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Abstract

We introduce a novel framework that directly learns a
spectral basis for shape and manifold analysis from un-
structured data, eliminating the need for traditional oper-
ator selection, discretization, and eigensolvers. Grounded
in optimal-approximation theory, we train a network to de-
compose an implicit approximation operator by minimizing
the reconstruction error in the learned basis over a chosen
distribution of probe functions. For suitable distributions,
they can be seen as an approximation of the Laplacian op-
erator and its eigendecomposition, which are fundamental
in geometry processing. Furthermore, our method recovers
in a unified manner not only the spectral basis, but also the
implicit metric’s sampling density and the eigenvalues of
the underlying operator. Notably, our unsupervised method
makes no assumption on the data manifold, such as mesh-
ing or manifold dimensionality, allowing it to scale to ar-
bitrary datasets of any dimension. On point clouds lying
on surfaces in 3D and high-dimensional image manifolds,
our approach yields meaningful spectral bases, that can re-
semble those of the Laplacian, without explicit construction
of an operator. By replacing the traditional operator selec-
tion, construction, and eigendecomposition with a learning-
based approach, our framework offers a principled, data-
driven alternative to conventional pipelines. This opens
new possibilities in geometry processing for unstructured
data, particularly in high-dimensional spaces.

1. Introduction
Differential geometry is at the core of shape and man-
ifold analysis. By defining operators, one can encode
the underlying geometry and compute intrinsic and extrin-
sic quantities, from geodesics and Gaussian curvature to
mean curvature and normals. The specific choice of op-
erator depends on the task at hand. For example, the
Laplace-Beltrami operator (LBO) captures intrinsic geo-

*Corresponding author: royve@campus.technion.ac.il
1Technion - Israel Institute of Technology
2Technical University of Munich
3Munich Center for Machine Learning

metric properties of the underlying manifold and governs
heat diffusion. Hamiltonian operators, appearing in the fa-
mous Schrödinger equation, model wave motion and allow
potential-modulated particle dynamics. The biharmonic
operator encodes fourth-order behavior and is natural for
smooth interpolation and shape-aware distances.

In practice, these operators are primarily used for their
spectral decompositions, which serve as the computational
foundation for geometry processing. For instance, LBO
eigenvalues are intrinsic shape signatures [50, 51, 62, 102,
107], while LBO eigenfunctions power heat- and wave-
kernel methods for smoothing and propagation [35, 55], de-
fine feature descriptors [7, 113, 123], and support matching
via functional maps [93]. As such, these eigendecomposi-
tions are routinely required in geometry processing.

The standard pipeline for computing operator eigende-
compositions on discrete data begins by choosing a discrete
approximation that preserves key geometric properties such
as positive semi-definiteness (PSD), symmetry, consistency,
or weak formulations [100, 118, 135]. Then, explicitly con-
struct a matrix acting as the discretized linear operator and
solve a generalized eigenvalue problem using a classical nu-
merical solver. Although effective on data sampled from
surfaces in 3D, this pipeline designed for intrinsically two-
dimensional manifolds does not scale gracefully to high-
dimensional manifolds [118].

Here, we propose a different route. Rather than target-
ing a specific operator, explicitly discretizing and eigende-
composing it, we learn the spectral decomposition directly
from the data. The learned spectral decomposition implic-
itly corresponds to an operator that is reconstructible a pos-
teriori from the basis and associated eigenvalues. Build-
ing on optimal-approximation theory [3, 4, 24], we find the
eigenbasis of an optimal-approximation operator, that min-
imizes the reconstruction error over a class of probe func-
tions. Different probe classes induce different metrics and
thus different operators. In particular cases, the learned op-
erator approximates the LBO, but the proposed framework
generalizes to more operators. While only the eigenbasis is
learned, the eigenvalues are given directly as a by-product
of the worst-case reconstruction error. This yields a learn-
ing methodology for spectral analysis that is data-driven and
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avoids the need for explicit operator construction.
To summarize, our contributions are as follows:

• We learn spectral bases directly from point clouds, by-
passing the explicit choice of an operator, its construc-
tion, and classical numerical eigensolvers. We ground the
method in an optimal-basis representation theory and use
it to propose a unique learning objective.

• We demonstrate on surfaces in 3D that the proposed ap-
proach provides eigenstructures and estimated metrics
performing competitively with oracle discrete LBO base-
lines, while bypassing explicit operator construction.

• We show that the method scales from surfaces to higher-
dimensional data manifolds, enabling scalable manifold
learning where mesh-based pipelines are inapplicable and
common graph-based ones are unreliable.

• We provide our code at https://github.com/
royvelich/learning-eigenstructures.

2. Related Works
Our framework lies at the intersection of operator dis-
cretization and neural methods for eigenproblems.

