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Abstract

Multimodal contrastive learning typically relies on pairwise
similarities for alignment, but recent work has shown that
Gramian volumes can capture higher-order correlations
across modalities. However, Euclidean Gramian volumes
suffer from volume collapse under L2 normalization, con-
centrating near unity with minimal discriminative variance.
Hyperbolic geometry’s exponential volume growth naturally
addresses this via variance preservation, motivating us to
extend Gramian alignment to hyperbolic space. Yet pre-
liminary experiments reveal that pure hyperbolic geometry
alone is insufficient: while it preserves variance, it underper-
forms Euclidean baselines on cross-category discrimination.
We introduce HyperGRAM, a hybrid geometry framework
that combines Euclidean discriminative stability with hyper-
bolic semantic variance through learnable mixing. Using
the numerically stable Lorentz model, HyperGRAM enables
volumes to serve dual roles: discriminating matched from
mismatched triplets while preserving semantic sensitivity
within matched pairs that reflects interpretation spaces (the
set of valid multimodal realizations). Evaluation across
four video-text benchmarks demonstrates that hybrid ge-
ometry consistently outperforms both pure Euclidean and
pure hyperbolic variants, achieving significant zero-shot im-
provements with cross-dataset semantic sensitivity exhibiting
contrasting correlation patterns.

1. Introduction
Multimodal video-text retrieval has emerged as a funda-
mental task in vision-language understanding, enabling
applications from video search to content recommenda-
tion [5, 33, 43]. Current approaches predominantly rely on
contrastive learning with cosine similarity as the alignment
metric, treating all text descriptions uniformly regardless
of their semantic properties. However, this one-size-fits-

Simple Description

“A dog”

Rich Description

“an elaborate artistic performance with 
intricate musical accompaniment and 

dramatic presentation”

Euclidean Space Hyperbolic Space

V𝐸𝑢𝑐 𝑟 	∞	𝑟3(Polynomial) V𝐻𝑦𝑝 𝑟 	∞	𝑒3𝑟(Exponential)

Rich

Simple

Figure 1. Interpretation Space Concept. Simple description
“a dog” has few valid (video, audio) realizations. Rich descrip-
tions allow exponentially many interpretations. As interpretation
spaces expand exponentially, volumes must preserve discriminative
variance to reflect semantic differences. Hyperbolic geometry’s ex-
ponential capacity (V ∝ e3r) maintains variance, while Euclidean
polynomial capacity (V ∝ r3) causes collapse to uniform values.

all strategy overlooks a crucial observation: different text
descriptions have vastly different interpretation spaces.

Consider two text descriptions: “a dog” versus “an elab-
orate artistic performance with intricate musical accompa-
niment and dramatic presentation”. As shown in Figure 1,
the simple description “a dog” corresponds to a relatively
small set of valid video-audio pairs, perhaps showing differ-
ent dog breeds or activities, but the semantic scope remains
constrained. In contrast, the rich description allows expo-
nentially many interpretations: ballet with classical music,
contemporary dance with electronic accompaniment, opera
with orchestral sounds, and countless other combinations.
This exponential growth in valid multimodal realizations
as descriptions become semantically richer is not captured
by existing uniform metrics. This motivates a geometric
framework with exponential capacity: volumes must main-
tain discriminative variance as interpretation spaces expand
exponentially, rather than collapsing to uniform values.

Recent work has explored Gramian volume-based multi-
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Figure 2. Overview of HyperGRAM Framework. Left: Mul-
timodal inputs (image, video, audio, text) are encoded into em-
beddings. Middle: Traditional approaches use CLIP-based cosine
similarity (measuring angles) or Euclidean volume-based align-
ment (measuring simplex volumes), which suffer from variance
collapse. Right (Proposed): HyperGRAM projects embeddings
onto a hyperbolic manifold, where exponential geometric capacity
preserves discriminative variance across diverse semantic complex-
ities, enabling volumes to serve dual roles: discrimination across
samples and semantic reflection within matched pairs. Different
shapes represent different modality combinations.

modal alignment [7], which measures the geometric volume
of the parallelepiped formed by embeddings via Gram matrix
determinants. This approach captures higher-order correla-
tions beyond pairwise similarities. Despite this advantage
of capturing higher-order correlations, Euclidean Gramian
volumes suffer from volume collapse: due to L2 normaliza-
tion, Gram matrices converge to near-identity structures with
det(G) ≈ 1.0 and minimal variance (std=0.005). This col-
lapse eliminates both discriminative power across samples
and semantic sensitivity within matched pairs. Moreover,
the geometric properties of Euclidean space are fundamen-
tally insufficient. Euclidean volume’s polynomial growth
(VEuc(r) ∝ r3) provides inadequate capacity: as interpre-
tation spaces expand exponentially with semantic richness,
Euclidean volumes cannot maintain discriminative variance
and collapse to near-uniform values. Hyperbolic volume’s
exponential growth (VHyp(r) ∝ e3r) naturally preserves vari-
ance across diverse semantic complexities.

