ill-posed in general, as
valid solutions may not exist for a fixed mesh connectiv-
ity [57]. Existing volume approaches operate on convex
subsets of the feasible region [44], minimize flip-preventing
energies [2, 25, 33], or project onto the space of bounded
distortion mappings [3]. Due to the problem’s non linearity
and the absence of a feasible starting solution, none of these
methods guarantees the correctness of the result. Multiple
failure cases have been reported by testing the most promi-
nent existing algorithms on available datasets [76, §6.3]. In
Sec. 5.2 we show that bootstrapping this pipeline with our
functional mapping dramatically increases the success rate
of state of the art volume untangling algorithms.

2.2. Functional Maps
Given two discrete surfaces, shape matching aims to esti-
mate a semantic point-wise correspondence between them.
The more general (and challenging) scenario occurs when
the two shapes are related by a non-rigid deformation.
Many applications are related to this task, from statistical
shape analysis [8] and medical imaging [67] to deformation
transfer [105, 106], among many others [19, 94]. Among
different approaches, functional mapping [80, 81] has at-
tracted significant attention. This framework aims to solve
the shape matching problem by estimating a correspon-
dence between functions defined on the surfaces, rather than
point-wise correspondences, which are hard to optimize for.
Exploiting a basis for the space of functions, for which a
standard choice arises from the extension of Fourier theory
to non-Euclidean domains [50, 107], the correspondence
among shapes can be compactly encoded in a matrix with
dimensions equal to the basis size. Following this direction,
a variety of works try to improve the framework by defin-
ing additional functional constraints [24, 78, 89], proposing
alternative bases [63, 68, 69, 72, 79], or defining alternative
procedures to extract point correspondences from a given
functional map [29, 74, 82, 90, 91, 93]. Recently, two al-
ternatives for scaling the functional maps approach to high-
resolution meshes [65, 66] addressed the scalability issues
of functional mapping. The functional maps framework ad-
ditionally gives rise to a family of data-driven approaches
that exploit machine learning techniques to solve the shape
matching problem exploiting the functional representation
as a prior [6, 11, 12, 23, 54, 99]. Despite its success, to
the best of our knowledge, this framework has never been
applied to volumes, leaving its potential impact fully unex-
plored in volume data processing.

3. Background and Notation
We discretize volumes as tetrahedral meshes M =
(VM, TM), where: VM ⊂ R3 is a set of vertices in 3D
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space; TM ⊂ V 4
M is a set of tetrahedra connecting the ver-

tices in VM.
We refer to the external sur-

face of M as the triangular mesh
∂M = (V∂M, F∂M), where
V∂M ⊂ VM is the set of surface

vertices of M; F∂M ⊂ V 3
∂M is

the set of surface triangles defined by the tetrahedra in TM.
The inset figure depicts a section of a tetrahedral mesh,

with the original external surface shown in transparency.
A scalar function f : VM → R over a volume mesh

M is discretized as a vector f ∈ R|VM|, and its restriction
f∂ : V∂M → R to the external surface ∂M is discretized
as a vector f∂ ∈ R|V∂M|. Given a tetrahedral (or trian-
gular) mesh M, and given two vertices vi, vj ∈ M, we
refer to the geodesic distance between vi and vj over M
as dM(vi, vj). There exist several algorithms to estimate
such a distance on discrete meshes [18]. For the sake of
simplicity, in the remainder of the paper we will always ap-
proximate dM(vi, vj) using Dijkstra’s algoritm [22] on the
edge connectivity of M.

Shape Matching and Correspondences. Given two sur-
face meshes M = (VM, FM) and N = (VN , FN ), the
problem of shape matching is the problem of finding a cor-
respondence π : VM → VN that maps vertices of M into
vertices of N [61]. In most cases, the correspondence π
has to satisfy semantic constraints or has to be an isom-
etry [19, 94], that is a correspondence π preserving the
geodesic distances between pairs of vertices. Namely

∀vi, vj ∈ VM, dM(vi, vj) = dN (π(vi), π(vj)) . (1)

Functional Maps. The problem of finding an isometric
correspondence, in its general setting, is NP-hard [7]. Many
solutions have been developed for computing an approxi-
mation. Among these, the functional maps approach has
grown popular due to its high efficiency and the smoothness
of the resulting correspondences [80].