Discrete operators. In geometry processing, discrete oper-
ators supply via spectral decomposition [28] the orthonor-
mal basis that we actually use to process signals on meshes
and graphs. For instance, filtering [15, 71], diffusion
[35, 119], and convolution [27, 72] are usually implemented
in this spectral basis. Notably, the community rarely ap-
plies the operator matrix directly. In practice, only the first
eigenvectors are kept, which amounts to projecting a sig-
nal onto the lowest-energy subspace defined by the opera-
tor. This acts as a low-pass filter where only the (smooth)
low-frequency components are retained. Because the oper-
ator defines what “energy”, “smoothness”, and “frequency”
mean, different operators emphasize different properties of
the manifold. This motivates the importance of choosing
operators wisely in the field of geometry processing.

Perhaps the most important example, the LBO [12, 109]
is ubiquitous in geometry processing [20–22, 26, 30, 123,
139, 145]. Discretizing the weak form gives the cotangent
Laplacian [87, 100] – the reference in LBO discretization,
but alternatives exist [32, 142]. Cotangent weights need
well-triangulated meshes, i.e. Delaunay, to avoid negative
edges violating the maximum principle [135]. They cannot
be directly applied to unstructured data, like point clouds,
requiring first wise meshings, e.g. with the tufted cover of
the Robust Laplacian [118] enabling flips to Delaunay trian-
gulations. While it extends to thin 3D volumes, this method
does not scale beyond surfaces. For higher-dimensional
manifolds, graph Laplacians [33, 65] are used, but they de-
pend strongly on connectivity, e.g. local density, unlike the
targeted smooth LBO [73]. Constructing a reliable high-
dimensional generalization of the LBO is a challenge.

Learning Laplacians has become a popular line of re-
search as the amount of data increases. Some works suggest
learning the operator action [103] but lack eigendecompo-
sitions. Others learn eigenvalues but not eigenvectors [5].
Most learn a Laplacian matrix from data rather than heuris-
tics [95, 141], but they still explicitly approximate the op-
erator by assembling mass and stiffness matrices and then
apply eigensolvers sensitive to these approximations. As
they rely on triangle-based discretizations, they target sur-
faces and do not extend to higher-dimensionality. For im-
plicit neural representations, the Laplacian can be built via
Rayleigh quotients directly [140]. However, this assumes
a two-dimensional surface and the Euclidean ambient met-
ric, removing adaptivity to other metrics or dimensionali-
ties. On the theoretical front, Laplacian estimation has pro-
gressed [29, 88, 98, 128], yet, translating these insights into
practice remains largely unexplored.

Additionally, other discrete operators provide different
insights. Changing the metric, via scaling (scale-invariant
LBO [2, 20, 54, 117]), anisotropy [6, 17, 18, 106, 109], or
asymmetry [9, 37–39, 91, 136], changes the LBO and its
approximation. Beyond LBOs, both intrinsic [14, 31, 105]
and extrinsic [134] alternatives are understudied.

Recent works have also focused on making spectral
methods more robust to the arbitrary choice of eigenbasis
for a given operator, either by defining spectral processing
on eigenspaces [80] or by adaptive canonicalization [77].
However, these methods still begin from a predefined oper-
ator and its spectral decomposition.

Eigenproblems and neural networks. Recent efforts ap-
ply neural networks to operator eigenvalue problems, typi-
cally using variational or dynamical formulations. In [111],
networks are trained to represent individual Laplacian
eigenfunctions as continuous functions on parametrized do-
mains, based on the Rayleigh quotient objective and find-
ing eigenfunctions sequentially via Gram-Schmidt orthog-
onalization, an idea that can be extended to learning mul-
tiple eigenfunctions simultaneously [13]. However, this
approach is limited to simplistic impractical domains, e.g.
Euclidean. Another approach reformulates the eigenvalue
problem as a fixed point of the operator’s semi-group flow,
training networks via forward-backward stochastic differ-
ential equations to handle high-dimensional problems, up
to ten dimensions [56]. These methods fundamentally
differ from the proposed approach: (1) they require ex-
plicit domain parameterization with global coordinates, (2)
they assume flat geometry by taking Euclidean gradients
via automatic differentiation, and (3) they must be trained
from scratch for each specific domain, with no mecha-
nism for generalization across different geometries. Thus,
they cannot directly handle curved manifolds sampled as
point clouds without manually specifying metric tensors
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and managing coordinate singularities.

3. Method
3.1. Foundations
Denote M ⊂ Rd as a high-dimensional manifold, typi-
cally a curved low-dimensional surface embedded in Rd,
with functions f ∈ F(M,R) and linear operators L :
F(M,R) → F(M,R) acting on them. When the man-
ifold is discretely sampled by n points, scalar functions
can be represented by vectors f ∈ Rn and operators as
matrices L ∈ Rn×n. Here, we denote by ⟨·, ·⟩L the L-
weighted inner product ⟨f, g⟩L = f⊤Lg for any symmet-
ric positive definite (SPD) matrix L, with its induced norm
∥f∥L =

√
⟨f, f⟩L =

√
f⊤Lf .