The volume collapse reveals a deeper issue: Euclidean
Gramian volumes fail to encode varying semantic richness
across different text descriptions. We formalize interpreta-
tion space S(T ) as the set of valid (video, audio) pairs se-
mantically consistent with text T . Simple descriptions have
small |S(T )|; rich descriptions exhibit exponential growth.

Our insight: volumes should (1) discriminate matched
from mismatched samples, and (2) within matched sam-
ples, reflect interpretation space size by preserving semantic
variance. To achieve role (2), the geometry must provide
exponential capacity to maintain volume variance as |S(T )|
grows exponentially. Hyperbolic geometry’s exponential
volume growth (V ∝ e3r) provides this capacity, suggesting
a natural direction: extending GRAM to hyperbolic space to
leverage exponential capacity for variance preservation.

However, preliminary experiments reveal that pure hyper-
bolic geometry alone is insufficient. While pure hyperbolic
volumes successfully preserve variance, they underperform
Euclidean GRAM on certain benchmarks. This suggests
hyperbolic geometry excels at the semantic role (preserving
variance reflecting interpretation space size) but may lack the
discriminative stability that Euclidean geometry provides for
cross-category matching. This observation leads to our key
insight: Euclidean and hyperbolic geometries offer comple-
mentary strengths. Euclidean volumes provide stable global
discrimination across diverse semantic categories through es-
tablished contrastive learning on the unit sphere. Hyperbolic
volumes preserve fine-grained semantic variance within cat-
egories through exponential capacity. Rather than choosing
one geometry, we propose data-driven hybrid mixing that
automatically balances these properties.

We introduce HyperGRAM, implementing this hybrid
geometry vision through the numerically stable Lorentz
model. We define hyperbolic Gramian volumes via
Lorentzian inner products and mix them with Euclidean
volumes through a learnable scalar parameter α, enabling
data-driven balancing with negligible overhead.

Our main contributions are:

1. Interpretation Space Theory: We formalize the inter-
pretation space framework and prove that hyperbolic ge-
ometry’s exponential capacity enables volumes to pre-
serve discriminative power for hard samples across multi-
modality pairs while maintaining semantic sensitivity.

2. HyperGRAM Framework: We are the first to extend
Gramian volume-based alignment to hyperbolic space,
introducing a numerically stable Lorentzian formulation
with provable connections to hyperbolic simplex volumes.
We further adapt HyperGRAM into a hybrid geometry
learning scheme that benefits from both Euclidean dis-
criminative stability (cross-category matching) and hy-
perbolic semantic variance (within-category sensitivity).

3. SOTA Zero-Shot Performance: Without modifying the
backbone, HyperGRAM achieves consistent improve-
ments across four video-text benchmarks, outperforming
the Euclidean GRAM baseline by +1.8% to +2.9% T2V
Recall@1 and establishing new SOTA results on MSR-
VTT (56.6%), ActivityNet (58.2%), and VATEX (79.9%).

4. Comprehensive Validation: Ablation studies validate
the effectiveness of interpretation space theory through
cross-dataset semantic sensitivity analysis (r=+0.335/-
0.124) and qualitative validation (+14% volume increase
with complexity). Experiments further demonstrate that
hybrid geometric learning consistently outperforms both
pure Euclidean and pure hyperbolic spaces, with learned
mixing converging to α ≈ 0.5 across all datasets.
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2. Related Work

Multimodal Video-Text Retrieval. Multimodal alignment
learns joint embeddings across modalities via contrastive
learning [5, 9, 27, 28, 33, 43, 51–53], predominantly using
cosine similarity as the alignment metric. While effective for
coarse-grained matching, cosine similarity treats all text de-
scriptions uniformly, ignoring semantic diversity and failing
to capture higher-order multimodal correlations.
Gramian-Based Multimodal Learning. GRAM [7, 14]
introduces Gramian volume Vol(G) =

√
det(G) as a multi-

modal alignment metric, capturing higher-order correlations
that pairwise cosine similarity misses, and has since been
extended to molecular [19] and drug-target domains [18].
However, GRAM suffers from volume collapse in Euclidean
space: L2 normalization forces det(G) ≈ 1.0 with minimal
variance (std=0.005), eliminating discriminative power.
Hyperbolic Representation Learning. Hyperbolic geome-
try’s exponential volume growth (V (r) ∝ e3r) enables com-
pact representations of hierarchical structures [1, 20, 29, 30]
and has been applied to multimodal fusion across do-
mains [31, 32, 49]. In vision-language learning, MERU [10]
pioneered hyperbolic image-text embeddings using distance-
based similarity with entailment cones, further explored by
Ramasinghe et al. [34] who study the modality gap in hyper-
bolic space.
Geometry Mixing and Hybrid Spaces. Mixed-curvature
learning [2, 4, 16, 37, 38] combines benefits of multiple ge-
ometries via product manifolds embedding data in Euclidean,
spherical, and hyperbolic spaces simultaneously. Our hybrid
approach learns a simpler convex combination of volumes:
Vα = (1 − α)VHyp + αVEuc, where α ∈ [0, 1], enabling
end-to-end learning of α without separate subspaces.
Positioning of Our Work. HyperGRAM is the first to ex-
tend Gramian volume-based multimodal alignment to hyper-
bolic space, bridging two recent lines of work: GRAM [7],
which introduced Euclidean Gramian volumes but suffers
from volume collapse, and MERU [10] and follow-up
work [34], which use hyperbolic geometry for modality gaps
but rely on pairwise distances. In contrast, HyperGRAM
introduces a theoretically grounded dual-role volume frame-
work based on interpretation space theory (formalizing the
need for exponential geometric capacity), leverages hybrid
geometry that adaptively balances Euclidean discrimina-
tive stability and hyperbolic semantic variance with min-
imal overhead, and achieves robust variance preservation
(std=0.12 vs 0.005) with consistent zero-shot gains.