Instead of searching directly for a correspondence π be-
tween two surfaces M and N , the functional maps ap-
proach aims at finding a linear map Tπ : F(N ) → F(M),
induced by π, from the space F(N ) of real-valued func-
tions over N to the space F(M) of real-valued functions
over M. Given any function f : VN → R, the map Tπ

gives the corresponding function Tπ(f) : VM → R that
maps vi 7→ f(π(vi)), for each vi ∈ VM.

Given two sets of (orthogonal) basis functions ΦM,ΦN
for the spaces F(M),F(N ), respectively, a function f :
VN → R can be expressed as a linear combination of ΦN

f =

∞∑
i=0

αiϕ
(i)
N =

∞∑
i=0

⟨f, ϕ(i)
N ⟩Nϕ

(i)
N , (2)

where ϕ
(i)
N is the i-th basis function in ΦN and ⟨·, ·⟩N de-

notes the inner product between functions over N . The co-
efficients αi denotes the projection of f onto the basis func-
tions ϕ

(i)
N . Usually, ΦM,ΦN are chosen to be the eigen-

functions of the Laplace-Beltrami operator on M and N .
Since Tπ is linear, the mapping of f onto M is given by

Tπ(f) =

∞∑
i=0

αiTπ(ϕ
(i)
N ) =

∞∑
i,j=0

αici,jϕ
(j)
M , (3)

where ci,j = ⟨Tπ(ϕ
(i)
N ), ϕ

(j)
M⟩M. By truncating the two

bases to k functions, the coefficients ci,j can be stored into
a matrix C ∈ Rk×k, leading to the matrix equation

Tπ(f) ≈ ΦMCΦ†
Nf , (4)

where † denotes the Moore-Penrose pseudo-inverse. No-
tably, Tπ(ΦN ) ≈ ΦMC, thus by knowing the matrix C it
is possible to extract the unknown correspondence π via a
nearest-neighbor search, NN(ΦN ,ΦMC).

4. Method

The functional maps framework is not bound to the domain
of 2-dimensional surfaces. Indeed, the Laplace-Beltrami
Operator (LBO) can be defined on Riemannian manifolds
of arbitrary dimension, and it always admits a spectral de-
composition. We discretize the LBO of a tetrahedral mesh
M = (VM, TM) using the n-dimensional cotangent for-
mula [17, 53] which defines the discrete LBO as a pair of
matrices S and W, denoted as stiffness and mass matrices,
respectively. Its spectral decomposition can be obtained by
solving the generalized eigenproblem SΦ = WΦΛ.

Implementation details and a discussion on the choice of
the LBO are provided in the supplementary material. We
highlight that most applications we address involve analyz-
ing information at the surface (i.e., the boundary of a tetra-
hedral mesh), compelling us to impose Neumann’s bound-
ary conditions to prevent zero-valued eigenfunctions on the
surface.

Most successful algorithms for estimating the functional
map between shapes rely on the property that intrinsic struc-
tures and processes behave similarly on similar surfaces.
For instance, the invariance of the LBO basis and the heat
diffusion under (quasi-)isometric deformations plays a key
role in stable functional map estimation [78, 79, 81]. De-
spite this invariance holds for continuous volumetric shapes
(see Fig. 2), in a discrete setting the position and connectiv-
ity of the vertices can heavily impact the numerical stabil-
ity of the Laplacian operator [49]. Supplementary material
provides a detailed empirical study on the invariance of the
LBO in the volumetric setting and a deeper discussion on
isometric deformations between volumes.

20445



Figure 2. The first 5 non-constant volumetric LBO eigenfunctions
on two humanoid non-isometric shapes

4.1. Spectral Connectivity Transfer
The success of functional mapping is also due to its abil-
ity to smooth out signals and correspondences: a truncated
basis filters out high-frequency details, producing smoothly
interpolated signals. This smoothness, combined with the
fact that the basis is usually much smaller than the num-
ber of vertices, allows to approximate the spectral represen-
tation of noisy and partial signals. This feature has been
exploited by Melzi et al. [74] to efficiently approximate a
functional map using only a reduced sampling of the origi-
nal surface. In our setting, we take advantage of this prop-
erty to transfer connectivity between volumes.