Optimal-approximation theory. Given a class C of sig-
nals on the discrete domain M, a fundamental question
arises: What is the optimal orthonormal basis for represent-
ing functions f ∈ C? The answer depends on how we char-
acterize the class of signals. A key insight [4, 24] is that
many practical signal classes can be characterized by con-
straints of the form ∥f∥L ≤ 1, where L is an SPD operator
encoding prior knowledge about the signals. Remarkably,
for any such constraint class, the optimal basis is given by
the eigenvectors of L itself.

Theorem 3.1 (Min-Max Optimality [4, Theorem 2.1]).
Given a symmetric positive definite operator L with eigen-
values 0 < λ1 ≤ · · · ≤ λn and eigenvectors e1, . . . , en, the
min-max approximation error

αk = min
b=(b1,...,bn)

max
∥f∥L≤1

∥∥∥∥∥f −
k∑

i=1

⟨f, bi⟩bi

∥∥∥∥∥
2

,

where b ranges over orthonormal bases, is minimized by the
first k eigenvectors of L, i.e. bi = ei ∀i ≤ k, with optimal
value λk+1 = 1

αk
. For simple spectrum, λi < λi+1 ∀i, the

basis b that is a solution for every k is unique up to signs.

The key insight is that for any SPD operator L ∈ Rn×n,
the optimal orthonormal basis for the progressive k-term ap-
proximation, i.e. for every k, is uniquely given by the eigen-
vectors of L ordered by increasing eigenvalues. Crucially,
the worst approximation error using the first k eigenvectors
is 1

λk+1
, meaning that the (k + 1)-th eigenvalue is inversely

proportional to the worst maximum reconstruction error.
The min-max formulation (Theorem 3.1) optimizes over

the set CL = {f ; ∥f∥L ≤ 1}. Instead of minimizing the
worst-case reconstruction error, another natural approach to
find optimal representations would be to maximize the cap-
tured variance. This alternative problem leads to Principal
Component Analysis (PCA) on the same class of signals
CL. Remarkably, we obtain the following result when per-
forming PCA on uniformly distributed signals from CL.

Theorem 3.2 (Operator-Bounded PCA [4, Section 5]).
Given a symmetric positive definite operator L with eigen-
values 0 < λ1 ≤ · · · ≤ λn, and eigenvectors e1, . . . , en,
the PCA objective

min
b=(b1,··· ,bn)

E
f∼U

(
∥f∥L≤1

) ∥∥∥∥∥f −
k∑

i=1

⟨f, bi⟩bi

∥∥∥∥∥
2
 ,

over orthonormal bases b is minimized by the eigenvectors
of the covariance matrix RL = E

f∼U
(
{∥f∥L≤1}

)[ff⊤],

which are the first k eigenvectors of L, with eigenvalues
(variances) λ−1

1 ≥ · · · ≥ λ−1
n . In other words: RL = L−1.

For a reminder why the expectation of the approxima-
tion error is PCA, i.e. iterative maximisation of the Rayleigh
quotient of RL, see Appendix A.1. Therefore, PCA on CL
yields the same eigenvectors and order as the min-max solu-
tion. The min-max optimization (Theorem 3.1) and its PCA
counterpart (Theorem 3.2) are thus equivalent when applied
to the same signal class. These dual formulations have use-
ful practical implications that we exploit in our method.

A natural prior for signals f on a manifold is smooth-
ness, implying that the Dirichlet energy ∥∇f∥2 is bounded.
By Green’s identity, ∥∇f∥2 = ∥f∥∆, where ∆ is the (dis-
crete) Laplace-Beltrami operator (LBO). Thus, bounding
the Dirichlet energy leads to choosing ∆ for L. To moti-
vate our method, let us thus focus on the Laplacian opera-
tor and its construction. This will enable the derivation of
our framework, generalizable both beyond Laplacian oper-
ators and to arbitrarily high-dimensional manifolds, from
surfaces in R3 to image datasets.