3. Method

Figure 2 illustrates the overall architecture of HyperGRAM.
We present HyperGRAM, which extends Gramian volume-
based multimodal alignment to hyperbolic space. We begin
by reviewing Euclidean GRAM [7] (Sec. 3.1), then formu-
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Figure 3. Hyperbolic vs Euclidean Geometry. Volume growth
comparison: hyperbolic V (r) ∝ er (steep) vastly outgrows Eu-
clidean V (r) ∝ r3 (shallow), matching exponential interpretation
space expansion.

late interpretation space theory (Sec. 3.2), followed by our
hyperbolic extension with variance preservation mechanism
(Sec. 3.3), numerical stability analysis (Sec. 3.4), and hybrid
geometry learning (Sec. 3.5).

3.1. Preliminaries: Euclidean GRAM
Given a text description T , GRAM extracts embeddings
from three modalities: text xt ∈ Rd, video xv ∈ Rd, and
audio xa ∈ Rd. After L2 normalization (∥xi∥ = 1), the
Euclidean Gram matrix is GEuc = [⟨xi,xj⟩E ]i,j∈{t,v,a},
where ⟨x,y⟩E = x⊤y is the standard Euclidean inner prod-
uct. The Euclidean volume is computed as:

VEuc =
√
det(GEuc). (1)

This volume measures the geometric size of the paral-
lelepiped formed by the three embedding vectors, capturing
triadic correlations beyond pairwise cosine similarities.

Problem: Volume Collapse. Due to L2 normalization,
diagonal entries satisfy ⟨xi,xi⟩E = ∥xi∥2 = 1. After
projection and alignment, off-diagonal entries tend toward
orthogonality: ⟨xi,xj⟩E ≈ 0 for i ̸= j. Thus, GEuc ≈ I
(identity matrix), yielding det(GEuc) ≈ 1.0 for almost all
samples. Empirically, Euclidean volumes exhibit minimal
variance: std=0.005 across thousands of samples, eliminat-
ing discriminative power.

3.2. Interpretation Space Theory
We formalize the concept of interpretation space to pro-
vide geometric intuition for why hyperbolic geometry is the
principled choice.

Definition 1 (Interpretation Space). For a text
description T , the interpretation space S(T ) =
{(v, a) : (v, a) is semantically valid for T} is the set of
valid (video, audio) pairs semantically consistent with T .
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Observation 1 (Exponential Growth). The interpreta-
tion space size is related to the semantic entropy H(T ) =
−E(v,a)∼P (V,A|T )[logP (V,A|T )] of the conditional distri-
bution over video-audio pairs. For simple descriptions (e.g.,
“a dog”), the conditional distribution P (V,A|T ) is concen-
trated (low H(T )), yielding |S(T )| on the order of a few
dozen valid realizations. For rich descriptions (e.g., “an
elaborate artistic performance with intricate musical ac-
companiment”), P (V,A|T ) is diffuse (high H(T )), and
the number of valid interpretations grows exponentially:
|S(T )| ∝ ec·H(T ) for some constant c > 0.

Hypothesis 1 (Dual-Role Volume Framework).
Gramian volumes should serve two complementary roles
enabled by geometric capacity: Discriminative role: Distin-
guish matched from mismatched triplets via volume magni-
tude (training objective learns smaller volumes for positives).
Semantic role: Within matched pairs, preserve variance that
reflects interpretation space size |S(T )| (geometric capacity
enables volume diversity proportional to semantic richness).

Euclidean volumes fail both: variance collapse
(std=0.005) forces all samples toward V ≈ 1.0, eliminating
discrimination power across samples and semantic sensitiv-
ity within the matched class. Hyperbolic geometry’s expo-
nential capacity enables both roles simultaneously: volumes
discriminate positives/negatives (via training) while main-
taining variance (std=0.12) that reflects semantic complexity
(via geometry). We validate empirically in Secs. 4.3 and 4.4:
within matched pairs, volumes exhibit dataset-dependent
correlations with caption complexity (r=+0.335 for coher-
ent narratives, r=-0.124 for fragmented descriptions), and
increase monotonically (+14%) from simple to complex cap-
tions.