Functional Connectivity Transfer. Let M = (VM, TM)
be a tetrahedral mesh with surface ∂M = (V∂M, F∂M).
Let ∂N = (V∂N , F∂N ) be another surface in known corre-
spondence with ∂M through the (surface) map π : ∂M →
∂N . There are various options to obtain a tetrahedralization
N of the interior of ∂N [21, 36]. However, by no means,
its connectivity will match the connectivity of M.

Given a surface ∂N with induced tetrahedral mesh N ,
we exploit the known correspondence π : ∂M → ∂N
to induce a volumetric correspondence π′ : M → N .
Let ΦM,ΦN be the LBO eigenbases of the volumes M
and N , respectively, and let us denote with Φ∂M =
(ΦM)∂ ,Φ∂N = (ΦN )∂ their restrictions to the surfaces.
We stress that Φ∂M is not the LBO eigenbasis of ∂M. The
functional map C induced by π′ must be such that

ΦMC = Tπ′(ΦN ) . (5)

We consider that the rows of Φ∂M (resp. Φ∂N ) are a
subset of the rows of ΦM (resp. ΦN ). Recalling that π is
the restriction of π′, we get

Φ∂MC = (ΦMC)∂ = (Tπ′(ΦN ))∂ = Tπ(Φ∂N ) . (6)

Figure 3. Our pipeline for extrapolating interior coordinates from
surface correspondences. Given the surface map π (first row), we
approximate the spectral embedding of the surface coordinates of
∂N using the boundary restriction of the eigenfunctions of M
(second row). Using the eigenfunctions on the entire volume, we
reconstruct the interior coordinates from the spectral embedding
(third row), and use these coordinates to transfer the inner connec-
tivity (fourth row).

In general, the size of the basis (i.e., the number of columns
of Φ∂M) is significantly smaller than the number of ver-
tices (i.e., the number of rows), even if we only consider
the vertices at the surface. Intuitively, this suggests that the
restricted eigenfunctions Φ∂M at the surface are linearly
independent. Indeed, classical results from control theory
support this intuition, proving that the boundary traces (i.e.,
the restriction to the boundary) of the eigenfunctions of
any elliptic operator are linearly independent in a system
with Neumann boundary conditions [47, 108] (see the sup-
plementary material for a deeper analysis of the descrip-
tive power of the boundary traces). Therefore, Φ∂M ad-
mits left inverse and the volumetric functional map can
be approximated via the known surface correspondence as
C ≈ Φ†

∂MTπ(Φ∂N ).
The functional map C can then be used with the full

spectrum to transfer the coordinates of N onto M. Namely

Tπ′(xN ) = ΦMCΦ†
NxN , (7)

and similarly for yN and zN . By using the values
Tπ′(xN ), Tπ′(yN ), Tπ′(zN ) as coordinates for the vertices
of M, we get a connectivity transfer from M onto N .
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Spectral Extrapolation of Coordinates. A watertight
surface already encodes information about the enclosed vol-
ume. Since the LBO provides smoothness guarantees in sig-
nal reconstruction, it is a good candidate for extrapolating
the interior coordinates of a volume from its surface.

Given the ground truth correspondence π : ∂M → ∂N ,
we can transfer the surface coordinates x∂N , y∂N , z∂N of
∂N onto ∂M as Tπ(x∂N ), Tπ(y∂N ), Tπ(z∂N ). We then
consider the LBO eigenbasis ΦM and its restriction Φ∂M
to the surface. Following a reasoning analogous to the dis-
cussion in the previous paragraph, we have that

(Tπ′(xN ))∂ ≈ (ΦMΦ†
MTπ′(xN ))∂ = Φ∂MΦ†

MTπ′(xN ) ,

Tπ(x∂N ) ≈ Φ∂MΦ†
∂MTπ(x∂N ) .

(8)
Since (Tπ′(xN ))∂ = Tπ(x∂N ), then it must also be
Φ†

MTπ′(xN ) ≈ Φ†
∂MTπ(x∂N ). Finally, the coordinates

on the interior of N can be extrapolated by reconstructing
with the full basis:

Tπ′(xN ) = ΦMΦ†
∂MTπ(x∂N ) , (9)

and analogously for yN and zN . A visual representation of
our pipeline is shown in Fig. 3.