Discrete Laplacians. The discrete Laplacian is tradition-
ally constructed from two fundamental matrices, the mass
matrix M ∈ Rn×n, which is a positive diagonal ma-
trix encoding the local (metric-dependent) sampling den-
sity defining the manifold’s Riemannian metric, and the
stiffness matrix S ∈ Rn×n encoding geometric relation-
ships that discretize the continuous Laplace-Beltrami oper-
ator. For two-dimensional surfaces, M represents vertex
areas and S contains cotangent weights [6, 19, 121]. For
higher-dimensionality, the LBO is harder to approximate,
thus M and S are constructed with schemes more sensi-
tive to the connectivity of the relationship graph. In any
case, the matrices M and S enable two common formula-
tions for the discretized Laplacian: the unnormalized Lapla-
cian L = M−1S and the symmetric normalized Laplacian
Lnorm = M− 1

2SM− 1
2 . While both operators share iden-

tical eigenvalues, their eigenvectors differ. The unnormal-
ized Laplacian’s eigenvectors vi ∈ Rn are M -orthogonal,
satisfying ⟨vi,vj⟩M = δij , where δij = 1 if i = j and 0
otherwise, whereas the normalized Laplacian’s eigenvectors
qi ∈ Rn are Euclidean-orthogonal, with ⟨qi,qj⟩ = δij .
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Figure 1. Overview of our neural framework to compute spectral bases directly from unstructured point clouds of any dimensionality,
based on optimal-approximation theory, without first explicitly choosing, discretely approximating, and eigendecomposing an operator.

Both sets of eigenvectors are related by vi = M− 1
2qi, as

L(M− 1
2qi) = M− 1

2M− 1
2SM− 1

2qi = λiM
− 1

2qi.
On closed connected manifolds1, these operators’ null-

spaces reveal important differences. While the vector of
ones 1 lies in the nullspace of L, the vector M

1
21 lies in

the nullspace of Lnorm. This means the first eigenvector q1

of Lnorm corresponding to eigenvalue zero is proportional
to M

1
21, effectively encoding the square root of the sam-

pling density weights (metric-sensitive). Should we want
to learn directly the eigendecomposition of a Laplacian,
the normalized formulation of Lnorm offers a crucial advan-
tage. Indeed, since the first eigenvector directly encodes the
sampling weights of the discrete metric of the manifold, a
trained neural network predicting the eigenbasis of Lnorm
simultaneously learns both the spectral decomposition and
the manifold metric in a unified manner. This eliminates the
need for separate modules to predict the mass matrix, sim-
plifying the architecture while maintaining geometric con-
sistency. Inspired by this remarkable property for Lapla-
cians, which generalizes beyond them (see Appendix A.2),
we designed our framework to similarly learn a basis, where
we decided that the first eigenvector encodes the underly-
ing metric and from which we can explicitly compute the
metric-dependent area weights.

3.2. Neural Framework for Direct Spectral Bases
Exploiting the previous insights on optimal-approximation
theory and discrete Laplacians, our goal is to learn directly
a basis for geometry processing on discretely sampled data
of arbitrary dimensions, bypassing the need to choose a
specific operator, how to discretize it, and calls to sensi-
tive eigensolvers on its discrete approximation. Should we
choose an operator, like the Laplacian, a sub-goal would
be to compute its eigendecomposition directly without first
discretizing it (by combining mass and stiffness matrices)
and post hoc eigendecomposition.

Given a point cloud P discretely sampling a manifold

1This setting is standard. It is both common in practice for meshes,
and is systematic for unstructured data like pointclouds, which is what we
focus on, where potential manifold boundaries are both ill-defined and not
provided. The optimal approximation theory generalizes to this case by
focusing on the orthogonal of the nullspace.

M with n points pi ∈ Rd for 1 ≤ i ≤ n, we de-
sign a neural network Φθ : Rn×d → Rn×K to predict
a K-dimensional feature vector for each point, where K
is the number of basis vectors we wish to predict. These
per-point predictions form a matrix Φθ (P) ∈ Rn×K , on
which we do QR decomposition, Φθ (P) = QR, where
Q ∈ Rn×K has orthonormal columns and R ∈ RK×K is
upper triangular. By analogy with Laplacians, we can inter-
pret Q = [q1,q2, . . . ,qK ], with i-th column qi ∈ Rn, as
the first K eigenvectors of a normalized operator, like Lnorm,
corresponding to eigenvalues λ = [λ1, λ2, . . . , λK ]⊤, and
ordered such that 0 = λ1 ≤ λ2 ≤ . . . ≤ λK . For any
k ≤ K, we denote by Qk = [q1, . . . ,qk] ∈ Rn×k the
matrix containing the first k ≤ K columns of Q.

Our pipeline computes a spectral basis directly, bypass-
ing altogether first choosing, computing, and eigendecom-
posing an operator. Remarkably, we need not learn the met-
ric M separately. Indeed, with our interpretation, the first
eigenvector q1 directly encodes the mass matrix diagonal,
by taking M = diag(q1 ⊙ q1). We also need not learn
separately the eigenvalues by exploiting the min-max the-
orem (Theorem 3.1) linking the eigenvalues to the maxi-
mum approximation error. During the forward pass, we
generate random probe functions for the input point cloudP
and project them onto our predicted truncated bases Qk for
all k. The maximum reconstruction error across these pro-
jections provides an estimate αk, from which we compute
λk+1 ≈ 1

αk
. This gives us eigenvalue estimates without

requiring additional network parameters.