Geometric Mismatch. To enable the semantic role (pre-
serving variance proportional to |S(T )|), the geometry must
provide sufficient capacity to maintain discriminative vol-
ume ranges as interpretation spaces expand. In Euclidean
space, volume grows polynomially (V (r) ∝ r3); in hyper-
bolic space, exponentially (V (r) ∝ e3r for large r) [36].
Since |S(T )| grows exponentially with semantic complexity,
hyperbolic geometry provides the capacity needed to pre-
serve volume variance without saturation, whereas Euclidean
polynomial growth leads to variance collapse as diverse in-
terpretation spaces must be mapped into limited geometric
capacity.

Proposition 1 (Geometric Principle). Hyperbolic geom-
etry’s exponential volume growth (V ∝ e(d−1)r) enables rep-
resentation of exponentially-sized interpretation spaces with-
out saturation, while Euclidean polynomial growth (V ∝ rd)
cannot. Proof in Sec. B.2.

Lemma 1 (Variance Non-Collapse). For embeddings
{xi}mi=1 mapped to the Lorentz hyperboloid with spatial
norms ∥xi∥ ∼ N (µ, σ2), the variance of hyperbolic vol-
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Figure 4. Hyperbolic vs Euclidean Geometry. Poincaré disk
model showing hyperbolic geodesics (curved) vs Euclidean straight
lines. Distance shows exponential distortion: same Euclidean dis-
tance (d=0.70) maps to much larger hyperbolic distance (d=1.73).

umes satisfies:

Var(VHyp) ≥ C · σ2, (2)

where constant C > 0 depends on embedding dimension
d, number of modalities m, and mean spatial norm µ,
while Euclidean volumes under L2 normalization satisfy
Var(VEuc) → 0 as normalization enforces ∥xi∥ = 1.

Proof Sketch. The Lorentzian inner product ⟨xi,xj⟩L =

−
√
(1 + ∥xi∥2)(1 + ∥xj∥2) + x⊤

i xj preserves spatial
norm variance through the timelike component x0

i =√
1 + ∥xi∥2. Since ∂x0

i

∂∥xi∥ = ∥xi∥√
1+∥xi∥2

≥ 0, variance

in ∥xi∥ directly induces variance in Gram entries, and thus
in det(GHyp). For L2-normalized embeddings (∥xi∥ = 1
exactly), Euclidean Gram matrices collapse to near-identity:
GEuc ≈ I + ϵ, forcing det(GEuc) ≈ 1 with Var → 0. Em-
pirically, hyperbolic volumes preserve substantially higher
variance than Euclidean volumes across video-text bench-
marks. See Sec. B.1 for full derivation and Figures 3 and 4
for visual intuition.

3.3. Hyperbolic Gramian Volumes
Having established that exponential geometric capacity is
needed to match interpretation space growth, we now intro-
duce our hyperbolic extension of Gramian volumes. We
adopt the Lorentz model of hyperbolic geometry for its
numerical stability properties, which we analyze in de-
tail in Sec. 3.4. This section presents the Lorentz model
basics (Sec. 3.3.1), hyperbolic Gram matrix construction
(Sec. 3.3.2), and the variance preservation mechanism that
solves the collapse problem identified in Sec. 3.1 (Sec. 3.3.3).

3.3.1. Lorentz Model Basics
The Lorentz model embeds the n-dimensional hyperbolic
space Hn in (n+1)-dimensional Minkowski space Rn+1 as
a hyperboloid:

Hn = {x ∈ Rn+1 : ⟨x,x⟩L = −1, x0 > 0}, (3)
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where the Lorentzian inner product is ⟨x,y⟩L = −x0y0+∑n
i=1 x

iyi with timelike component x0 =
√

1 + ∥xspatial∥2
where xspatial = [x1, . . . , xn]⊤.

Projection to Hyperboloid. Given a Euclidean embed-
ding x ∈ Rn, we project it to the hyperboloid via:

π(x) =
[√

1 + ∥x∥2, x
]
∈ Hn. (4)

3.3.2. Hyperbolic Gram Matrix and Pseudo-Volume
Given projected embeddings π(xt), π(xv), π(xa) ∈ Hn,
the Hyperbolic Gram matrix is:

GHyp = [⟨π(xi), π(xj)⟩L]i,j∈{t,v,a} , (5)

where ⟨·, ·⟩L denotes the Lorentzian inner product.
By construction, diagonal entries are ⟨π(xi), π(xi)⟩L =

−1 (hyperboloid constraint). Crucially, off-diagonal entries
⟨π(xi), π(xj)⟩L depend on the positions of embeddings, not
just their norms, preserving structural variance.

Hyperbolic Pseudo-Volume. We use the Lorentzian
Gram determinant as a pseudo-volume proxy:

VHyp =
√
| det(GHyp)|, (6)

where absolute value handles negative determinants arising
from the Lorentzian signature (−,+,+,+).