Concrete examples of reliable connectivity transfer us-
ing both a functional transfer of interior coordinates and
their extrapolation from the spectral embedding of the sur-
face coordinates are depicted in Fig. 7 (resp. Transfer
and Extrapolation). For this specific test, we extended the
LBO eigenbasis with the Coordinates Manifold Harmon-
ics (CMH) basis [68], which also includes three additional
functions encoding the extrinsic per vertex xyz coordinates
and is known to be better suited to reconstruct extrinsic in-
formation. Additional experiments on the whole dataset,
considering both the LBO and CMH eigenbasis are reported
in Sec. 5.2.

4.2. Volume-Aware Surface Correspondence
Besides purely volumetric applications, we observe that a
good functional map among volumes also induces a good
functional map among their external surfaces. Intuitively, a
volumetric shape is a richer structure than a surface, yield-
ing more information both locally and globally. Therefore,
we guess that functional maps among tetrahedral meshes
are more accurate and informative than maps among trian-
gular meshes. This idea is grounded from the results of Ra-
viv et al. [88], who have shown that using volume-informed
shape descriptors has positive effects in computing corre-
spondences between surfaces. As mentioned in Sec. 4.1, the
functional map that relates the LBO eigenbases of two vol-
umetric shapes also relates their restriction to the surfaces.
Consequently, the volumetric map can be used to infer a
correspondence between surfaces.
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Figure 4. Left: average geodesic error curves on the pairs from
Su et al. [104] resulting from the application of FMaps [78],
ZoomOut [74], and Orthoprods [63]. Right: runtime for the three
methods plotted against the number of vertices in the source mesh.

Given two surface meshes ∂M, ∂N , we compute the
tetrahedral meshes M,N representing their interior vol-
ume. We then compute the functional map C relating their
eigenbases via ΦMC = Tπ(ΦN ), and we can use that same
functional map for defining the surface relation (ΦM)∂C =
(Tπ(ΦN ))∂ . The surface correspondence is eventually ex-
tracted via nearest neighbor search, NN(Φ∂MC,Φ∂N ).

5. Results and Applications
We implemented our tool in MATLAB, extending the sur-
face only implementation of the functional map from [78]
and ZoomOut [74]. Our code is available at https:
//github.com/filthynobleman/vol-fmaps.

5.1. Volumetric Functional Maps
We validate our prototype and assess its ability to devise
high-quality volume maps by comparing our correspon-
dences against the ground truth. Unlike the surface setting,
where a constantly growing amount of public data has be-
come available for validation, almost no volumetric datasets
are available for this specific task. We consider a set of 40
pairs of volume meshes with identical connectivity, which
thus define an injective piece-wise linear map as described
in Sec. 2.1. This dataset, originally proposed by [104] and
then used to validate [25], covers diverse classes of ob-
jects, such as: animals, humanoids, hands, and a variety of
man-made objects like glasses, lamps, laptops and scissors.
For each pair of objects, we compute a volumetric func-
tional map and extract a point-to-point correspondence as
described in Sec. 4. Then, for each vertex v, we measure the
geodesic error as the geodesic distance dN (πgt(v), π(v))
between its mapped point π(v) and its ground truth coun-
terpart πgt(v). In Fig. 4 we show the cumulative curves of
the geodesic error obtained with different functional map
estimation algorithms, as well as their runtime in relation to
the vertex count. We also provide the average geodesic error
(AGE) in the legend of the figure. For comparisons, we use
the well-established algorithm based on descriptor preser-
vation (FMap) [78] and ZoomOut [74], using both the stan-
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Figure 5. Coordinate transfer between two volumetric shapes us-
ing the Orthoprods basis. The normalized coordinates are treated
as RGB channels for visualization (first column). For further vali-
dation, the transferred coordinates are also used for generating an
error-sensitive procedural texture, which is visualized on different
slices of the volume (second to fourth columns).

Table 1. Average percentage of flips using the methods described
in Sec. 4.1 at varying the basis size. The average runtime (in sec-
onds) to compute the largest basis considered is also reported.