3.3. Learning by Optimal Approximations
Our framework (Fig. 1) operates on a batch of point clouds.
Both at train or inference time, we progressively recon-
struct probe functions by M -orthogonal projections onto
the Euclidean-orthogonal estimated bases Qk (see how in
Appendix B.1) for increasing values of k and for each point
cloud in the batch, as summarized in Algorithm 1.

Training. We train our model by learning a basis to opti-
mally reconstruct probe functions. Depending on the choice
of probe function distribution, we will be working implic-
itly with different operators L in the optimal reconstruc-

36204



Algorithm 1 Progressive Reconstruction Forward Pass

Input: Point cloud P with n points, number of probe
functions m, number of eigenvectors K
Output: Reconstruction loss Lrec and maximum-error
emax ∈ RK

1: Generate independently and uniformly m probe func-
tions f (1), f (2), . . . , f (m) ∈ Rn. By default, do this by
iteratively applying Gaussian kernels on the k-nearset
neighbor graph to independently and uniformly sam-
pled signals of Rn.

2: Compute a forward pass on the network Φθ(P)
3: Compute the QR-decomposition Φθ(P) = QR
4: for k = 1 to K do
5: Qk ← Q truncated to the first k columns
6: for i = 1 to m do
7: f

(i)
proj,k ←M -projection of f (i) onto Qk

8: e
(i)
k ← ∥f (i) − f

(i)
proj,k∥22

9: end for
10: imax

k ← argmaxi(e
(i)
k )

11: emax.append(e
(imax

k )
k )

12: end for
13: Lrec ← 1

mK

∑m
i=1

∑K
k=1 e

(i)
k

tion theory (Theorems 3.1 and 3.2), leading to different es-
timated bases each having their own advantages. By de-
fault, we take inspiration from the Laplacian, which is the
most commonly used operator, yet without computing it.
Probe functions for the Laplacian should be smooth, with
bounded Dirichlet energy, and uniformly distributed in this
bounded set. However, computing the gradient requires
the knowledge of the metric, which on unstructured data
like high dimensional point clouds is not provided. We
relax these constraints by generating probe functions from
smoothing random functions with Gaussian kernels on the
k-nearest neighbor graph of the data. The resulting distri-
bution loosely resembles that of the constrained Laplacian,
leading to similarly behaved bases, yet we neither aim for
exact replica of the Laplacian nor or are we constrained to
this operator or this choice of distribution.

Our training loss is based on optimal-reconstruction the-
ory. Instead of the min-max formulation (Theorem 3.1),
where for each k only one probe function in the batch (the
worst approximated one) would be used to optimize the
model, we switch to the equivalent PCA one (Theorem 3.2)
averaging out the contribution of all probe functions. This
leads to stabler optimization. Our proposed loss is thus
the average reconstruction loss Lrec measuring the average
quality of these progressive approximations

Lrec =
1

mK

m∑
i=1

K∑
k=1

∥f (i) − f
(i)
proj,k∥

2
2, (1)

where f (i), f
(i)
proj,k ∈ Rn are the i-th probe function and its

projection onto the first k estimated basis vectors. We train
our model by backpropagating through the entire pipeline
using Lrec as the sole training objective, enabling the net-
work to learn the optimal basis through end-to-end gradient
descent-based optimization. Note that we switched from
the M -norm to the unweighted Euclidean norm. This hy-
brid approach, combining M -weighted projection with 2-
norm error, creates an unsupervised mechanism for learn-
ing a density-related mass matrix and improves the training
stability (see Appendix B.2).

Importantly, we never compute the implicit optimal re-
construction operator nor its eigenvalues during training.
Nevertheless, they are easy to compute at inference time.

Inference. A feed-forward pass computes our optimal re-
construction basis for each point cloud in the inference
batch. We can then easily compute the associated implicit
optimal reconstruction operator or its eigenvalues for down-
stream geometric tasks. Thanks to the min-max formulation
of optimal reconstruction theory (Theorem 3.1) the eigen-
values can be estimated from the worst-case reconstruc-
tion over all the probe functions at each spectral resolution
k ∈ {1, . . . ,K} using λk+1 = 1

maxi ∥f (i)−f
(i)
proj,k∥

2
2

. This pro-

vides theoretically-grounded eigenvalue estimates directly
from the estimated basis rather than in parallel to it. Given
the basis and its associated eigenvalues, we can then option-
ally explicitly reconstruct the implicit normalized symmet-
ric operator by matrix multiplication QKΛKQT

K , or it un-
normalized non-symmetric version M− 1

2QKΛKQT
KM

1
2 .