Geometric Interpretation. The Lorentzian Gram deter-
minant

√
| det(GHyp)| serves as a volume proxy measure for

hyperbolic geometry. While not identical to true hyperbolic
simplex volumes, it is (1) invariant under Lorentz transfor-
mations (Sec. B.3), and (2) directly proportional to Cayley-
Menger volumes (Sec. B.4), ensuring it preserves the relative
volume rankings needed for retrieval. The absolute value
handles orientation ambiguity from the indefinite Lorentzian
metric. This formulation is computationally efficient (O(n3)
for n modalities) while maintaining discriminative power
through variance preservation. Full theoretical justification
is provided in Sec. B.

3.3.3. Variance Preservation Mechanism
Having introduced the hyperbolic Gram matrix, we now
explain how it solves the volume collapse problem identified
in Sec. 3.1.

Why Hyperbolic Preserves Variance. The key dif-
ference lies in the position-dependent timelike component
x0 =

√
1 + ∥x∥2. Unlike Euclidean L2 normalization

which forces ∥x∥ = 1 uniformly, hyperbolic embeddings
can have varying spatial norms ∥xspatial∥, leading to different
x0 values. This variation propagates through the Lorentzian
inner product:

⟨π(xi), π(xj)⟩L = −
√
1 + ∥xi∥2 ·

√
1 + ∥xj∥2 + x⊤

i xj

̸= constant, (7)

ensuring the Gram matrix GHyp retains structural diversity
rather than collapsing to identity. Figure 5 visualizes volume
distributions, with detailed heatmap comparisons in Sec. C.2.
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Figure 5. Variance Preservation Analysis. Left: Euclidean
volume distribution collapses to sharp peak at 1.0 (std=0.005,
range=[0.98,1.02]). Right: Hyperbolic volume distribution spreads
across [2.01,2.49] (std=0.12), preserving semantic structure. This
substantial variance preservation enables discriminative retrieval
where Euclidean fails.

3.4. Numerical Stability Analysis
We adopt the Lorentz model over the Poincaré ball for numer-
ical stability in mixed-precision training: the Lorentz formu-
lation avoids boundary-dependent divisions (1− c∥p∥2)−1

that cause FP16 instabilities in Poincaré ball gradients. De-
tailed numerical analysis and FP16 precision comparisons
are provided in Sec. C.1.

3.5. Hybrid Geometry Learning
While hyperbolic geometry resolves the variance preser-
vation issue, we recognize that Euclidean and hyperbolic
geometries offer complementary strengths for multimodal
alignment. Euclidean volumes excel at capturing broad cross-
modal alignment across diverse semantic categories, pro-
viding stable global structure through well-established con-
trastive learning. Hyperbolic volumes naturally encode fine-
grained hierarchical distinctions and semantic specificity
within categories, offering discriminative power through
variance preservation. Rather than committing to a single ge-
ometry, we propose data-driven hybrid geometry mixing
that automatically balances these complementary properties:

Vα(T, V,A) = (1− α) · VHyp(T, V,A) + α · VEuc(T, V,A),
(8)

where α ∈ [0, 1] is a learnable parameter initialized at 0.5.
Training Objective. Following GRAM [7], we adopt a

volume-based contrastive loss where hybrid volumes directly
serve as similarity scores. For a batch of text-video-audio
triplets, we compute pairwise hybrid volumes and use nega-
tive volumes as logits in a cross-entropy loss:

Lvolume =
1

2

(
E(T,V,A)

[
− log

exp(−Vα(T, V,A))∑
j exp(−Vα(T, Vj , Aj))

]
+ (symmetric)

)
,

(9)
where the summation is over all samples in the batch, and
“(symmetric)” denotes the video-to-text direction.
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Dual-Role Volume Interpretation. The contrastive loss
uses −V as similarity, optimizing the discriminative role:
matched triplets learn smaller volumes than mismatched
ones. Hyperbolic geometry simultaneously enables the se-
mantic role: within matched pairs, volumes preserve vari-
ance reflecting interpretation space size (simple captions:
mean 2.08, complex: 2.38, +14%; see Sec. 4.3). Euclidean
geometry cannot achieve this: variance collapse forces all
positives toward V ≈ 1.0.

The volume-based contrastive loss provides coarse align-
ment, but explicit hard negative mining further refines dis-
crimination. To further improve alignment, we incorporate
the Data-Anchor Matching (DAM) loss from GRAM [7],
which performs binary classification to distinguish matched
triplets from hard negatives:

LDAM =− E(T,V,A)

[
logPmatch(T, V,A)

+ E(V ′,A′)∼phard log(1− Pmatch(T, V
′, A′))

]
,

(10)
where Pmatch is a binary classifier (2-layer MLP) and hard
negatives (V ′, A′) are sampled using volume-based weights
phard ∝ exp(−Vα(T, V

′, A′)). The final training objective
combines both losses:

L = Lvolume + β · LDAM, (11)

where β = 0.1 balances volume-based retrieval and hard-
negative discrimination.