Method 5% eigs 10% eigs 15% eigs 20% eigs Time (s)
Transfer (LBO) 4.63% 1.50% 1.18% 0.93% 1127
Transfer (CMH) 4.75% 0.84% 0.45% 0.34% 1127

Extrapolation (LBO) 4.39% 1.45% 1.15% 0.92% 554
Extrapolation (CMH) 4.90% 0.99% 0.56% 0.42% 554

dard and the fast implementation. For the fast implemen-
tation, we use the surface points as samples to validate the
claim in Sec. 4.1 that the surface encodes information about
the enclosed volume. We also test our framework replac-
ing the LBO eigenbasis with the orthogonalized eigenprod-
ucts basis (Orthoprods) proposed by Maggioli et al. [63],
but instead of using the approach described by the authors
for the functional map estimation, we plug the basis into the
ZoomOut pipeline. As expected, the extended Orthoprods
basis has higher descriptive power, but this comes with ad-
ditional computational cost for aligning the larger bases. In
contrast, ZoomOut achieves the best trade-off between ac-
curacy and runtime. Overall, our results demonstrate that
the volumetric functional map framework produces high-
quality maps, matching the performance obtained in the sur-
face setting. This can be further appreciated in the signal
transfer example from Fig. 5, where we transfer the coor-
dinates function between two meshes with the Orthoprods
bases and use the resulting values to compute an error-
sensitive procedural texture [64]. All values reported in this
subsection correspond to volumetric extensions of the con-
sidered metrics. A more detailed evaluation of the maps is
provided in the supplementary material.

Figure 6. Left: two of the 1405 failure cases of the untangling al-
gorithm proposed by Garanzha et al. [33], which emerged from the
challenging large scale validation described in [76, §6.3]. Right:
computing an initial connectivity transfer with our tool to warm
start the same algorithm allows to retain a fully bijective map, thus
improving the overall robustness.

5.2. Connectivity Transfer

Representing volume maps using two tetrahedral meshes
that share the same connectivity but have different ver-
tex coordinates is a common choice for many practical
applications involving digital fabrication [27, 55, 111],
medicine [1] and hexahedral meshing [9, 83]. As detailed
in Sec. 4.1, our framework can be used to transfer the con-
nectivity of a given volume mesh onto a target domain, ei-
ther by using a functional map to transfer the vertex coordi-
nates (§4.1 Functional Connectivity Transfer) or by extrap-
olating the connectivity from its outer surface (§4.1 Spectral
Extrapolation of Coordinates).

If the whole spectrum is considered, the LBO basis spans
the entire functional space of the mesh and the functional
map is one-to-one [93]. Computing the full spectrum is
computationally expensive, hence only a fraction of the
eigenfunctions are typically computed. We test our proto-
types on the dataset of 40 meshes released by Su et al. [104]
and empirically verify that the amount of inverted elements
introduced in the map gracefully decays to zero for growing
numbers of eigenfunctions (see the supplementary material
for a detailed analysis). On average, already using 5% of
the spectrum the number of flipped cells falls below 5%. It
consistently decreases as basis grows, and goes below 1%
if 20% of the spectrum is considered (Tab. 1), reaching full
injectvity when 25% of the spectrum is used (Fig. 7). We
consider both the LBO spectrum and its extension equipped
with three additional functions that encode the extrinsic em-
bedding (CMH). As shown in [68, 75] CMH is better suited
to transfer discrete signals such as the surface mesh con-
nectivity. This advantage also manifests on volumes, as
reflected in the second and fourth rows of Tab. 1. For ef-
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Figure 7. From left to right: tetrahedral mesh; surface of the target
domain; ground truth connectivity transfer; connectivity transfer
obtained by extrapolating the interior vertices from the surface co-
ordinates; connectivity transfer obtained by transferring the coor-
dinates with the functional map. Each tetrahedron t is colored
according to the geometric distortion of the map, measured as
|1−det(Jt)|, where Jt is the Jacobian of the affine transformation
mapping t from the source to the target. All maps shown in this
figure are fully injective (i.e., ∀t,det(Jt) > 0).