However, the operator matrix has little use in practice, as
even its action is usually computed in its spectral basis.
Thus, in our experiments, we never needed to recompute it
explicitly. From the estimated normalized basis qi, we can
also compute an unnormalized spectral basis vi = M− 1

2qi,
which can be preferable downstream as it is more sampling
invariant. For instance, the first vector v1 is constant regard-
less of the sampling of the the underlying smooth manifold.

4. Experiments
We demonstrate the versatility of our framework to com-
pute spectral bases on arbitrary data. Starting from a sanity
check in a toy 1D setting, with points sampled in [0, 1] ⊂ R,
we show that we can handle not only traditional 3D point
clouds sampled on two-dimensional surfaces in R3, but also
high-dimensional data in Rd such as image embeddings.
Full details on the data, implementation, and further results
are pushed to Appendix C.

4.1. Toy 1D Segment Manifold
As a sanity check, we illustrate our method on the simplest
geometry: the unit interval Ω = [0, 1].

36205



Figure 2. Learned eigenfunctions on [0,1] recover frequency-
ordered harmonics resembling the Laplacian’s spectrum.

Setting. We grid sample 100 points on [0, 1], forming a
point cloud. As in higher dimensions, random probe func-
tions are first smoothened, without boundary constraints.
Our learned extractor Φθ is a small MLP, which suffices
in this single small point cloud setting.

Results. We plot in Fig. 2 the first five learned unnormal-
ized spectral basis vectors vi = M− 1

2qi after sign align-
ment. The network recovers a Fourier basis-like family with
frequency-increasing harmonics: v1 is constant, while the
other vi exhibit i half-waves across the interval. This mini-
mal example showcases how we can compute a frequency-
ordered orthonormal basis resembling the Fourier basis, i.e.
the Laplacian’s eigenfunctions, just by optimising the ap-
proximation objective on basic probe functions. Impor-
tantly, this happens because the metric weights M , ex-
tracted from the first normalized basis vector q1, are sen-
sible as they are correlated with intuition.

4.2. 2D Surface and 3D Volume Manifolds
We here show that our method can learn an approximation
of the eigendecomposition of the most prevalent operator in
shape analysis: the Laplace-Beltrami operator. By learning
on single 3D point clouds (overfitting setting), we obtain
highly accurate estimates. By learning on a wide collection
of 3D point clouds from various datasets (generalization set-
ting), we may obtain a foundation model that generalizes to
unseen point clouds in R3 without retraining.

Datasets. The shapes in the overfitting setting are from
[90]. In the generalization setting, we train our model on
a wide collection of surface datasets to ensure broad gen-
eralization, ranging from protein structures to human scans
[16, 66, 70, 75, 101]. We evaluate on reference shape anal-
ysis benchmarks [41, 48, 69, 76, 86, 90, 99, 122, 127, 146],
spanning many challenges, e.g. deformations, topology
variations, and different geometric characteristics. In each
dataset, we dropped the mesh connectivity to work only
with point clouds. Also, all shapes are scaled to fit within
a unit sphere. We evaluate generalization to new manifold
dimensionality by testing on 3D volumetric point clouds,
computed by randomly sampling points inside the volume
of shapes in [41], the model learned on surface point clouds.

Methods. We compare our neural framework (without con-
nectivity) using a transformer [130] as learned extractor Φθ

Figure 3. Unnormalized spectral basis (top) and xyz reconstruc-
tion from k basis vectors (bottom), using either the oracle cotan-
gent Laplacian or our method (overfitting setting). Scalars are co-
sine similarities between basis vectors. We get similar if not more
detailed reconstructions. More in Appendix C.

Figure 4. Eigenvalues of the oracle cotangent Laplacian and our
estimated ones (overfitting setting). More in Appendix C.

Figure 5. Estimated mass metric M from q1 (overfitting setting).

against the reference axiomatic oracle: the classical cotan-
gent Laplacian (with oracle mesh connectivity).

Results – Overfitting setting. We plot the learned un-
normalized eigenvectors vi in Fig. 3. Remarkably, our
eigenvectors, unsupervisedly learned solely using optimal-
approximation theory and without knowledge of the under-
lying mesh, are almost identical to those computed for the
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Table 1. Average cosine similarity between predicted and oracle
eigenfunctions at different truncation levels k, and mean relative
eigenvalue discrepancy (overfitting setting). More in Appendix C.