Learned α Discovery. Across all four datasets, learned α
consistently converges to α ≈ 0.5 (range: [0.48, 0.52]). This
indicates geometric complementarity: Euclidean volumes
provide stable global alignment across diverse semantic cate-
gories, while hyperbolic volumes preserve fine-grained vari-
ance reflecting interpretation space size. We validate this
empirically in Sec. 4.5.

α Learning Mechanism Details. The mixing parameter
α is constrained to [0, 1] via gradient-based updates with
projection:

α(t+1) = clip(α(t) − η∇αL, 0, 1), (12)

where η is the learning rate. We initialize α = 0.5 (equal
mixing) and allow it to adapt via gradient descent. The con-
vergence to α ∈ [0.48, 0.52] across all datasets suggests this
initialization is near-optimal. This convergence likely occurs
because: (1) Euclidean volumes provide global alignment
stability via established contrastive learning; (2) Hyperbolic
volumes add hierarchical discrimination via variance preser-
vation; (3) Equal weighting balances these complementary
properties. We hypothesize that datasets with stronger hi-
erarchical structure might benefit from α < 0.5 (more hy-
perbolic), while those with flatter relationships might prefer
α > 0.5 (more Euclidean), but our four benchmarks all
converge near 0.5.

Table 1. Zero-shot text-to-video (T2V) and video-to-text (V2T)
retrieval Recall@1 (%). Increment points are listed in the last row.

MSR-VTT DiDeMo ActivityNet VATEX

T2V V2T T2V V2T T2V V2T T2V V2T

UMT [26] 33.3 - 34.0 - 31.9 - - -
OmniVL [39] 34.6 - 33.3 - - - - -
UMT-L [23] 40.7 37.1 48.6 49.9 41.9 39.4 - -
TVTSv2 [48] 38.2 - 34.6 - - - - -
ViCLIP [42] 42.4 41.3 18.4 27.9 15.1 24.0 - -
VideoCoCa [46] 34.3 64.7 - - 34.5 33.0 53.2 73.6
Norton [24] 10.7 - - - - - - -
ImageBind [15] 36.8 - - - - - - -
InternVideo-L [41] 40.7 39.6 31.5 33.5 30.7 31.4 49.5 69.5
HiTeA [47] 34.4 - 43.2 - - - - -
mPLUG-2 [44] 47.1 - 45.7 - - - - -
VideoPrism-b [50] 51.4 50.2 - - 49.6 47.9 62.5 77.1
LanguageBind [54] 44.8 40.9 39.9 39.8 41.0 39.1 - -
VAST [5] 50.7 49.0 49.5 48.2 51.4 46.8 75.9 74.8
PMRL [25] 54.5 52.4 50.6 48.4 56.0 49.6 80.5 75.2

GRAM (Euclidean) [7] 54.8 52.1 49.8 48.5 56.2 49.6 77.0 74.9

Pure Hyperbolic (Ours) 54.8 52.5 49.1 48.3 57.0 50.9 76.7 74.3
HyperGRAM (Ours) 56.6 53.6 51.3 49.5 58.2 51.8 79.9 75.7

∆ over GRAM +1.8 +1.5 +1.5 +1.0 +2.0 +2.2 +2.9 +0.8

4. Experiments
Our experimental validation is organized to address four
key questions aligned with our contributions (Sec. 1): Q1:
Does interpretation space theory enable discriminative and
semantic-sensitive volumes? (Secs. 4.2 to 4.4) Q2: Does
hyperbolic geometry prevent variance collapse? (Sec. 4.3)
Q3: Does hybrid geometry learning outperform pure spaces?
(Sec. 4.5) Q4: Does HyperGRAM generalize across datasets
and modalities? (Secs. 4.2 and 4.5)

4.1. Experimental Setup
Datasets. We evaluate on four video-text benchmarks: MSR-
VTT [45], DiDeMo [17], ActivityNet Captions [22], and
VATEX [40]. Dataset statistics are in Sec. D. Implemen-
tation Details. We build on VAST [5] with EVA-CLIP
ViT-g/14 [12, 13] (vision), BEATs [6] (audio), and BERT-
base [11] (text). We pretrain on VAST150k for 1 epoch
and perform zero-shot evaluation. α is initialized at 0.5 and
learned. Full hyperparameters in Sec. E. Baselines. We
compare against 15 state-of-the-art methods (see Table 1),
with Euclidean GRAM [7] as our direct baseline.

4.2. Zero-Shot Retrieval Performance
Table 1 presents zero-shot retrieval performance across all
four benchmarks. HyperGRAM consistently outperforms all
baselines, including the Euclidean GRAM baseline, validat-
ing the benefits of hyperbolic geometry.

Key Observations. (1) HyperGRAM achieves consis-
tent gains across all benchmarks: +1.8% on MSR-VTT,
+1.5% on DiDeMo, +2.0% on ActivityNet, and +2.9% on
VATEX (T2V R@1 vs Euclidean GRAM). (2) The aver-
age improvement is +2.05% T2V R@1 and +1.38% V2T
R@1, demonstrating the effectiveness of hyperbolic volumes.
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Table 2. Volume Statistics Across Datasets. Hyperbolic volumes
exhibit order-of-magnitude greater variance (std=0.10–0.13) than
Euclidean volumes (std=0.004–0.006) across all benchmarks, en-
abling discriminative retrieval.