ficiency, the average running times for computing the larger
bases are reported in the last column of the same table. As
can be noticed the extrapolation algorithm is roughly 2×
faster than volumetric transfer, because in this case only the
volumetric spectrum of a single mesh must be computed.
Note that even using a small fraction of the spectrum, vol-
umetric functional mapping still provides a valuable ini-
tial solution for untangling algorithms such as [25, 33],
which are then required to remove the remaining inverted
tetrahedra from the map. This is a standard procedure for
generating injective linear maps, where mesh untangling is
typically bootstrapped using the Tutte 3D embedding [38],
which is known to fail on volumes [5]. Our tool provides a
better initial guess than Tutte. To prove this, we considered
the 1405 failures produced in the large-scale validation de-
scribed in [76, §6.3]. Substituting the initial guess provided
by Tutte with the one produced with our tool, we were able
to obtain one-to-one maps in the 85% of their failure cases,
using both LBO and CMH basis functions, dramatically in-
creasing the success rate of this pipeline (Fig. 6).

5.3. Segmentation Transfer

Statistical shape analysis for medical data primarily bene-
fits from accurate solutions to analyze large collections of
shapes [37, 102]. The literature shows that the functional
maps framework is a prominent tool for medical applica-
tions [62, 67, 71]. A standard approach to analyze col-
lections of shapes is to determine or build a template sur-
face which acts as a median shape to compare the entire
dataset [41]. However, existing approach are limited to the
analysis of surfaces, while often medical data are better rep-
resented as 3D volumes (e.g., MRI scans [92]).

Our approach allows to extend existing methodologies
to deal with volumetric data. To prove this, we select

Figure 8. A segmentation of a template brain transferred to two
other brains using a correspondence computed with our volumetric
functional maps framework. The shapes and the segmentation are
from MedShapeNet [51].

two brain shapes from the MedShapeNet dataset [51] and a
population-averaged template [28]. Using TetGen [36], we
compute the tetrahedral meshes representing the volumes of
the brains, and segment the template using a reference seg-
mentation [31]. We then compute a volumetric functional
map from the template to each shape, extract the point-to-
point correspondence and transfer the segmentation. From
the results in Fig. 8, we can see that, despite the noisy
segmentation in the central section, our tool can faithfully
transfer the segmentation preserving its overall structure.

5.4. Shape Matching
Here we study to what extent incorporating volumetric in-
formation into the shape matching problem improves accu-
racy over existing surface-based functional map pipelines.

Data. We consider both the outer surfaces of our
reference ground truth volumetric dataset (denoted as
VOL) [104] and well established shape matching datasets,
such as SHREC’19 [73], SHREC’20 [26], and TOP-
KIDS [46], which we all tetrahedralize using fTetWild [40].
These datasets stress shape matching algorithms in dif-
ferent ways, exhibiting geometric and topological noise
(SHREC’19), strongly non-isometric matches (SHREC’20)
and topological changes (SHREC’20 and TOPKIDS).
For SHREC’20, we discard two meshes because the in-
side/outside system of fTetWild does not reproduce a mean-
ingful volumetric mesh for the comparison. We refer to the
supplementary material for more details on the data.

Comparative Analysis. We validate the approach in
Sec. 4.2 by comparing it with the standard surface-based
pipeline on each dataset. To prove that our volumetric
framework can be seamlessly integrated with existing ex-
tensions of functional maps, we also test it with differ-
ent sets of bases, such as Coordinates Manifold Harmon-
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LBO CMH Orthoprods︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷
Dataset AGE Surf. AGE Vol. Succ. Rate AGE Surf. AGE Vol. Succ. Rate AGE Surf. AGE Vol. Succ. Rate Slowdown Vertex Ratio
VOL 1.88·10−6 2.92·10−6 22.50% 1.78·10−6 3.15·10−6 20.00% 5.82·10−7 3.19·10−7 60.00% 1.92× 1.40×

SHREC’19 1.03·10−1 6.64·10−2 53.15% 1.04·10−1 6.56·10−2 54.52% 1.11·10−1 7.13·10−2 56.42% 2.03× 1.59×
TOPKIDS 1.24·10−1 8.85·10−2 60.00% 1.23·10−1 8.86·10−2 68.00% 1.17·10−1 8.13·10−2 64.00% 2.51× 2.16×
SHREC’20 1.82·10−1 2.72·10−1 14.84% 2.70·10−1 1.82·10−1 55.49% 1.83·10−1 3.01·10−1 8.24% 1.01× 0.80×

Table 2. Results of each functional maps implementation on each dataset. We report geodesic error averaged across the dataset (AGE) and
percentage of single pairs where our approach obtains a better AGE (Succ. Rate). Computational overhead strongly correlates with mesh
growth (right). We report: average slowdown induced by volumes and average vertex ratio between surfaces and volumes.

ics (CMH) [68] and Orthogonalized eigenproducts (Or-
thoprods) [63]. In all cases, we align the bases using
the method based on descriptors preservation [78] and
ZoomOut [74]. For a fair comparison, we use the same
bases for both the surface and the volumetric approaches.