Shape Image k ≤ 10 k ≤ 20 k ≤ 50 λ Discrepancy

Armadillo 0.968 0.967 0.773 0.200 ± 0.126

Bimba 0.964 0.945 0.822 0.093 ± 0.145

Botijo 0.972 0.955 0.813 0.153 ± 0.092

Elephant 0.979 0.866 0.687 0.105 ± 0.123

Fertility 0.874 0.866 0.720 0.083 ± 0.106

Kitten 0.993 0.988 0.981 0.088 ± 0.104

Laurent Hand 0.823 0.696 0.568 0.066 ± 0.078

Lion 0.951 0.908 0.822 0.067 ± 0.086

Pegaso 0.932 0.797 0.544 0.142 ± 0.140

cotangent Laplacian, which relies on the oracle mesh struc-
ture, with cosine similarity between them often close to 1
(see Tab. 1). Additionally, the eigenvalues extracted from
the worst case errors provide a good approximation to those
of the oracle (see Fig. 4). These results show that our neural
unsupervised method can be used in an overfitting setting to
get highly accurate spectral basis estimates that match those
of the targeted Laplace-Beltrami oracle. On some shapes
though, e.g. Pegaso, higher frequency basis vectors slightly
diverge from the oracle. Yet by analyzing shape reconstruc-
tion (spectral filtering) results (see Fig. 3), projecting the
xyz coordinates to the first k spectral vectors, we see that
our model captures additional details lost in the oracle, pro-
viding better top k approximation. Thus not only can we
imitate the reference oracle method, we can in some cases
provide a superior version with better compressed informa-
tion in the spectral basis. A cornerstone of our method is
the unsupervised extraction of the metric weights M di-
rectly from the first estimated normalized vector q1, without
knowledge of the mesh structure. We see in Fig. 5 that these
estimated area weights are indeed well-behaved.

Results – Generalization setting. Here, our model is
trained on a wide collection of surface point clouds. We
plot learned unnormalized eigenvectors vi and filter the xyz
coordinates on unseen evaluation shapes, either surfaces or
volumes (Fig. 6), which is a type of manifold never seen in
training. Our model generalizes well to new eclectic types
of shapes, yet with smaller precision than in the overfit-
ting setting, demonstrating that our framework could pro-
vide unsupervised foundation models to compute spectral
decompositions generalizing well beyond the training data.

Beyond Laplacians. We also implemented our method us-
ing other families of probes – piecewise constant, smooth
polynomials, and Schrödinger-like functions – correspond-

Figure 6. Unnormalized spectral basis v1 on unseen shapes, either
surfaces (left) or volumes (right), when the model was trained on
a wide collection of surface point clouds (generalization setting).
Our model exhibits foundation-level generalization capabilities.

(a) Laplacian: 3k vs. 12k points.

(b) Piecewise: probe (left), basis (right).
(c) Schrödinger: potential V (x)
(top), learned vs. GT (bot.).

Figure 7. Results for different probe families (overfitting setting).

ing to non-LBO operators, see Fig. 7. Passing the burden
from the choice of operator onto that of the probe family is a
favorable trade-off, as generating simple families of probes
is easier than operator discretization, especially in high di-
mensions. See Appendix C.4.2 for full details.

4.3. High-Dimensional Manifolds
To demonstrate the generality of our approach, we experi-
ment, beyond the classical 2D surface setting, on manifolds
with high intrinsic dimensionality. Here, each image is a
single point on the dataset manifold, with distances between
images measured in a pretrained feature space.

Datasets. We use standard image classification datasets:
STL10 [34], Imagenette [59], CIFAR100 [67], and Cal-
tech256 [53] having 10, 10, 100, and 256 classes. Here,
we do not mix datasets, but follow the train-test splits.
As is standard, rather than working on raw pixel images,

36207



Figure 8. Average clustering performance over 50 runs of mani-
fold learning methods on DINOv2 features of random data subsets
(1500 images). Higher is better. More in Appendix C.

Figure 9. Manifold learning visualization of a random subset of
STL10 by 2D embedding DINOv2 features. More in Appendix C.

we use reference feature embeddings, DINOv2 [92] and
CLIP [104], as high-dimensional (yet lower dimensional
than the raw pixel image) image coordinates in Rd, with
d=768 (resp. 512) for DINOv2 (resp. CLIP). Dataset man-
ifolds are thus mapped to submanifolds of Rd, and image
distances are measured on embeddings.

Methods. Unlike 3D point clouds, high-dimensional data
cannot be visualized and analyzed directly. Manifold learn-
ing addresses this by finding low-dimensional embeddings
in Rk, with k ≪ d, that preserve pairwise dissimilarities to
capture manifold structures. In particular, it enables 2D vi-
sualizations (k = 2) of high-dimensional data. For a short
overview of manifold learning see Fig. 8. For classifica-
tion data, it is widely accepted that better manifold learn-
ing methods provide better clustered embeddings correlat-
ing with the class labels. This can be both evaluated visually
or with metrics such as the Normalized Mutual Information
(NMI) [132] and Adjusted Rand Index (ARI) [60]. Our
unnormalized spectral basis vi naturally provides k-low-
dimensional embeddings, which is our proposed manifold
learning technique that we name Optimal-Approximation
Eigenmaps. It is a direct generalization of Laplacian Eigen-
maps [11], which uses the graph Laplacian spectral basis
instead. We compare for various embedding dimensions

k ∈ {2, 5, 10, 50} our method against reference manifold
learning techniques: PCA [58, 97], Isomap [126], Lapla-
cian Eigenmaps [11], t-SNE [83, 129], and UMAP [85].