Dataset Euclidean Hyperbolic
Mean Std Range Mean Std Range

MSR-VTT 1.000 0.005 [0.98, 1.02] 2.15 0.12 [2.01, 2.49]
DiDeMo 1.001 0.006 [0.97, 1.03] 2.08 0.13 [1.95, 2.43]
ActivityNet 0.999 0.005 [0.98, 1.02] 2.12 0.11 [1.99, 2.47]
VATEX 1.000 0.004 [0.99, 1.01] 2.18 0.10 [2.05, 2.51]

Table 3. Correlation Statistics: Volume vs. Text Length. Pearson
correlation coefficients reveal dataset-dependent patterns. Negative
correlation on DiDeMo (r = −0.124***) demonstrates volumes
penalize semantic fragmentation despite longer text, validating
interpretation space theory. Significance: ***p < 0.001, *p <
0.05.

Dataset Pearson r p-value Characteristic

MSR-VTT +0.335 <0.001*** Coherent narratives
ActivityNet +0.197 <0.001*** Temporal actions
VATEX +0.036 0.042* Simple actions
DiDeMo -0.124 <0.001*** Fragmented events

(3) Improvements are particularly pronounced on VATEX,
which has simpler action descriptions, suggesting hyperbolic
volumes benefit both simple and complex semantic scenar-
ios. (4) The method requires only changing the inner product
computation from Euclidean to Lorentzian, without intro-
ducing new parameters. These improvements stem from
hyperbolic volumes’ ability to preserve semantic variance.

4.3. Variance Preservation Analysis
Figure 5 visualizes volume distributions across 10,000 MSR-
VTT samples: Euclidean volumes collapse to a narrow peak
at 1.0 (std=0.005), while hyperbolic volumes spread across
[2.01, 2.49] (std=0.12). Table 2 shows 20-25× higher vari-
ance for hyperbolic vs Euclidean volumes across all datasets.
Variance preservation is critical: without it, volumes collapse
to constants, eliminating discriminative power for retrieval.

Qualitative Validation of Semantic Role. To validate
that volumes reflect interpretation space size within matched
pairs, we manually categorize 300 MSR-VTT matched
triplets into three semantic complexity levels. Hyperbolic
volumes increase monotonically: low-complexity (simple
actions) yield mean 2.08, medium (multi-object) yield 2.21,
high-complexity (elaborate narratives) yield 2.38 (+14%).
This holds when controlling for text length, confirming the
semantic role (detailed analysis in Sec. F.3).

4.4. Cross-Dataset Correlation Analysis: Semantic
Coherence Sensitivity

To test whether hyperbolic volumes fulfill the semantic role
hypothesized in Sec. 3.2, we analyze correlations between
volume and text length within matched triplets. If volumes
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Figure 6. Cross-Dataset Correlation Analysis. Scatter plots of
hyperbolic volume vs. text length across four benchmarks. Con-
trasting patterns validate semantic coherence sensitivity: positive
correlation for coherent narratives (MSR-VTT, ActivityNet), near-
zero for simple actions (VATEX), and negative for fragmented
descriptions (DiDeMo). This demonstrates volumes capture seman-
tic structure, not word count.

serve only the discriminative role without semantic sensitiv-
ity, matched pairs would exhibit uniform volumes regardless
of caption complexity. If volumes reflect interpretation space
size (enabled by geometric capacity), correlation patterns
should vary with dataset semantic characteristics. Figure 6
presents scatter plots of hyperbolic volume vs. text length
for matched pairs across all four benchmarks, revealing con-
trasting patterns. Table 3 quantifies these patterns. The con-
trasting correlations—positive for coherent narratives (MSR-
VTT: r=+0.335***, ActivityNet: r=+0.197***), near-zero
for simple actions (VATEX: r=+0.036*), and negative for
fragmented descriptions (DiDeMo: r=-0.124***)—validate
that volumes capture semantic structure quality rather than
superficial text length.
Qualitative Analysis: DiDeMo Fragmentation. DiDeMo’s
negative correlation reveals semantic quality effects within
matched pairs: fragmented descriptions (e.g., “Person walks.
Sits down. Hand appears”, 12 words) yield smaller volumes
(mean=2.02) than coherent narratives of equal length (e.g.,
“A person walks into the room, sits down at the desk, and be-
gins working”, 12 words, volume=2.18). This demonstrates
that volumes reflect interpretation space size: fragmented
captions have fewer valid multimodal realizations despite
longer text, yielding appropriately smaller volumes within
the matched class. The semantic role is preserved: volumes
correlate with |S(T )| rather than word count.
Comparison with Euclidean. Euclidean volumes show
near-zero correlations (|r| < 0.02) across all datasets, con-
firming collapse eliminates semantic sensitivity.
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Figure 7. Ablation: Geometry Mixing Parameter α. Perfor-
mance (T2V R@1) vs. α on four benchmarks. Learned α converges
to 0.48-0.52 across all datasets (dashed line), suggesting near-equal
mixing of Euclidean and hyperbolic geometries. Both extremes (α
= 0 pure hyperbolic, α = 1 pure Euclidean) underperform hybrid.