The results of our experiments are summarized in Tab. 2,
where we show the dataset averaged geodesic error (AGE)
for both frameworks and the percentage of single pairs for
which our approach obtains a better AGE (Success Rate).
We also report the slowdown factor induced by volumes and
the ratio between the vertex count of the surface and volume
meshes. Interestingly, our approach is consistently more ac-
curate than its surface counterpart, suggesting that incorpo-
rating volumetric information into the matching process is
always a rewarding choice when a volumetric discretization
is available. The increased accuracy comes at the cost of
additional computational, due to the introduction of the in-
ternal vertices. Inspecting the Slowdown columns in Tab. 2
we can see that there is a close relationship between the
slowdown and the number of vertices introduced, suggest-
ing that the volumetric pipeline is not significantly slower
per se, but suffers from the overhead induced by the addi-
tional vertices needed to discretize the volume.

From the scale of the AGE, we can deduce that VOL
is not a really challenging dataset for shape matching (wa-
tertight shapes, shared connectivity); thus, introducing vol-
umetric information provides a real advantage only with
more informative bases, such as Orthoprods. The accuracy
of our approach seems related to the choice of the basis also
when dealing with significantly more challenging datasets
like SHREC’20. This is due to topological errors introduced
by tetrahedralization. The topological changes reflect on the
LBO eigenbasis and the Orthoprods basis, decreasing the
accuracy. The CMH basis uses the vertex coordinates as a
regularizer, compensating for the error. We provide a more
detailed discussion in the supplementary material.

6. Conclusions
We presented the first volumetric functional maps pipeline,
showcasing real applications that exploit discrete and con-
tinuous signal transfer for solid texturing, connectivity
transfer, and segmentation transfer for medical applications,
also improving the accuracy of surface matching tasks. Our

practical contributions just scratch the surface of this prob-
lem and we foresee interesting avenues for future research.

Limitations. Our connectivity transfer shows great poten-
tial but is far from being perfect. Indeed, always achieving
a fully injective map is technically possible, but considering
a large enough portion of the spectrum may easily become
computationally prohibitive. Devising smarter techniques
to retain more precision for fixed spectrum size a research
direction worth investigating.

The higher precision in shape matching tasks comes at
the cost of an additional computational effort, because the
most expensive steps in the pipeline (eigendecomposition
and basis alignment) suffer from the increased vertex count.
This limitation is intrinsic to our approach, but it could be
mitigated by integrating scalable algorithms for computing
and aligning bases specifically designed for volumes.

Future works. A theoretical study of what properties are
invariant under a volume functional map must be carried
out. Despite our empirical studies show that volumetric
maps are more accurate than their surface counterparts, a
more profound theoretical analysis would provide useful in-
sight for further developments.

Finally, we emphasize the importance of releasing new
volumetric datasets to support ongoing research on volume
mapping, and in particular on spectral volume methods.
As discussed in Sec. 5.4, surface datasets that are well es-
tablished in the functional map community hardly extend
to volumes because of the difficulty to produce tetrahedral
meshes of acceptable quality, due to topological and geo-
metric noise, (e.g., large missing parts, overlaps, multiple
connected components, non-manifold configurations and
self-intersections). While robust volume meshing methods
such as [20, 40] can handle intersections with ease, deter-
mining semantically plausible separations between the in-
side and outside portions of the volume in the presence of
large gaps remains an open challenge. Recently, a large
scale dataset to support ongoing research on piece-wise vol-
ume mappings to convex or star-shaped domains has been
released [15]. Having similar contributions to support spec-
tral methods would greatly help practitioners and ultimately
foster more research in this emerging field.
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