Results. Based on our results (see Figs. 8 and 9), our
learned spectral basis consistently provides competitive or
superior embeddings compared to baselines. These results
showcase the strength of our neural spectral decomposition
for capturing the intrinsic geometry of manifolds. In par-
ticular, our superiority compared to the similar Laplacian
Eigenmaps suggests that our spectral basis and associated
implicit operator are superior to those of the graph Lapla-
cian, which is the standard for high-dimensional data.

5. Conclusion
We propose a neural framework to compute directly spec-
tral bases on unstructured data of any dimensionality, by-
passing the traditional need to first choose, discretize, and
then eigendecompose an operator. Grounded in optimal-
approximation theory, we find the orthonormal basis that
optimally approximates constrained probe functions, with
different probe distributions encoding different implicit op-
erators. From the estimated basis, we can recover directly
the manifold metric and compute explicitly the associated
eigenvalues of the associated implicit operator. In a wide
range of experiments covering one to three-dimensional
manifolds, we showed that our method can recover the
Laplace-Beltrami operator (LBO), which is the most use-
ful operator in 3D geometry. However, our method scales
in practice to high-dimensionality, unlike the LBO, and we
show that it provides advantageous spectral representations
via manifold learning experiments on image datasets. Our
data-driven alternative to conventional pipelines paves the
way for new avenues in geometry processing for unstruc-
tured data, especially in high-dimensions.

Limitations and future work. Training our method is
computationally expensive, requiring time and GPUs, al-
though this can be improved by optimizing our code with
efficient compilation and CUDA implementations. Due to
constraints, we focused on few tasks, yet we intend to ex-
plore further downstream applications, especially in high-
dimensions, such as using our spectral basis in graph neu-
ral networks, or learning a more general foundation model
that would apply to data of any dimensionality. At the
heart of our method, the choice of probe functions imposes
an underlying metric and implicit operator. By default we
smoothen random functions on the kNN graph, giving sim-
ilar results to the Laplacian. Yet, to best approximate it
we need to manually tune distribution hyperparameters per
shape, as we do in the overfitting setting. In future work, we
will learn probe distributions and explore the approximation
of more operators beyond the traditional Laplacians.
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[9] Thomas Barthelmé. A natural finsler-laplace operator. Is-
rael Journal of Mathematics, 196(1):375–412, 2013. 2

[10] Mikhail Belkin and Partha Niyogi. Laplacian eigenmaps
and spectral techniques for embedding and clustering. Ad-
vances in neural information processing systems, 14, 2001.
5

[11] Mikhail Belkin and Partha Niyogi. Laplacian eigenmaps for
dimensionality reduction and data representation. Neural
Computation, 15(6):1373–1396, 2003. 8, 5

[12] Eugenio Beltrami. Saggio di interpretazione della geome-
tria non-euclidea. Stab. Tip. De Angelis, 1868. 2

[13] Ido Ben-Shaul, Leah Bar, Dalia Fishelov, and Nir Sochen.
Deep learning solution of the eigenvalue problem for dif-
ferential operators. Neural Computation, 35(6):1100–1134,
2023. 2

[14] David Bensaı̈d, Amit Bracha, and Ron Kimmel. Par-
tial shape similarity by multi-metric hamiltonian spectra
matching. In Scale Space and Variational Methods in
Computer Vision: 9th International Conference, SSVM
2023, Santa Margherita Di Pula, Italy, May 21–25, 2023,
Proceedings, page 717–729, Berlin, Heidelberg, 2023.
Springer-Verlag. 2

[15] David Bensaı̈d, Noam Rotstein, Nelson Goldenstein, and
Ron Kimmel. Partial matching of nonrigid shapes by learn-
ing piecewise smooth functions. In Computer Graphics Fo-
rum, page e14913. Wiley Online Library, 2023. 2

[16] Federica Bogo, Javier Romero, Matthew Loper, and
Michael J Black. Faust: Dataset and evaluation for 3d
mesh registration. In Proceedings of the IEEE conference
on computer vision and pattern recognition, pages 3794–
3801, 2014. 6, 2

[17] Davide Boscaini, Jonathan Masci, Emanuele Rodolà, and
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