4.5. Ablation Studies
Geometry Mixing Parameter α We investigate the
learned hybrid mixing parameter α in Eq. (8). Figure 7
sweeps alpha ∈ [0, 1] on all four datasets, revealing a
consistent trend: performance peaks near alpha ≈ 0.5.
Learned α via gradient descent converges to 0.5148, with
detailed ablation results across different α values provided in
Sec. F.5. Key Insight. Learned α ≈ 0.5 suggests near-equal
contributions from Euclidean and hyperbolic geometries,
with robust performance across α ∈ [0.3, 0.7].

Curvature and Modality Ablations Table 4 shows hybrid
geometry outperforms pure Euclidean/hyperbolic by +1.3-
1.8%. Curvature c = 1.0 is optimal, with performance robust
across c ∈ [0.5, 2.0].

Modality Ablation Study Table 5 ablates modality com-
binations (TV, TVA, TVAS) on MSR-VTT for VAST, Eu-
clidean GRAM, and HyperGRAM (Hybrid). Key Findings.
HyperGRAM’s advantage increases with modality count:
+0.4% (TV) → +1.0% (TVA) → +1.65% (TVAS), validating
that exponential geometric capacity better captures higher-
order correlations as modalities grow.

Computational Efficiency HyperGRAM introduces neg-
ligible overhead (<3% training time, 1 scalar parameter)
compared to Euclidean GRAM, as only the inner product
computation changes. The O(n3) determinant is negligi-
ble for n = 3 modalities, with memory nearly identical to
GRAM (Sec. F.4).

5. Conclusion
We introduce HyperGRAM, the first hyperbolic extension
of Gramian volume-based multimodal alignment, where vol-
umes simultaneously discriminate matched/mismatched sam-
ples and preserve semantic variance within matched pairs.

Table 4. Ablation Studies on MSR-VTT. Results for geometry
type, curvature, modality count, and loss components. T2V: Text-
to-Video, V2T: Video-to-Text.

Configuration T2V R@1 V2T R@1

Curvature Ablation (κ = −c)

c = 0.05 (Near Euclidean) 0.551 0.515
c = 0.3 0.562 0.517
c = 0.5 0.558 0.516
c = 0.7 0.561 0.523
c = 1.0 (Default) 0.566 0.536
c = 1.2 0.561 0.531
c = 2.0 0.560 0.517
c = 9.0 (High curvature) 0.564 0.531

Geometry Type (with c = 1.0)

Euclidean GRAM baseline 0.548 0.521
Pure Hyperbolic (α = 0) 0.548 0.525
Hybrid (learned α = 0.5148) 0.566 0.536

Table 5. Modality Ablation Study on MSR-VTT. Zero-shot
Recall@1 performance across different modality combinations. T:
Text, V: Video, A: Audio, S: Subtitle. Hybrid consistently surpasses
baselines, with the largest gains emerging in 4-modality (TVAS).

Method Modality T2V R@1 V2T R@1

VAST TV 0.493 0.437
GRAM (Euclidean) TV 0.528 0.495
HyperGRAM (Hybrid) TV 0.532 0.495

VAST TVA 0.493 0.437
GRAM (Euclidean) TVA 0.542 0.505
HyperGRAM (Hybrid) TVA 0.548 0.519

VAST TVAS 0.507 0.490
GRAM (Euclidean) TVAS 0.548 0.521
HyperGRAM (Hybrid) TVAS 0.566 0.536

Hyperbolic geometry’s exponential capacity (V ∝ e3r)
maintains discriminative variance (std=0.12 vs 0.005) as
interpretation spaces expand, while Euclidean polynomial
growth causes collapse. Hybrid geometry learning (α ≈ 0.5)
balances Euclidean stability and hyperbolic variance, achiev-
ing +1.8% to +2.9% R@1 improvements across four bench-
marks. Cross-dataset correlation patterns (r=+0.335/-0.124)
and qualitative analysis (+14% volume increase with com-
plexity) further validate semantic sensitivity. These results
show that geometry matters for semantic-aware multimodal
learning, inviting future exploration of adaptive geometric
structures.

Acknowledgments
This work was partially supported by US National Science
Foundation IIS-2412195, CCF-2400785, the Cancer Pre-
vention and Research Institute of Texas (CPRIT) award
(RP230363), the National Institutes of Health (NIH) R01
award (1R01AI190103-01) and Microsoft Accelerate Foun-
dation Models Research (2024).

37763



References
[1] Mina Ghadimi Atigh, Julian Schoep, Erman Acar, Nanne

van Noord, and Pascal Mettes. Hyperbolic image segmenta-
tion. In IEEE Conference on Computer Vision and Pattern
Recognition (CVPR), 2022. 3
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